
Decision Trees

Overview of classical ML: classification methods 
and decision trees
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Outline
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• What’s a decision tree?
• Regression tree:

- How to grow a tree: decrease in squared error
- How to prune a tree
- How to predict given a tree

• Classification tree
- How to grow a tree: misclassification rate, information gain, Gini index
- How to predict

• Summary 



Tree based methods
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• Divide the input space into a number of simple regions

• Use simple prediction rules in each region



Adaptive feature selection
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• Prediction based on (a sequence of) decision rules

color?

taste?

size?shape?size?

size?watermelon apple grape

green

banana

lemongrapefruit grape

apple

cherry

rou
nd

sw
ee

t

big

mid.
 / 

lar
gem
id

.

big

small

yellow

red

oblong

sour

small

small



Regression trees
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Goal
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How to grow a regression tree

8



9



Tree pruning
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• Greedily grow the tree is prone to overfitting
• Tree pruning phase

- Searching over all trees      and find the one with the best fit to data and 
smallest size

• We can prune back tree branches (i.e. merge a pair of leaf nodes) 
recursively to choose the tree that minimizes the above objective
- Due to the greedy nature for the growth phase, the combined growth + 

pruning process is not guaranteed to find the optimal tree
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> Start from empty decision tree
> Split on next best attribute (feature) 

– Use, for example, information gain to select attribute
– Split on 

> Recurse
> Prune

Learning decision trees



Classification tree 
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• How to split a node?

• How to predict in the end?
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Bagging & Random Forests
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Recall: decision trees
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• Decision Trees are 
- low bias, high variance models 

§ Unless you regularize a lot… 
§ …but then often worse than Linear Models 

- highly non-linear
§ Can easily overfit 
§ Different training samples can lead to very different trees

306 9. Additive Models, Trees, and Related Methods
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FIGURE 9.2. Partitions and CART. Top right panel shows a partition of a
two-dimensional feature space by recursive binary splitting, as used in CART,
applied to some fake data. Top left panel shows a general partition that cannot
be obtained from recursive binary splitting. Bottom left panel shows the tree cor-
responding to the partition in the top right panel, and a perspective plot of the
prediction surface appears in the bottom right panel.
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y � ĥD(x)

⌘2
�

| {z }
expected error

= ED

h
ĥD(x)� y

i2

| {z }
bias

+ED

⇣
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How to improve decision trees?
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• What’s the problem of decision tree?
- Low bias but high variance

• We’d like to keep the low bias, but decrease the variance
- Key idea: build multiple trees and take the average
- We know averaging reduces variance (Caveat!) 



Average over multiple different datasets
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• Goal: reduces variance 

• Ideal setting: 
- many training sets D’ 

§ sample independently

- train model using each D’
- average predictions

Person Age Male? Height > 55”

Alice 14 0 1

Bob 10 1 1

Carol 13 0 1

Dave 8 1 0

Erin 11 0 0

Frank 9 1 1

Gena 8 0 0

Person Age Male? Height > 55”

James 11 1 1

Jessica 14 0 1

Alice 14 0 1

Amy 12 0 1

Bob 10 1 1

Xavier 9 1 0

Cathy 9 0 1

Carol 13 0 1

Eugene 13 1 0

Rafael 12 1 1

Dave 8 1 0

Peter 9 1 0

Henry 13 1 0

Erin 11 0 0

Rose 7 0 0

Iain 8 1 1

Paulo 12 1 0

Frank 9 1 1

Jill 13 0 0

Leon 10 1 0

Sarah 12 0 0

Gena 8 0 0

Patrick 5 1 1

P(x,y)

D’

http://statistics.berkeley.edu/sites/default/files/tech-reports/421.pdf 

“Bagging Predictors” [Leo Breiman, 1994]

http://statistics.berkeley.edu/sites/default/files/tech-reports/421.pdf


Bagging
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• Goal: reduces variance 

• In practice:
- fixed training set D

§ Resample D’ with replacement from D

- train model using each D’
- average predictions

Person Age Male? Height > 55”

Alice 14 0 1

Bob 10 1 1

Carol 13 0 1

Dave 8 1 0

Erin 11 0 0

Frank 9 1 1

Gena 8 0 0

Person Age Male? Height > 55”

James 11 1 1

Jessica 14 0 1

Alice 14 0 1

Amy 12 0 1

Bob 10 1 1

Xavier 9 1 0

Cathy 9 0 1

Carol 13 0 1

Eugene 13 1 0

Rafael 12 1 1

Dave 8 1 0

Peter 9 1 0

Henry 13 1 0

Erin 11 0 0

Rose 7 0 0

Iain 8 1 1

Paulo 12 1 0

Frank 9 1 1

Jill 13 0 0

Leon 10 1 0

Sarah 12 0 0

Gena 8 0 0

Patrick 5 1 1

D

D’

http://statistics.berkeley.edu/sites/default/files/tech-reports/421.pdf 

“Bagging Predictors” [Leo Breiman, 1994]

http://statistics.berkeley.edu/sites/default/files/tech-reports/421.pdf


Bagging = Bootstrap Aggregating
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• Learns a predictor by aggregating the predictors learned over 
multiple random draws (bootstrap samples) from the training data
- A bootstrap sample of size m from     is

    where each (xi’, yi’) is drawn uniformly at random from D (with replacement)

<latexit sha1_base64="pFDKBv6HxI3zttEi4ImrcmPX9Ws="></latexit>

D : {(xi, yi), i = 1, . . . , n}
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Bagged trees
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Aggregating weak predictors
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• Imagine we have a model we can fit to the training data to produce 
a predictor that we use to predict E(Y|X=x)
- E.g. a decision tree or logistic regression

• With bagging, we
- compute B different bootstrap samples
- learn a predictor for each one
- aggregate the predictors to form the target predictor



Bootstrap
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Bagging
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Decorrelate the trees
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• Key: we’d like “diversity” in the trees we build, or further 
decorrelate the trees we build

• Use random features in splitting the nodes!



Random Forests
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• Goal: reduce variance 
- Bagging can only do so much 
- Resampling training data

• Random Forests: sample data & features!
- Sample S’ 
- Train DT

§ At each node, sample features 

- Average predictions



Random Forests

• Extension of bagging to sampling features

• Generate bootstrap D’ from D
- Train DT top-down on D’
- Each node, sample subset of features for splitting

§ Can also sample a subset of splits as well

• Average predictions of all DTs

27“Random Forests – Random Features” [Leo Breiman, 1997]
http://oz.berkeley.edu/~breiman/random-forests.pdf 

http://oz.berkeley.edu/~breiman/random-forests.pdf


Algorithm for random forest 
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Better

Average performance over many datasets
Random Forests perform the best

An Empirical Evaluation of Supervised Learning in High Dimensions
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Figure 1. Cumulative standardized scores of each learning
algorithm as a function of the dimension.

modest dimensions, but lose ground to random forests,
neural nets, and SVMs as dimensionality increases.
Also, linear methods such as logistic regression begin
to catch up as dimensionality increases.

Figure 2 shows the same results as Figure 1, but pre-
sented differently to avoid the complexity of accumu-
lation. Here each point in the graph is the average per-
formance of the 5 problems of lowest dimension (from
761 to 1344), the 5 problems of highest dimension (21K
to 685K) and 5 problems of intermediate dimension
(927 to 105K). Care must be used when interpreting
this graph because each point averages over only 5 data
sets. The results suggest that random forests overtake
boosted trees. They are among the top performing
methods for high-dimensional problems together with
logistic regression and SVMs. Again we see that neu-
ral nets are consistently yielding above average per-
formance even in very high dimension. Boosted trees,
bagged trees, and KNN do not appear to cope well
in very high dimensions. Boosted stumps, percep-
trons, and Naive Bayes perform worse than the typical
method regardless of dimension.

Figure 3 shows results similar to Figure 2 but only for
different classes of SVMs: linear-only (L), kernel-only
(K) and linear that can optimize accuracy or AUC
(L+P) (Joachims, 2006). We also plot combinations
of these (L+K and L+K+P) where the specific model
that is best on the validation set is selected. The re-
sults suggest that the best overall performance with
SVMs results from trying all possible SVMs (using the
validation set to pick the best). Linear SVMs that
can optimize accuracy or AUC outperform simple lin-
ear SVMs at modest dimensions, but have little effect
when dimensionality is very high. Similarly, simple lin-
ear SVMs though not competitive with kernel SVMs at
low dimensions, catch up as dimensionality increases.
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Figure 2. Moving average standardized scores of each
learning algorithm as a function of the dimension.
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Figure 3. Moving average standardized scores for different
SVM algorithms as a function of the dimension.

4. Bootstrap Analysis

We could not afford cross validation in these experi-
ments because it would be too expensive. For some
datasets and some methods, a single parameter set-
ting can take days or weeks to run. Instead we used
large test sets to make our estimates more reliable and
adequately large validation sets to make sure that the
parameters we select are good. However, without a
statistical analysis, we cannot be sure that the differ-
ences we observe are not merely statistical fluctuation.

To help insure that our results would not change if we
had selected datasets differently we did a bootstrap
analysis similar to the one in (Caruana & Niculescu-
Mizil, 2006). For a given metric we randomly select
a bootstrap sample (sampling with replacement) from
our 11 problems and then average the performance
of each method across the problems in the bootstrap
sample. Then we rank the methods. We repeat the
bootstrap sampling 20,000 times and get 20,000 po-
tentially different rankings of the learning methods.

“An Empirical Evaluation of Supervised Learning in High Dimensions”
Caruana, Karampatziakis & Yessenalina, ICML 2008

Random Forests



Boosting
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AdaBoost for binary classification
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• Purpose of Boosting: sequentially apply the weak classification algorithm to repeatedly 
modified versions of the data, thereby producing a sequence of weak classifiers



Weak learner to strong learner?

32



Figure for AdaBoost
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2 Robert E. Schapire

Given: (x1,y1), . . . ,(xm,ym) where xi 2X , yi 2 {�1,+1}.
Initialize: D1(i) = 1/m for i = 1, . . . ,m.
For t = 1, . . . ,T :
• Train weak learner using distribution Dt .
• Get weak hypothesis ht : X ! {�1,+1}.
• Aim: select ht with low weighted error:

et = Pri⇠Dt [ht(xi) 6= yi] .

• Choose at = 1
2 ln
✓

1� et

et

◆
.

• Update, for i = 1, . . . ,m:

Dt+1(i) =
Dt(i)exp(�at yiht(xi))

Zt

where Zt is a normalization factor (chosen so that Dt+1 will be a distribution).

Output the final hypothesis:

H(x) = sign

 
T

Â
t=1

at ht(x)

!
.

Fig. 1 The boosting algorithm AdaBoost.

in-depth exposition of most of the topics of this chapter, including more complete
references to the relevant literature, can be found in the recent book by Schapire and
Freund [30].

Pseudocode for AdaBoost is shown in Figure 1. Here we are given m labeled
training examples (x1,y1), . . . ,(xm,ym) where the xi’s are in some domain X , and
the labels yi 2 {�1,+1}. On each round t = 1, . . . ,T , a distribution Dt is computed
as in the figure over the m training examples, and a given weak learner or weak
learning algorithm is applied to find a weak hypothesis ht : X ! {�1,+1}, where
the aim of the weak learner is to find a weak hypothesis with low weighted error et
relative to Dt . The final or combined hypothesis H computes the sign of a weighted
combination of weak hypotheses

F(x) =
T

Â
t=1

atht(x). (1)

This is equivalent to saying that H is computed as a weighted majority vote of the
weak hypotheses ht where each is assigned weight at . (In this chapter, we use the
terms “hypothesis” and “classifier” interchangeably.)

2 Direct Application of VC Theory

We begin by considering how the general theory of Vapnik and Chervonenkis can
be applied directly to AdaBoost.

Theorem: training error drops exponentially fast
http://rob.schapire.net/papers/explaining-adaboost.pdf 

Initial Distribution of Data

Train model

Error of model

Coefficient of model

Update Distribution

Final average

http://rob.schapire.net/papers/explaining-adaboost.pdf


Boosting fits an additive model
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Boosting for regression
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AdaBoost with exponential loss

38



Why does boosting work?
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• AdaBoost can be understood as a procedure for greedily minimizing 
the exponential loss over T rounds:

- Why?

https://www.stat.berkeley.edu/~breiman/games.pdf 
“Prediction games and arcing classifiers” [Leo Breiman, 1999]
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Interpretation of Adaboost
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• Choosing the first classifier

• Update at round t

<latexit sha1_base64="kK+iCutyouDjFKgEYg3EHqYAiMI="></latexit>
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Interpretation of Adaboost
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• Correcting the label for misclassified points 
- Giving those points higher weights when training classifier in future iterations

• We will solve h and 𝛼 separately

<latexit sha1_base64="F7YPCgCeK8UhZC8neCfUXcQW8Qc="></latexit>
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Solving for h

42

• Fix 𝛼,
<latexit sha1_base64="gzWfhjfAtIN5b8+oixKs2+Ydoqw="></latexit>
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Solving for 𝛼 
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• Now solve for 𝛼



AdaBoost weight update
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• Putting things together,

• Therefore, weights for next round are

<latexit sha1_base64="6h4CxJxkpIOlQHO2tmAvbuXEatc="></latexit>
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Why do we care about exponential loss?
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• Fisher consistent loss



Gradient boosting
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• Consider a generic loss function
- E.g. squared loss, exponential loss

• Given current predictor     , we aim to find new predictor h(x) so 
that the sum           pushes the loss towards its minimum as 
quickly as possible

• Gradient boosting: choose h in the direction of the negative 
gradient of the loss

<latexit sha1_base64="/ab1ZqY6s8tOooVSobk2N1uPgiE="></latexit>

h̃t�1(x)
<latexit sha1_base64="4G4hDaZUgtf8UlgrSYCClXX/5PQ="></latexit>

h̃t�1(x) + h(x)



Gradient boosting
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• Fit a model to the negative gradients 

• XGBoost is a python package for “extreme” 
gradient boosting

- Folk wisdom: knowing logistic regression and 
XGBoost gets you 95% of the way to a winning 
Kaggle submission for most competitions

- State-of-the-art prediction performance
§ Won Netflix Challenge
§ Won numerous KDD Cups
§ Industry standard

Gradient boosting
Giventhe negative gradients - gcxi) , Gradient Boosting
we fit a model h to them to -

update our boosted model . start with an initial model
, e.g .

hi
,
LX)=nt§

,
Yi

The resulting method is called for b - 1,2, . . .

GRADIENT BOOSTING calculate negative gradients
XGBOOST is a python package for - glxi) = -Ollyiihb (Xi))

#

"extreme " gradient boosting . dhbcxi)

"

÷÷÷÷÷i÷÷÷÷÷÷÷: ÷÷:÷÷÷÷÷÷÷÷÷÷÷÷÷iwe find computationally to minimize the loss .
- Folk Wisdom

if hub, a hub
,
STOP

Willett & Chen (2020). “CMSC 35400: Machine Learning” 

https://voices.uchicago.edu/machinelearning/stats37710-cmsc35400-s20/
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