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Abstract

Estimating a low-dimensional subspace shared across noisy data matrices is a fundamen-
tal problem in multi-view matrix estimation. We study this problem under the two-view
JIVE model, where each data matrix contains shared and view-specific low-rank components.
We demonstrate that standard plug-in subspace intersection, including AJIVE, suffers from a
second-order bias caused by direction-dependent leakage of the empirical singular vectors. We
propose bias-corrected subspace intersection (BCSI), which removes this bias before estimat-
ing the shared subspace. We establish finite-sample risk bounds for BCSI that accommodate
unequal view dimensions, signal strengths, and view-specific ranks and require no condition-
number assumptions on the signal matrices. When the shared and view-specific ranks are com-
parable, these bounds match our minimax lower bounds up to universal constants. The resulting
minimax rate contains a new second-order term, arising from quadratic leakage perturbations
relative to the shrinking spectral gap when the view-specific subspaces are nearly aligned. This
term is absent from previous JIVE minimax lower bounds. Numerical experiments demonstrate
the advantage of BCSI over AJIVE when the leakage bias is pronounced. Along the way, we
establish a nonasymptotic concentration result for the bias-corrected leakage Gram matrix of a
rectangular spiked matrix, which may be of independent interest.

1 Introduction

Modern data sets often measure the same collection of samples through multiple data modalities,
including different genomic assays (Lock et al., 2013), imaging technologies (Zhao et al., 2021), and
other heterogeneous sources (Shi et al., 2023). A central goal of multi-view data integration is to
separate variation that is shared across views from variation that is specific to an individual view
(Lock et al., 2013; Feng et al., 2018; Gaynanova and Li, 2019; Prothero et al., 2024; Gui et al.,
2025).

In this paper, we study the statistical problem of estimating the shared subspace in the two-view
setting. For k = 1, 2, we observe

Yk =Xk +Ek ∈ Rn×dk , (1)

The upper- and lower-bound proofs have also been formally verified in Lean 4; see https://github.com/

congma1028/bcsi-lean-verification.
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where Xk is a rank-pk signal matrix and the entries of Ek are independent N (0, σ2) random
variables. Let Mk := col(Xk) denote the population signal space of view k. Our goal is to estimate
the rank-r shared subspace

U := M1 ∩M2 = col(X1) ∩ col(X2) (2)

from the observations (Y1,Y2). This is the two-view shared-subspace estimation problem underlying
the joint and individual variation explained (JIVE) framework (Lock et al., 2013).

1.1 Bias of plug-in subspace intersection

A natural plug-in strategy is to estimate the two signal spaces separately and then look for directions
that are approximately shared by the two estimated spaces. Let Φ̂k ∈ Rn×pk contain the leading pk
left singular vectors of Yk, so that col(Φ̂k) estimates Mk. The right singular vectors associated with
the smallest singular values of [Φ̂1, Φ̂2] identify pairs of directions, one from each estimated signal
space, that are nearly the same up to sign. These directions therefore approximate the intersection
of the two estimated signal spaces. In the two-view setting, this procedure is equivalent to AJIVE
(Feng et al., 2018; Yang and Ma, 2025; Sergazinov et al., 2026); see Section A for a proof.

The problem with this plug-in estimator is that the empirical singular vectors leak outside their
population signal spaces. This leakage creates a systematic second-order bias and can make the
estimator suboptimal for shared subspace estimation. To see this, for any subspace S ⊆ Rn, let PS
denote the orthogonal projector onto S, and decompose

Φ̂k = Ŝk + L̂k, where Ŝk := PMk
Φ̂k, L̂k := PM⊥

k
Φ̂k.

The approximate intersection is determined by the bottom eigenspace of the Gram matrix of the
concatenated empirical bases [Φ̂1, Φ̂2]. With Ŝ := [Ŝ1, Ŝ2] and L̂ := [L̂1, L̂2], this Gram matrix
decomposes as

[Φ̂1, Φ̂2]
⊤[Φ̂1, Φ̂2] = Ŝ

⊤Ŝ + Ŝ⊤L̂+ L̂⊤Ŝ + L̂⊤L̂. (3)

If there were no leakage and col(Ŝk) = Mk for k = 1, 2, then Ŝ⊤Ŝ would have an r-dimensional
kernel consisting exactly of the linear relations that produce directions in the shared subspace U .

In the noisy case, the two cross terms in (3) are linear in the leakage, while L̂⊤L̂ is quadratic.
Crucially, this quadratic term has a direction-dependent bias and can therefore perturb the nullspace
of Ŝ⊤Ŝ. To see why the bias is direction dependent, consider the diagonal entries of L̂⊤

k L̂k. Let

(ŝk,i, ϕ̂k,i, ψ̂k,i) be the ith empirical singular triplet and set ak := n − pk and bk := dk − pk. The

singular-vector relation Ykψ̂k,i = ŝk,iϕ̂k,i, together with PM⊥
k
Xk = 0, implies

(L̂⊤
k L̂k)ii =

∥∥PM⊥
k
ϕ̂k,i

∥∥2 = ∥∥PM⊥
k
Ekψ̂k,i

∥∥2
ŝ2k,i

≈ akσ
2

ŝ2k,i
. (4)

The last relation is heuristic because ψ̂k,i depends on the noise. It nevertheless shows that singular
directions associated with smaller empirical singular values have larger leakage. Thus the leakage
Gram is generally anisotropic, and this anisotropy biases the estimated intersection.

1.2 Bias correction and main results

The heuristic calculation in (4) suggests a natural bias correction: rescale the empirical singular
directions within each view so that their leakage Gram is approximately isotropic. Specifically,
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replace Φ̂k by Φ̂k diag(wk,1, . . . , wk,pk). At the heuristic level, this would give weights roughly
proportional to ŝk,i. However, the empirical singular vectors themselves depend on the noise, so
this heuristic does not give the correct weight. Rectangular spiked-matrix theory gives a more
accurate expression for the leakage.

Let sk,i denote the ith population singular value in view k. Classical rectangular spiked-matrix
theory (Benaych-Georges and Nadakuditi, 2012; Gavish and Donoho, 2017) predicts

∥∥PM⊥
k
ϕ̂k,i

∥∥2 ≈ akσ
2(s2k,i + bkσ

2)

s2k,i(s
2
k,i + akσ2)

. (5)

If sk,i were known, multiplying ϕ̂k,i by {s2k,i(s2k,i + akσ
2)/(s2k,i + bkσ

2)}1/2 would make its squared

leakage approximately akσ
2 for every i.

This oracle rescaling is not directly implementable because the population singular value sk,i
is unknown. The same spiked-matrix theory provides the missing link between the population and
empirical singular values:

ŝ2k,i ≈
(s2k,i + akσ

2)(s2k,i + bkσ
2)

s2k,i
. (6)

We therefore invert (6) to estimate s2k,i from ŝk,i and substitute this estimate into the oracle rescaling
above.

This leads to our proposed estimator, bias-corrected subspace intersection (BCSI). BCSI modifies
plug-in subspace intersection in three steps. First, it reweights the empirical singular directions
within each view so that their leakage Gram is approximately akσ

2Ipk . Second, it subtracts this
common leakage level from the corresponding diagonal block of the Gram matrix. Finally, it
extracts the near-zero eigenspace of the corrected Gram matrix and uses it to reconstruct the shared
subspace. We denote the corresponding projector by P̂BCSI and give the complete construction in
Section 2.2.

Our main results show that BCSI achieves the minimax rate for shared-subspace estimation
over a broad range of signal strengths and subspace geometries. For k = 1, 2, let sk be a known
lower bound on the smallest nonzero singular value of Xk and define the corresponding effective
signal strength by

γk :=
s2k√

s2k + dkσ2
. (7)

Also let γmax := max{γ1, γ2}, and γmin := min{γ1, γ2}. The effective strength γk accounts for
the column dimension dk. For column-space estimation, the raw singular value sk alone does not
capture the effect of the dk noisy columns, so signals with the same sk can have different estimation
accuracy when their aspect ratios differ (Cai and Zhang, 2018; Cai et al., 2021). In particular, γk
is of order sk for a strong signal and of order s2k/(σ

√
dk) for a weaker one.

Suppose that the shared and view-specific subspaces all have rank of order r. Let θ ∈ (0, 1/2]
measure the separation between two view-specific subspaces, with smaller θ corresponding to more
closely aligned subspaces. Under the signal strength assumption γmin ≳ σ

√
n, BCSI satisfies

E
∥∥∥P̂BCSI − PU

∥∥∥
op

≲ 1 ∧
{
σ
√
n

γmax
+

σ
√
r

γmin

√
θ
+

σ2√nr

γ2minθ

}
. (8)

A matching minimax lower bound shows that all three terms in (8) are unavoidable up to universal
constants.
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The first term is the usual cost of estimating the shared subspace when the view-specific direc-
tions are known. Since both views contain information about the shared directions, their effective
strengths combine, yielding

√
γ21 + γ22 ≍ γmax. The remaining two terms reflect the additional

difficulty of identifying which directions are shared when the view-specific subspaces are unknown.
This identification becomes harder as the two view-specific subspaces approach one another, lead-
ing to the factors θ−1/2 and θ−1. Moreover, these terms are governed by γmin: even if the stronger
view accurately localizes the relevant signal space, the weaker view is still needed to distinguish the
shared directions from the view-specific ones. The final θ−1 term is one of our main contributions.
It is second order in the noise level and shows that nearly aligned view-specific subspaces create
an additional statistical difficulty beyond the usual first-order subspace estimation error. In the
balanced-rank regime, the corresponding quadratic term in the existing AJIVE bound is of order
σ2n/(γ2minθ), whereas BCSI improves it to σ2√nr/(γ2minθ), a factor

√
n/r smaller. Our minimax

lower bound further shows that the latter θ−1 term is unavoidable, and hence is intrinsic to shared-
subspace estimation rather than an artifact of the analysis of BCSI. The general results, allowing
unequal shared and view-specific ranks, are stated in Sections 3.1 and 3.2.

1.3 Related work

Joint and individual variation. The JIVE framework (Lock et al., 2013; Zhou et al., 2015)
models multi-view data through shared and view-specific low-rank components, and has various
variants including AJIVE (Feng et al., 2018), CJIVE (Murden et al., 2022), and the probabilistic
formulation ProJIVE (Murden et al., 2026). Related multiblock decompositions such as SLIDE
(Gaynanova and Li, 2019), hierarchical nuclear-norm penalization (Yi et al., 2023), and DIVAS
(Prothero et al., 2024) also accommodate partially shared structure. Among these methods, AJIVE
is most closely related to the present work: it first estimates the signal space of each view and then
identifies shared directions through the approximate intersection of the estimated spaces. Similarly,
Sergazinov et al. (2026) use the product-of-projections method to combine the estimates across
different views.

Theory for JIVE. The closest statistical analyses are Yang and Ma (2025) and Li and Lyu
(2025). The former establishes finite-sample guarantees and minimax lower bounds for AJIVE
in a homogeneous multi-view model, while the latter allows heterogeneous dimensions and signal
strengths and studies strength-aware aggregation of the estimated view projectors. Our results
allow unequal view dimensions, strengths, and view-specific ranks, impose no condition-number
restriction on the loading matrices, and identify an additional θ−1 term in the minimax rate arising
from the interaction between estimation error and the geometry of the intersection.

Shared-subspace estimation. Related work considers shared-subspace estimation under alter-
native multi-matrix models. Ma and Ma (2026) analyze complete and partial sharing when the
shared and unshared directions are themselves singular vectors of the individual signal matrices,
while the partially shared subspace model (Yoon et al., 2026) assumes that the shared directions are
eigenvectors of each population covariance. MOP-UP (Tang et al., 2025) considers a decomposition
in which one component has a column subspace shared across observations and the other has a
shared row subspace. In the fully shared setting, Baharav et al. (2025) derive strength-dependent
aggregation rules, while Agterberg (2026) studies estimation and adaptive inference for shared
subspaces across symmetric low-rank matrices. Unlike these constructions, our model allows the
loading matrices to arbitrarily mix the shared and view-specific coordinates. Consequently, the
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shared directions need not be singular vectors of any individual view and are instead identified
through the intersection of the two population signal spaces.

Spiked random matrix theory. Our bias correction is motivated by classical results for spiked
covariance and rectangular low-rank models, including the phase transition and eigenvector be-
havior studied in Johnstone (2001), Baik et al. (2005), and Paul (2007), and the singular-value
and singular-vector asymptotics for rectangular perturbations developed by Benaych-Georges and
Nadakuditi (2012). These results underlie later work on data-dependent spectral shrinkage and op-
timal singular-value transformations (Nadakuditi, 2014; Gavish and Donoho, 2017). BCSI uses the
corresponding spike-location and singular-vector formulas to construct direction-dependent weights
that equalize the leading leakage of the empirical singular vectors.

Finite-sample subspace estimation and spectral debiasing. Our analysis is also related
to finite-sample singular-subspace perturbation theory for rectangular matrices (Cai and Zhang,
2018; Cai et al., 2021) and to spectral debiasing methods such as HeteroPCA (Zhang et al., 2022).
HeteroPCA removes a diagonal bias due to heteroskedastic noise. The bias considered here arises
instead after estimating the signal space of each view: different empirical singular directions leak
outside their population signal spaces by different amounts. BCSI reweights these directions to
make the leakage approximately isotropic and then removes the resulting common shift before
estimating the intersection.

1.4 Notation

All matrices and vectors are set in bold. For A ∈ Rn×d, ∥A∥op is the spectral norm, A† the
Moore–Penrose pseudoinverse, σj(A) the j-th largest singular value, and σ+

min(A) the smallest
nonzero singular value. For symmetric A we write λmin(A) and λ+

min(A) for the smallest and the
smallest positive eigenvalue. We set St(n, k) := {W ∈ Rn×k : W⊤W = Ik}, write col(A) for
the column space of A, and write PV for the orthogonal projector onto a subspace V. We write
a ∧ b := min{a, b} and a ∨ b := max{a, b}. For nonnegative quantities x and y, the relation x ≲ y
means that x ≤ Cy for a universal constant C > 0, and x ≳ y denotes the reverse inequality. We
write x ≍ y when both x ≲ y and x ≳ y hold. For a matrix Z, set ∥Z∥Lq := (E∥Z∥qop)1/q. For an
event E , let 1E denote its indicator.

2 Model and bias-corrected subspace intersection

2.1 Model and problem parameters

We now give a concrete parametrization of the two-view JIVE model introduced in Section 1. The
parametrization separates the shared and view-specific components and makes explicit the signal
strengths and subspace separation that govern the difficulty of estimating the shared subspace.

Recall that Mk = col(Xk) and U = M1 ∩M2. For k = 1, 2, we observe

Yk =Xk +Ek, Xk = [U ,Vk]B
⊤
k ∈ Rn×dk . (9)

Here U ∈ St(n, r), Vk ∈ St(n, rk), and [U ,Vk] ∈ St(n, pk), where pk := r + rk. The matrix
Bk ∈ Rdk×pk contains the right loadings. The entries of E1 and E2 are mutually independent
N (0, σ2) random variables.
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We assume σpk(Bk) ≥ sk > 0. Since [U ,Vk] has orthonormal columns, the nonzero singular
values of Xk and Bk coincide. In particular, Bk has full column rank and

Mk = col(Xk) = col(U)⊕ col(Vk).

Apart from the lower bound on its smallest singular value, we impose no restriction on Bk. Thus
the right loadings may arbitrarily mix the shared and view-specific coordinates. We use the corre-
sponding effective strength γk defined in (7).

It remains to ensure that the common block U spans the entire intersection of the two signal
spaces. For a separation parameter θ ∈ (0, 1/2], assume

∥V ⊤
1 V2∥op ≤ 1− 2θ. (10)

The left-hand side is the cosine of the smallest principal angle between the two view-specific sub-
spaces. Hence any θ > 0 implies col(V1) ∩ col(V2) = {0}. Consequently, U = M1 ∩M2 = col(U).
Smaller θ allows the two view-specific subspaces to be more closely aligned.

Our target is the shared projector PU = UU⊤. For an estimator P̂ , we measure error by
E[∥P̂ − PU∥op].

2.2 The BCSI estimator

We now give the formal construction of the bias-corrected subspace intersection estimator (BCSI).
It is also summarized in Algorithm 1. For each view, recall that ak = n− pk and bk = dk − pk. Let
ŝk,1 ≥ · · · ≥ ŝk,pk be the leading pk singular values of Yk, with corresponding left singular vectors

ϕ̂k,1, . . . , ϕ̂k,pk , and write Φ̂k = [ϕ̂k,1, . . . , ϕ̂k,pk ] ∈ Rn×pk .

Leakage bias correction. The directionwise correction motivated in Section 1.2 depends on
the unknown population singular values. We therefore estimate them from the empirical singular
values using the spike-location relation in (6). For an empirical singular value y above the spectral
edge, solving this relation for the squared population singular value gives the upper root

τk(y) :=


y2 − (ak + bk)σ

2 +
√{

y2 − (ak + bk)σ2
}2 − 4akbkσ4

2
, y > σ

(√
ak +

√
bk
)
,

σ2
√
akbk, otherwise.

(11)

At the spectral edge, the two roots coincide at σ2
√
akbk, and we keep τk(y) at this boundary value

below the edge.
Substituting τk(y) into the oracle rescaling from Section 1.2 gives the weight

wk(y) :=

{
τk(y)

(
τk(y) + akσ

2
)

τk(y) + bkσ2

}1/2

. (12)

We then form the bias-corrected empirical factor

Ck := Φ̂k diag{wk(ŝk,1), . . . , wk(ŝk,pk)} ∈ Rn×pk . (13)

The columns of Ck span the same empirical signal space as Φ̂k, but the rescaling is chosen so that
the leakage Gram of Ck is approximately akσ

2Ipk .
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Algorithm 1 Bias-corrected subspace intersection (BCSI)

Input: Data matrices Y1,Y2; ranks r, r1, r2; noise level σ; signal strength lower bounds s1, s2.

• Reweight the empirical signal directions. For each k = 1, 2, let pk = r+rk, ak = n−pk, and
bk = dk− pk. Compute the leading pk left singular vectors Φ̂k and singular values ŝk,1, . . . , ŝk,pk
of Yk, and set

Ck = Φ̂k diag{wk(ŝk,1), . . . , wk(ŝk,pk)} ,

where wk(·) is defined in (12).

• Form the corrected intersection. Construct the centered Gram matrix

G =

(
C⊤

1 C1 − a1σ
2Ip1 C⊤

1 C2

C⊤
2 C1 C⊤

2 C2 − a2σ
2Ip2

)
.

Let Q1 and Q2 denote the two row blocks of an orthonormal basis for the invariant subspace
associated with the r eigenvalues of G nearest zero.

• Combine the two views. With αk = γ2k/(γ
2
1 + γ22), form

M = α1C1Q1 − α2C2Q2.

• Output. Return the projector P̂BCSI = Pcol(M).

We therefore subtract this common leakage contribution from the within-view Gram blocks and
define

G :=

(
C⊤

1 C1 − a1σ
2Ip1 C⊤

1 C2

C⊤
2 C1 C⊤

2 C2 − a2σ
2Ip2

)
. (14)

After this correction, G is intended to approximate the Gram matrix obtained by retaining only the
components of C1 and C2 inside their population signal spaces. The latter has an r-dimensional
nullspace corresponding to the shared subspace.

Let Q = (Q⊤
1 ,Q

⊤
2 )

⊤ ∈ R(p1+p2)×r have orthonormal columns spanning the invariant subspace
associated with the r eigenvalues of G nearest zero, where Qk ∈ Rpk×r.

Combining views of unequal strength. To account for unequal signal strengths, we follow
the weighted aggregation used in prior work on shared-subspace estimation (Baharav et al., 2025;
Li and Lyu, 2025). Specifically, we set

M := α1C1Q1 − α2C2Q2 ∈ Rn×r, where αk :=
γ2k

γ21 + γ22
, k = 1, 2. (15)

Thus the stronger view contributes more to the reconstruction. Define J := diag(α1Ip1 ,−α2Ip2),

so that the BCSI reconstruction can be written as M = CJQ. Finally, define P̂BCSI := Pcol(M).

3 Statistical guarantees

3.1 Upper bound

We first state the performance guarantee for BCSI.
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Theorem 1. For k = 1, 2, suppose that pk ≤ (n ∧ dk)/3. If γmin ≥ νσ
√
n for some sufficiently

large constant ν, then the BCSI estimator obeys

E
∥∥∥P̂BCSI − PU

∥∥∥
op

≤ Cmin

{
1,

σ
√
n

γmax
+

σ
√
r1 + r2
γmin

+
σ
√
r + (r1 ∧ r2)

γmin

√
θ

+
σ2
√
n{r + (r1 ∨ r2)}

γ2minθ

}
(16)

for some universal constant C > 0.

Comparison with AJIVE. Consider the homogeneous two-view regime with γ1 ≍ γ2 ≍ γ and
r ≍ r1 ≍ r2. Specializing the recent high-probability bound for equal-weight AJIVE in Li and Lyu
(2025) to this setting and suppressing logarithmic factors gives

AJIVE:
σ
√
nr

γ
+

σr

γ
√
θ
+

σ2n

γ2θ
, and BCSI:

σ
√
n

γ
+

σ
√
r

γ
√
θ
+

σ2√nr

γ2θ
.

The main difference is the quadratic term: bias correction improves this term by a factor
√
n/r.

This gain is most consequential when θ is small, as the quadratic term can then dominate the
estimation error; we illustrate this regime in the numerical experiments. The BCSI bound also has
sharper rank dependence in the first-order terms.

Signal strength assumption. The condition γk ≳ σ
√
n ensures that the population signal space

Mk in each view can be estimated with nontrivial accuracy. The ratio σ
√
n

γk
≍ σ

√
n

sk
+ σ2

√
ndk

s2k
is

also the minimax optimal rate for rectangular column-space estimation (Cai and Zhang, 2018; Cai
et al., 2021). This condition is natural for BCSI, which first estimates each signal space before
estimating their intersection. It should not be interpreted as a necessary condition for estimating
the shared subspace; see Section 6.

No condition-number dependence. An important feature of Theorem 1 is that the bound
depends only on the smallest signal scale through γ1 and γ2. It imposes no upper bound on the
singular values of X1 or X2, and hence no condition-number assumption on either signal matrix.
This differs from existing analyses of AJIVE (Yang and Ma, 2025; Li and Lyu, 2025) that require
the signal matrices to be well-conditioned.

3.2 Lower bound and minimax optimality

To determine whether the dependence in (16) is unavoidable, we consider the full class of signals
satisfying the same rank, strength, and separation conditions. For fixed s1, s2 > 0, r, r1, r2 ≥ 1,
and θ ∈ (0, 1/2], define

P :=
{
(U ,V1,V2,B1,B2) : U ∈ Rn×r, Vk ∈ Rn×rk ,

[U ,Vk] ∈ St(n, pk), Bk ∈ Rdk×pk , σpk(Bk) ≥ sk, k = 1, 2,

∥V ⊤
1 V2∥op ≤ 1− 2θ

}
. (17)
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Theorem 2. For k = 1, 2, suppose that pk ≤ (n ∧ dk)/3. If γmin ≥ νσ
√
n for some sufficiently

large constant ν, then

inf
P̂

sup
(U ,V1,V2,B1,B2)∈P

E
∥∥∥P̂ −UU⊤

∥∥∥
op

≥ cmin

{
1,

σ
√
n

γmax
+

σ
√
r + (r1 ∧ r2)

γmin

√
θ

+
σ2
√
n{r + (r1 ∧ r2)}

γ2minθ

}
(18)

for some universal constant c > 0.

When r ≍ r1 ≍ r2,
1 Theorems 1 and 2 match up to numerical constants and yield the three-

term rate in (8). Thus, in the signal-strength regime considered here, the θ-independent term, the
θ−1/2 term, and the θ−1 second-order term are all intrinsic. For highly unbalanced view-specific
ranks, a gap remains in the rank dependence: the upper bound depends on the larger individual
rank, whereas the lower bound depends on the smaller one r1 ∧ r2.

Comparison with existing lower bounds. The closest prior information-theoretic result is
the refined minimax lower bound of Yang and Ma (2025, Theorem 5). Their result considers a
homogeneous K-view model with a common column dimension and signal strength and with equal
shared and view-specific ranks. Specializing their bound to K = 2, and writing s for the common
signal strength and d for the common column dimension, gives, up to numerical constants,

σ
√
n

γ
+

σ
√
r

γ
√
θ
, where γ =

s2√
s2 + dσ2

.

Thus the prior lower bound captures the ambient and θ−1/2 difficulties, including the rectangular-
matrix effect encoded by the effective strength γ. Our result recovers these scales while allowing
unequal view dimensions, effective strengths, and view-specific ranks, and additionally identifies

the θ−1 obstruction σ2√nr
γ2θ

in the balanced-rank regime.
The proof of Theorem 2 is technically involved in general ranks, but the three statistical ob-

structions are already visible when r = r1 = r2 = 1. We therefore use the rank-one case to explain
where the three terms come from. The general principle behind the lower bound is to choose the
shared direction u, the individual directions v1,v2, and the right loadings so that two or more signal
instances have well-separated shared directions but nearly indistinguishable observation laws.

Understanding the θ-independent term. For the first term, suppose that the individual
directions v1 and v2 are fixed and are even revealed to the estimator. We then vary only the shared
direction u inside span{v1,v2}⊥, a space whose dimension is of order n. There is no difficulty here
in deciding which directions are shared and which are individual: the only task is to locate u from
two noisy views. Since both views change with u, their information adds, giving the combined
effective strength

√
γ21 + γ22 ≍ γmax. Packing the possible shared directions over an n-dimensional

space therefore gives the lower-bound scale σ
√
n√

γ2
1+γ2

2

≍ σ
√
n

γmax
. This term is independent of θ because

the individual directions are already known. It represents the unavoidable cost of estimating the
shared direction itself. The proof follows a similar strategy in the single-matrix subspace estimation
literature (Cai et al., 2021).

1In fact, the upper and lower bounds match in a broader setting when r + (r1 ∨ r2) ≍ r + (r1 ∧ r2).
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Understanding the 1/
√
θ term. The second construction isolates a different difficulty: even

if the signal space of one view is perfectly known, its decomposition into shared and individual
directions is not. Suppose without loss of generality that γ1 ≥ γ2, so that View 2 is the weaker
view. Fix orthonormal vectors e1, e2, z0 ∈ Rn. Take e1 to be the shared direction and e2 to be the
individual direction in View 1, so that its signal space is the fixed plane span{e1, e2}.

To vary this decomposition without changing the first-view signal space, rotate the shared and
individual directions inside the same plane by an angle t:

ut = cos(t)e1 + sin(t)e2, v1,t = − sin(t)e1 + cos(t)e2. (19)

Since [ut,v1,t] is merely a rotation of [e1, e2], the first-view signal matrix can be chosen to be
exactly the same for every t and may therefore be revealed. For View 2, define

v2,t = (1− 2θ)v1,t + 2
√

θ(1− θ) z0.

Then v⊤1,tv2,t = 1−2θ, so every t satisfies the prescribed separation condition. Thus all information
about the unknown rotation t must come from View 2.

When θ is small, v2,t is nearly aligned with v1,t. As t changes, the shared direction ut and
the individual direction v2,t therefore rotate almost coherently. The component that distinguishes
different values of t lies in the fixed direction z0 and has size of order

√
θ. Consequently, View 2

can distinguish rotations only at the scale σ
γ2

√
θ
= σ

γmin

√
θ
. Thus the second term is the cost of

identifying which direction inside an otherwise known signal plane is shared.

Understanding the 1/θ term. The third construction starts from exactly the same family and
makes only one change: the fixed direction z0 that helps View 2 resolve the rotation is now replaced
by an unknown direction z ∈ span{e1, e2}⊥:

v2,t,z = (1− 2θ)v1,t + 2
√
θ(1− θ) z.

For each fixed t, we randomize z over an (n−2)-dimensional family. This changes only the individual
direction in View 2 and leaves the target utu

⊤
t fixed. The unknown parameter of interest is still the

same scalar rotation t, but the reference direction that helped reveal this rotation in the preceding
construction is now itself hidden.

With the fixed z0, View 2 can compare the rotating signal plane against a known direction out-
side that plane. After z0 is replaced by the hidden direction z, this reference must itself be learned
from the data. Averaging over the high-dimensional nuisance direction removes the first-order di-
rectional information available in the preceding construction. View 2 must now simultaneously infer
the hidden direction and determine the rotation t, leaving only a second-order amount of informa-
tion about the latter. Hiding z in a space whose dimension is of order n leads to indistinguishable

rotations of size σ2√n
γ2
2θ

= σ2√n
γ2
minθ

, which gives the third lower-bound term.

4 Numerical experiments

In this section, we use synthetic and real data to compare BCSI with AJIVE.

4.1 Synthetic data

Data-generating process. We consider the model with d1 = d2 = n, σ = 1, and r = r1 = r2 =
1. Thus each signal matrix has rank two, with one shared direction and one view-specific direction.
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Let e1, e2, e3 be the first three standard basis vectors in Rn. Set the signal strength sn = n2/3, and

the separation parameter θn = n−1/3

4 . We take the shared direction to be u = e1 and define

v1 =
√

1− θn e2 +
√
θn e3, v2 =

√
1− θn e2 −

√
θn e3.

Then the two signal matrices and observations are generated according to

Xk = [u,vk]
1√
2

(
1 −1
1 1

)(
sn 0
0 2sn

)
[e1, e2]

⊤, Yk =Xk +Ek, k = 1, 2,

where the entries of E1 and E2 are mutually independent standard Gaussian random variables.
The 2× 2 matrix in this display rotates u and vk by 45◦. Consequently, the left singular vectors of
Xk are (u+vk)/

√
2 and (−u+vk)/

√
2, with singular values sn and 2sn. Moreover, v⊤1 v2 = 1−2θn,

so the two view-specific subspaces become more closely aligned as n increases. The rotation ensures
that the shared and view-specific directions are not themselves singular vectors, allowing unequal
leakage from the two empirical singular directions to bias the intersection estimated by AJIVE.
Under this scaling, the leading term in the BCSI rate decreases as n−1/6, whereas the quadratic
bias scale for AJIVE remains constant.

Estimators being compared. We compare four procedures. The first is AJIVE, obtained from
the leading rank-one eigenspace of the sum of the two empirical rank-two signal-space projectors.
The second is Expected AJIVE: at each value of n, we average the final rank-one AJIVE projectors
across Monte Carlo replications and take the leading eigenspace of this average. Expected AJIVE
is included as a diagnostic for systematic bias and is not an estimator computed from a single
dataset. The third procedure is oracle BCSI, which uses the true noise level and the true effective
signal strength γn = s2n/

√
s2n + n. The fourth is estimated-parameter BCSI, which estimates the

noise level from the pooled rank-two residual energy and estimates the smallest signal singular value
separately in each view. All data-dependent procedures use marginal rank two and joint rank one.

Experimental results. Figure 1 shows that the errors of both AJIVE and Expected AJIVE
remain nearly constant as the dimension increases. The persistence of the Expected-AJIVE error
indicates that this behavior is caused by systematic bias rather than only by random fluctuations.
In contrast, the BCSI error decreases with the dimension and closely follows the predicted n−1/6

behavior. The oracle and estimated-parameter BCSI curves are nearly indistinguishable, indicating
that estimating the required parameters has little effect in this experiment. The results therefore
support the claim that correcting the direction-dependent leakage removes the persistent error
suffered by AJIVE in this regime.

4.2 Real data

Data and scientific question. We apply AJIVE and BCSI to the Nutrimouse data (Martin
et al., 2007). The data contain gene-expression measurements for 120 genes and concentrations
of 21 liver fatty acids from the same 40 mice. The mice belong to two genotypes and five diet
groups, with four mice in each genotype-by-diet group. Previous analyses of these data suggest
that genotype is represented in the variation shared by the gene-expression and lipid views, whereas
diet is primarily represented in the lipid-specific variation (Yuan et al., 2022; Sergazinov et al.,
2026). We therefore examine whether the estimated joint subspace retains variation associated
with genotype while excluding variation associated with diet.

11



128 256 512
1024

2048
4096

8192

dimension n

2 × 10 1

3 × 10 1

4 × 10 1

su
bs

pa
ce

 e
rro

r r
el

at
iv

e 
to

 U

AJIVE
Expected AJIVE
BCSI, oracle parameters

BCSI, estimated parameters
n 1/6 reference

Figure 1: Comparison of AJIVE and BCSI as the dimension increases. The points for AJIVE and
BCSI are mean projector errors, and the error bars are ±2 Monte Carlo standard errors. Expected
AJIVE is the leading eigenspace of the Monte Carlo mean of the final AJIVE projectors. Oracle
BCSI uses the true noise level and effective signal strength, whereas estimated-parameter BCSI
estimates them from the data. The dashed line is an n−1/6 reference.

Estimators and rank selection. We center and standardize every feature and then normalize
each view by its estimated residual noise level. We use marginal rank p1 = 3 for gene expression and
p2 = 4 for lipids. These ranks were used in the earlier Nutrimouse analysis of Yuan et al. (2022).
Sergazinov et al. (2026) observed that they agree with the elbows of the two scree plots and give
clearer spectral separation than the larger ranks selected by an automatic singular-value threshold.
With these marginal ranks, AJIVE selects joint rank r = 2. We supply the same marginal and
joint ranks to AJIVE and BCSI, so the comparison concerns the estimated joint subspaces rather
than differences in rank selection. AJIVE is computed from the two empirical marginal subspaces.
BCSI uses the same empirical marginal subspaces but applies the proposed leakage correction, with
the noise level and signal strengths estimated from the data.

Evaluation and uncertainty. For each estimated joint subspace, we measure the fraction of its
score variation explained by genotype and by diet. This quantity is one minus the SWISS criterion
of Cabanski et al. (2010). A larger genotype association indicates that the joint scores retain more
of the factor expected to be shared, whereas a smaller diet association indicates that they retain
less of the factor expected to be view-specific. The genotype and diet labels are used only for this
evaluation and do not enter either estimator. To assess uncertainty, we use 2,000 paired bootstrap
refits. Within each bootstrap replication, we sample four mice with replacement from each of the
ten genotype-by-diet groups. Each mouse is resampled together with both of its data views, and
AJIVE and BCSI are fitted to the same resampled dataset. This preserves the paired multi-view
structure and the size of every experimental group. We form 95% percentile intervals from the
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Figure 2: Matched-rank AJIVE and BCSI on the Nutrimouse data. Panel (a) reports the association
of the estimated joint scores with genotype and diet. The error bars are 95% percentile intervals
from 2,000 paired bootstrap refits. Panel (b) reports the paired differences, with positive values
favoring BCSI. For genotype, the difference is BCSI minus AJIVE; for diet, it is AJIVE minus
BCSI.

bootstrap distributions of the individual metrics and their paired differences.

Interpretation of the results. Figure 2 shows that the joint scores estimated by AJIVE and
BCSI have essentially the same association with genotype, and the paired bootstrap interval does
not indicate a meaningful difference between the methods. In contrast, the BCSI joint scores have
a weaker association with diet, and the paired bootstrap interval favors BCSI. This suggests that
BCSI removes more variation associated with the view-specific factor without a corresponding loss
of variation associated with the shared factor.

5 Analysis of BCSI

We now develop the main ingredients for analyzing BCSI. Throughout this section, we view the
corrected Gram matrix as a perturbation of a signal-only Gram matrix that encodes the shared
subspace.

For each view k = 1, 2, decompose the bias-corrected empirical factor into its component inside
the corresponding signal space and its orthogonal leakage:

Ck = Sk +Lk, Sk := PMk
Ck, Lk := PM⊥

k
Ck. (20)

Here Sk is the part of the bias-corrected empirical factor that remains inside the population signal
space, whereas Lk records its leakage into the orthogonal complement.

With C := [C1,C2], S := [S1,S2], L := [L1,L2], and Dσ := diag(a1σ
2Ip1 , a2σ

2Ip2), the bias-
corrected Gram matrix in (14) admits the exact decomposition

G = S⊤S︸ ︷︷ ︸
=: G0

+S⊤L+L⊤S +
(
L⊤L−Dσ

)︸ ︷︷ ︸
=: ∆

. (21)
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Thus the natural oracle matrix is G0 = S⊤S. The first two terms in ∆ are linear in the leakage,
while L⊤L −Dσ is the centered quadratic leakage. This decomposition makes precise the role of
the bias correction: the weighting makes L⊤L close to the common leakage level Dσ, which is then
subtracted so that G is close to the signal-only Gram matrix G0.

Proof roadmap. The proof proceeds in four steps. First, we show that the oracle matrix G0 =
S⊤S has an r-dimensional nullspace that exactly encodes the shared subspace, and that its positive
spectrum is separated from zero by a gap of order γ2minθ. Second, we develop a relative perturbation
bound showing that the r eigenvectors Q of G = G0 +∆ nearest zero approximately satisfy the
oracle nullspace relation, i.e., ∥SQ∥op is small. Third, we translate this approximate relation into
an error bound for the reconstructed shared subspace and decompose the error into a leading term
linear in the leakage and a higher-order remainder. Finally, the stochastic analysis controls these
leakage terms, verifies the relative perturbation condition, and yields the rate in Theorem 1. The
first three steps are developed in Section 5.1, and the final step in Section 5.2; proofs of the main
auxiliary results are deferred to the appendix.

5.1 Deterministic analysis

Fix a sufficiently small numerical constant cemb > 0 and define

Eemb :=

2⋂
k=1

{σmin(Sk) ≥ cembγk} . (22)

On this event, each Sk has full column rank and therefore col(Sk) = Mk. We work under this
deterministic condition throughout the next several arguments; its probability is controlled later.

5.1.1 Oracle geometry

Since BCSI selects the eigenvectors of G nearest zero, we first understand the nullspace of the
oracle matrix G0 = S

⊤S. This oracle matrix should have an r-dimensional nullspace encoding the
coefficient relations that produce the shared subspace. To exhibit these relations, define

Q⋆ :=

(
S†
1U

−S†
2U

)
∈ R(p1+p2)×r.

Lemma 1. On Eemb,
ker(G0) = ker(S), dimker(G0) = r.

Moreover,
SQ⋆ = 0, SJQ⋆ = U , (23)

and
λ+
min(G0) ≥ 2c2embγ

2
minθ. (24)

Thus the nullspace of G0 consists exactly of the coefficient relations that reconstruct the shared
subspace, while (24) separates this nullspace from the positive spectrum. These are the two prop-
erties needed to analyze the perturbed near-zero eigenspace of G.
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5.1.2 Perturbation of the nullspace

The standard Davis–Kahan argument tells us that if the perturbation size ∥∆∥op is small, then
the near-zero eigenspace of G = G0 + ∆ stays close to the oracle nullspace ker(G0). However,
this does not suffice for two reasons. First, by Lemma 1, the oracle nullspace ker(G0) = ker(S)
exactly encodes the coefficient relations that produce the shared subspace. Thus what matters
for reconstruction is not the Euclidean distance between the two coefficient spaces, but how well
the empirical eigenspace continues to satisfy the oracle relation, as measured by ∥SQ∥op. Second,
a perturbation bound based only on ∥∆∥op is too crude. Indeed, the linear part of ∆ contains

S⊤L + L⊤S, whose operator norm can scale with the largest singular value of S. Such a bound
would therefore introduce an unnecessary upper signal scale, even though perturbations along
stronger signal directions are accompanied by correspondingly larger eigenvalues of G0.

To address these two issues, we use the following self-contained deterministic perturbation result.
Let d ≥ 2, let G0 ∈ Rd×d be symmetric and positive semidefinite, and let ∆ ∈ Rd×d be symmetric.
Set G := G0 +∆ and define

∆00 := Pker(G0)∆Pker(G0),

∆+0 := (G†
0)

1/2∆Pker(G0),

∆++ := (G†
0)

1/2∆(G†
0)

1/2.

(25)

These three matrices describe the perturbation relative to the decomposition ker(G0)⊕ ker(G0)
⊥,

after scaling the positive-eigenvalue directions by (G†
0)

1/2. Specifically, ∆00 acts within the oracle
nullspace, ∆+0 maps the oracle nullspace into its orthogonal complement, and ∆++ acts within
that orthogonal complement.

Define the perturbation size ε∆ := ∥∆00∥op + 2 ∥∆+0∥2op.

Lemma 2. Assume that dimker(G0) = r for some 1 ≤ r < d, and G = G0 +∆ with

∥∆++∥op ≤ 1

4
, ε∆ ≤ 1

16
λ+
min(G0).

Then G has exactly r eigenvalues in [−ε∆, ε∆], while all remaining eigenvalues exceed 4ε∆. If
Q ∈ St(d, r) spans the invariant subspace associated with these r eigenvalues, then∥∥∥G1/2

0 Q
∥∥∥
op

≤ 2 ∥∆+0∥op . (26)

In our application, d = p1 + p2 and G0 = S⊤S. Hence SQ and G
1/2
0 Q have the same Gram

matrix, so Lemma 2 gives

∥SQ∥op =
∥∥∥G1/2

0 Q
∥∥∥
op

≤ 2 ∥∆+0∥op . (27)

Moreover, SPker(G0) = 0. Consequently, the linear leakage terms in ∆ vanish from ∆00, leaving
only the centered quadratic leakage.

We therefore define the good event

Egood := Eemb ∩
{
∥∆++∥op ≤ 1

4
, ∥∆00∥op + 2 ∥∆+0∥2op ≤ 1

8
c2embγ

2
minθ

}
. (28)

By Lemma 1 and (24), the conditions of Lemma 2 hold on Egood. Therefore, the invariant subspace
of G identified in Lemma 2 is precisely the near-zero eigenspace selected by BCSI and satisfies
(27). Since the oracle relation is SQ⋆ = 0, this bound shows that the empirical eigenvectors
approximately satisfy the same nullspace relation.

15



5.1.3 From the near-zero eigenspace perturbation to subspace error

We now translate the bound on ∥SQ∥op into a bound on the error of the estimated shared subspace.
The orthonormal normalization of Q is natural for the eigenspace problem, whereas Q⋆ is a basis
of the oracle nullspace normalized so that SJQ⋆ = U . Even when Q spans the exact oracle kernel,
SJQ need only equal U up to an invertible right factor. We remove this arbitrary factor before
measuring subspace error.

Recall that M = CJQ. On Egood, U⊤M is invertible (see Lemma 10). Define M̃ :=

M(U⊤M)−1. This right transformation does not change the estimated column space, whileU⊤M̃ =
Ir. Consequently, ∥∥∥P̂BCSI − PU

∥∥∥
op

≤
∥∥∥PU⊥M̃

∥∥∥
op

. (29)

We next decompose the right-hand side into its leading and higher-order terms. To state the
decomposition, define the following linear map. Every x ∈ M1 +M2 has a unique representation
x = Ua+ V1b1 + V2b2. Define T : Rn → Rn by

Tx := α1V1b1 − α2V2b2 for x ∈ M1 +M2, Tx := 0 for x ∈ (M1 +M2)
⊥. (30)

Lemma 3. On Egood, the error has the decomposition

PU⊥M̃ = (LJ − TL)Q⋆ + Rem, (31)

where the higher-order remainder satisfies

∥Rem∥op ≲
1

γ2minθ

[∥∥∥L⊤L−Dσ

∥∥∥
op

+
{√

θ ∥L∥op +
∥∥Pcol(S)L

∥∥
op

+ ∥∆+0∥op
}
∥∆+0∥op

]
. (32)

The two leading terms in (31) are linear in the leakage L, while Rem contains only second- and
higher-order terms. The stochastic analysis controls these terms separately.

5.2 Stochastic analysis

The deterministic analysis reduces the proof to controlling the first-order term in (31), the remainder
in (32), and the probability of Egood.

The main probabilistic input is the following one-view result, which quantifies both the size and
the centered quadratic fluctuation of the weighted leakage.2

Lemma 4. Fix k ∈ {1, 2}. Suppose that pk ≤ (n ∧ dk)/3 and that γk ≥ νσ
√
n for a sufficiently

large constant ν. Then there exists an event Ek such that σmin(Sk) ≥ cembγk on Ek and P(Ec
k) ≲

σ2√npk/γ
2
k. Moreover,∥∥∥L⊤

k Lk − akσ
2Ipk

∥∥∥
L32

≲ σ2√akpk, ∥Lk∥L64 ≲ σ
√
ak. (33)

The lemma can be viewed as a nonasymptotic counterpart of singular-vector overlap results
from spiked random matrix theory. Classical rectangular spiked-matrix theory characterizes outlier
singular values and singular-vector overlaps in the fixed-rank asymptotic regime (Benaych-Georges
and Nadakuditi, 2012; Gavish and Donoho, 2017; Bao et al., 2021). More recent work permits the
signal rank to grow with the matrix dimensions, including sublinear- and proportional-rank regimes
(Liu et al., 2025; Landau et al., 2023; Shmalo, 2026). These results are mainly asymptotic. The

2The results hold for general moments. We use q = 32 throughout for concreteness and to simplify notation.
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purpose of Lemma 4 is different. It gives finite-sample moment control of the full, data-dependently
weighted leakage Gram that enters the analysis of BCSI. This conclusion is obtained under the
comparatively strong signal-strength condition γk ≥ νσ

√
n. Thus the lemma is complementary to

the existing asymptotic theory. To our knowledge, this particular finite-sample estimate has not
appeared previously.

For BCSI, this result provides the finite-sample justification for subtracting akσ
2Ipk from the

within-view Gram blocks. Together with the rotational invariance of Gaussian noise, it also supplies
the probabilistic input needed to control the linear and higher-order leakage terms. We defer these
probabilistic calculations to the appendix and record their consequences below.

Lemma 5. Under the assumptions of Theorem 1, suppose in addition that the sum of the four
rate terms on the right-hand side of (16), before truncation at 1, is at most a sufficiently small
numerical constant. Then

E
[
1Egood ∥(LJ − TL)Q⋆∥op

]
≲

σ
√
n

γmax
+

σ
√
r1 + r2
γmin

+
σ
√
r + (r1 ∧ r2)

γmin

√
θ

, (34a)

E
[
1Egood ∥Rem∥op

]
≲

σ2
√

n{r + (r1 ∨ r2)}
γ2minθ

, (34b)

P(Ec
good) ≲

σ
√
r1 + r2
γmin

+
σ
√
r + (r1 ∧ r2)

γmin

√
θ

+
σ2
√
n{r + (r1 ∨ r2)}

γ2minθ
. (34c)

Completing the proof of Theorem 1. Combining (29) and (31) with Lemma 5, and using
that the distance between two orthogonal projectors is at most one on Ec

good, proves (16) when the
untruncated rate is sufficiently small. The remaining case follows from the same trivial bound after
enlarging the universal constant.

6 Discussion

We propose a bias-corrected subspace intersection estimator (BCSI) for the shared subspace in
the two-view JIVE model with Gaussian noise and establish its statistical theory. In the regime
γmin ≳ σ

√
n and with comparable shared and view-specific ranks, BCSI attains the minimax rate

and identifies the distinct first- and second-order difficulties in estimating the shared subspace. The
theory also points to several unresolved questions, which we discuss below.

What happens when the ranks are unbalanced? The upper and lower bounds match when
r + (r1 ∨ r2) ≍ r + (r1 ∧ r2), but a gap remains when the two individual ranks are substantially
different. The upper bound contains terms that depend on the larger individual rank, whereas the
corresponding terms in the lower bound depend only on the smaller individual rank. The principal-
angle decomposition suggests that the rank dependence in the upper bound may not be sharp: the
blocks for the r1 ∧ r2 paired directions can have smallest eigenvalues of order θ, while each of the
remaining |r1 − r2| unpaired directions has eigenvalue 1. The dependence on the larger rank may
come from controlling the leakage globally rather than separately over these two types of directions.
An upper-bound proof that controls the two types of principal-angle blocks separately, or a lower-
bound construction that captures the second-order contribution of the unpaired directions, may
sharpen the rank dependence.
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How strong must the weaker view be? The condition γmin ≳ σ
√
n is natural for BCSI

because its construction requires the empirical factor in each view to retain all population signal
directions. Thus the signal strength must be large enough for both empirical factors to be reliable.
The rate itself suggests that the two views play different roles: the stronger view estimates the
shared subspace in Rn, as reflected by the term involving γmax, whereas the weaker view determines
which directions within the stronger signal space are shared, as reflected by the terms involving
γmin. The weaker view might identify the shared subspace through part of its signal even when it
cannot recover its entire signal space. The present parameter class does not cover this possibility,
but the rate still distinguishes between estimating the shared subspace in Rn and separating the
shared directions from the individual directions. A full characterization below the current signal
threshold would be an interesting next step.

Beyond Gaussian noise. The present finite-sample analysis uses the Gaussian model in two
essential ways. First, the one-view leakage isometry relies on the precise behavior of rectangular
Gaussian spiked matrices. Second, rotational invariance allows the leakage directions to be sym-
metrized by an independent Haar rotation, which converts operator-norm bounds that depend on n
into bounds that depend on the ranks for the linear leakage terms. The basic bias-correction prin-
ciple may extend beyond Gaussian noise, but the appropriate correction need not remain a scalar
multiple of the identity. Under heteroskedastic, correlated, or anisotropic noise, different directions
can have different population leakage even after singular-value rescaling. In such settings, one may
need to estimate and subtract a non-scalar leakage operator.

More than two views. With multiple views, the oracle coefficient relations form a higher-
dimensional nullspace of a block Gram matrix, and the optimal reconstruction must account for
both the signal strengths of the views and the geometry of their individual subspaces. Additional
views may improve estimation of the shared subspace in Rn, but it is less clear how they change
the error from separating shared and individual directions or the second-order term caused by the
individual subspaces. Determining the minimax rate as a function of the number of views, their
strengths, and the alignment of their individual subspaces would provide a more complete theory
for heterogeneous multi-view integration.
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A Equivalence of plug-in subspace intersection with AJIVE

Lemma 6. Let Φ̂k ∈ St(n, pk) for k = 1, 2, and set q := p1 ∧ p2. Write

Φ̂⊤
1 Φ̂2 = O1 diag(ζ1, . . . , ζq)O

⊤
2 , ζ1 ≥ · · · ≥ ζq ≥ 0,

where O1 ∈ St(p1, q) and O2 ∈ St(p2, q). Suppose ζr > ζr+1, with ζq+1 := 0.

Let Â := [Φ̂1, Φ̂2] ∈ Rn×(p1+p2), and let Q = (Q⊤
1 ,Q

⊤
2 )

⊤ span its r smallest right singular
directions. Then

col
(
Φ̂1Q1 − Φ̂2Q2

)
is exactly the leading r-dimensional eigenspace of Φ̂1Φ̂

⊤
1 + Φ̂2Φ̂

⊤
2 . Hence the empirical subspace-

intersection procedure used in the main text returns the same subspace as two-view AJIVE.

Proof. We first identify the reconstruction from the r smallest right singular directions of Â, and
then show that the resulting directions are exactly the leading AJIVE directions.

Let o1,i and o2,i denote the ith columns of O1 and O2, and set âi := Φ̂1o1,i and b̂i := Φ̂2o2,i.

Then both vectors have unit norm and â⊤i b̂i = ζi.

The Gram matrix of Â is

Â⊤Â =

(
Ip1 Φ̂⊤

1 Φ̂2

Φ̂⊤
2 Φ̂1 Ip2

)
,

and, for every i ≤ q,

Â⊤Â
1√
2

(
o1,i
−o2,i

)
= (1− ζi)

1√
2

(
o1,i
−o2,i

)
.

Since ζ1 ≥ · · · ≥ ζq and ζr > ζr+1, these vectors span the r smallest right singular directions of Â.
Since only the reconstructed column space matters, we may therefore takeQ1 = 2−1/2[o1,1, . . . ,o1,r]
and Q2 = −2−1/2[o2,1, . . . ,o2,r], which gives

col
(
Φ̂1Q1 − Φ̂2Q2

)
= span

{
âi + b̂i : i = 1, . . . , r

}
.

It remains to identify this span with the leading AJIVE eigenspace. Since Φ̂⊤
1 b̂i = ζio1,i and

Φ̂⊤
2 âi = ζio2,i, (

Φ̂1Φ̂
⊤
1 + Φ̂2Φ̂

⊤
2

)
(âi ± b̂i) = (1± ζi)(âi ± b̂i).

Any unpaired directions have eigenvalue 1. Hence ζ1 ≥ · · · ≥ ζq and ζr > ζr+1 imply that the

leading r-dimensional eigenspace is precisely span{âi + b̂i : i = 1, . . . , r}. Thus the two procedures
return the same r-dimensional subspace.

B Deterministic ingredients for the upper bound

The deterministic argument proceeds in four stages. We first use the population geometry to
establish curvature of the oracle Gram matrix and to construct the transfer operator that describes
how individual signal directions enter the reconstructed shared subspace. We then apply a relative
perturbation argument to isolate the r-dimensional near-zero eigenspace without imposing an upper
bound on the signal strengths. Since an orthonormal basis of this eigenspace is determined only up
to a right orthogonal factor, the calibration step aligns it with the oracle normalization. Finally,
the calibrated eigenvalue equation separates the subspace error into its linear leakage contribution
and four higher-order remainder terms.
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B.1 Population and oracle geometry

B.1.1 Geometry of the joint signal spaces

The oracle bounds below require a lower bound on the nonzero spectrum of PM1 + PM2 and an
upper bound on the trace of its pseudoinverse. Both follow from the principal-angle decomposition
of the two individual signal spaces. Let χj = σj(V

⊤
1 V2) for j = 1, . . . , r1∧r2. These singular values

satisfy 1 ≥ χj ≥ 0, and (10) gives χ1 ≤ 1− 2θ.

Lemma 7. The operator PM1 + PM2 has support M1 + M2 and rank r + r1 + r2. Its nonzero
eigenvalues are

2, . . . , 2︸ ︷︷ ︸
r times

, 1 + χj , 1− χj︸ ︷︷ ︸
j=1,...,r1∧r2

, 1, . . . , 1︸ ︷︷ ︸
|r1−r2| times

. (35)

Consequently,
λ+
min

(
PM1 + PM2

)
≥ 2θ, (36)

and

tr
{(
PM1 + PM2

)†}
≲ r + r1 + r2 +

r1 ∧ r2
θ

. (37)

Proof. Define q := r1 ∧ r2. Choose orthonormal principal-vector pairs ṽ1,1, . . . , ṽ1,q ∈ col(V1) and
ṽ2,1, . . . , ṽ2,q ∈ col(V2) such that

ṽ⊤1,iṽ2,j = χj1{i = j}.

These vectors are obtained from the left and right singular vectors of V ⊤
1 V2 and may be completed

to orthonormal bases of the two individual subspaces.
Since Mk = U ⊕ col(Vk),

PM1 + PM2 = 2PU + V1V
⊤
1 + V2V

⊤
2 .

The operator therefore has eigenvalue 2 on U . For each j ≤ q, the principal plane span{ṽ1,j , ṽ2,j}
is invariant, and (

PM1 + PM2

)(
ṽ1,j ± ṽ2,j

)
= (1± χj)

(
ṽ1,j ± ṽ2,j

)
.

If r1 ̸= r2, the remaining |r1 − r2| basis vectors in the larger individual subspace are orthogonal to
the other individual subspace, so each has eigenvalue 1. All the displayed eigenvalues are positive
because χj ≤ 1−2θ < 1 for every j, while the operator vanishes on (M1+M2)

⊥. This proves (35)
and shows that the support is M1 +M2. Its rank is therefore r + r1 + r2 = p1 + p2 − r.

By (10), χj ≤ 1− 2θ for every j. Hence 1− χj ≥ 2θ, while 1 ≥ 2θ and 2 ≥ 2θ because θ ≤ 1/2.
This proves (36).

Finally, summing the reciprocals of the eigenvalues in (35) gives

tr
{(
PM1 + PM2

)†}
=

r

2
+ |r1 − r2|+

q∑
j=1

(
1

1 + χj
+

1

1− χj

)
≤ r

2
+ |r1 − r2|+ q +

q

2θ
≲ r + r1 + r2 +

r1 ∧ r2
θ

.

Here we used 1 + χj ≥ 1, 1− χj ≥ 2θ, and q = r1 ∧ r2. This proves (37).

B.1.2 Geometry of the oracle Gram matrix

Proof of Lemma 1. The proof has three parts. We first identify the nullspace of the oracle Gram
matrix, then verify the normalization identities for Q⋆, and finally establish the curvature bound
on the orthogonal complement of the nullspace.
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Nullspace of the oracle Gram. Since G0 = S⊤S, we have z⊤G0z = ∥Sz∥22, and hence
ker(G0) = ker(S). On Eemb, col(S) = M1 + M2. Since M1 ∩ M2 = U , we have rank(S) =
dim(M1 + M2) = p1 + p2 − r. As S has p1 + p2 columns, rank–nullity gives dimker(G0) =
dimker(S) = r.

Proof of (23). Next consider Q⋆. Since U ⊆ col(Sk), we have SkS
†
kU = U for k = 1, 2.

Therefore SQ⋆ = 0 and SJQ⋆ = (α1 + α2)U = U , proving (23).

Proof of (24). It remains to lower-bound the positive spectrum of G0. On Eemb, col(Sk) = Mk

and σmin(Sk) ≥ cembγk ≥ cembγmin. Thus, for every x ∈ Rn,

x⊤SkS
⊤
k x = ∥S⊤

k PMk
x∥22 ≥ (cembγmin)

2∥PMk
x∥22,

and hence
SS⊤ ⪰ (cembγmin)

2
(
PM1 + PM2

)
. (38)

Since G0 = S
⊤S and SS⊤ have the same nonzero eigenvalues, (36) and (38) yield

λ+
min(G0) = λ+

min(SS
⊤) ≥ 2c2embγ

2
minθ,

which proves (24).
The nullspace calculation, (23), and the curvature bound therefore establish all three claims in

Lemma 1. This completes the proof.

B.1.3 Population norm bounds

We collect several consequences of the oracle geometry that will be used repeatedly in the proba-
bilistic analysis. Write

pmin := p1 ∧ p2 = r + (r1 ∧ r2), pmax := p1 ∨ p2 = r + (r1 ∨ r2).

Lemma 8. For k = 1, 2, define Rk := S†
kU ∈ Rpk×r. On Eemb, the following bounds hold.

∥Rk∥op ≲
1

γk
, ∥Rk∥F ≲

√
r

γk
, k = 1, 2, (39a)∥∥∥S(G†

0)
1/2
∥∥∥
op

≤ 1,
∥∥∥S(G†

0)
1/2
∥∥∥
F
=

√
p1 + p2 − r ≲

√
pmax, (39b)∥∥∥(G†

0)
1/2
∥∥∥
op

≲
1

γmin

√
θ
,

∥∥∥(G†
0)

1/2
∥∥∥
F
≲

1

γmin

(√
r1 + r2 +

√
pmin√
θ

)
. (39c)

Proof. For (39a), on Eemb we have col(Sk) = Mk, U ⊆ Mk, and σmin(Sk) ≥ cembγk. Hence

∥Rk∥op ≤ ∥S†
k∥op ≲ γ−1

k , and the Frobenius bound follows from rank(Rk) ≤ r.
For (39b), observe that(

S(G†
0)

1/2
)⊤
S(G†

0)
1/2 = (G†

0)
1/2G0(G

†
0)

1/2 = I − Pker(G0).

By Lemma 1, rank(Pker(G0)) = r, and therefore rank(I−Pker(G0)) = p1+p2−r. This proves (39b).

For (G†
0)

1/2 in (39c), we have
∥∥∥(G†

0)
1/2
∥∥∥
op

= 1/
√

λ+
min(G0). This together with Lemma 1 yields

the operator norm bound. To control the Frobenius norm, observe that, on Eemb, both SS
⊤ and

PM1 + PM2 have support M1 + M2. We may therefore restrict (38) to this common support,
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where both operators are positive definite, and invert the inequality. Extending the inverses by
zero on (M1 +M2)

⊥ gives

(SS⊤)† ⪯ 1

c2embγ
2
min

(
PM1 + PM2

)†
.

Since G0 = S
⊤S and SS⊤ have the same nonzero eigenvalues, (37) now yields∥∥∥(G†

0)
1/2
∥∥∥2
F
= tr(G†

0) = tr{(SS⊤)†}

≲
1

γ2min

(
r + r1 + r2 +

r1 ∧ r2
θ

)
≲

1

γ2min

(
r1 + r2 +

pmin

θ

)
.

The last inequality uses pmin = r+(r1 ∧ r2) and θ ≤ 1/2. Taking square roots and using
√
x+ y ≤√

x+
√
y proves the Frobenius bound in (39c).

B.2 Relative perturbation of the nullspace

Proof of Lemma 2. The proof has three parts. We first obtain a lower bound for the entire spectrum
ofG. We then use the min–max principle to separate the r eigenvalues near zero from the remaining
spectrum. Finally, we project the invariant-subspace equation onto ker(G0)

⊥ to control the relative
residual.

Choose orthonormal bases Q0 ∈ St(d, r) and Q+ ∈ St(d, d − r) for ker(G0) and ker(G0)
⊥,

respectively, and define the positive spectral block K := Q⊤
+G0Q+. Then K ≻ 0 and λmin(K) =

λ+
min(G0). We identify the relative perturbation operators with their nonzero coordinate blocks,

∆00 = Q
⊤
0 ∆Q0, ∆+0 =K

−1/2Q⊤
+∆Q0, ∆++ =K−1/2Q⊤

+∆Q+K
−1/2.

This identification preserves their operator norms. The assumptions of Lemma 2 imply

∥∆++∥op ≤ 1

4
, ε∆ ≤ 1

16
λ+
min(G0). (40)

Lower bound for the spectrum. Write any w ∈ Rd uniquely as w = Q0u + Q+v, and set
t :=K1/2v. In these coordinates,

w⊤Gw = ∥t∥22 + t⊤∆++t+ 2t⊤∆+0u+ u⊤∆00u. (41)

By (40), the first two terms are at least 1
2∥t∥

2
2. Young’s inequality gives 2|t⊤∆+0u| ≤ 1

2∥t∥
2
2 +

2∥∆+0∥2op∥u∥22. Consequently,

w⊤Gw ≥ −
(
∥∆00∥op + 2 ∥∆+0∥2op

)
∥u∥22 ≥ −ε∆∥w∥22.

It follows that λmin(G) ≥ −ε∆.

Separation of the near-zero spectrum. Order the eigenvalues as λ1(G) ≥ · · · ≥ λd(G). On
ker(G0) = col(Q0), the quadratic form of G is u⊤∆00u. Courant–Fischer therefore gives

λd−r+1(G) ≤ ∥∆00∥op ≤ ε∆.

Thus at least r eigenvalues are at most ε∆.
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To control the remaining spectrum, apply Courant–Fischer on ker(G0)
⊥ = col(Q+). In this

case u = 0, and (41) gives

w⊤Gw ≥ λ+
min(G0)

(
1− ∥∆++∥op

)
∥w∥22.

By (40), the coefficient on the right is at least 12ε∆, which is strictly larger than 4ε∆. Hence
λd−r(G) > 4ε∆. Combining this separation with the preceding lower bound shows that exactly r
eigenvalues lie in [−ε∆, ε∆], while all remaining eigenvalues exceed 4ε∆.

Bound for G
1/2
0 Q. LetQ ∈ St(d, r) span the invariant subspace associated with the r eigenvalues

in [−ε∆, ε∆], and set Λ := Q⊤GQ. Then GQ = QΛ and ∥Λ∥op ≤ ε∆.
To express the desired residual in the positive spectral coordinates, define H := K1/2Q⊤

+Q.
Projecting the invariant-subspace equation onto col(Q+) and multiplying by K−1/2 gives

H = −∆+0Q
⊤
0 Q−∆++H +K−1HΛ. (42)

Taking operator norms, using ∥Q⊤
0 Q∥op ≤ 1, and recalling that ∥K−1∥op = 1/λ+

min(G0), we obtain

∥H∥op ≤ ∥∆+0∥op +
(
∥∆++∥op +

∥Λ∥op
λ+
min(G0)

)
∥H∥op .

Since ∥Λ∥op ≤ ε∆, the factor multiplying ∥H∥op is at most 1/2 by (40). Therefore ∥H∥op ≤
2∥∆+0∥op. Finally, ∥∥∥G1/2

0 Q
∥∥∥
op

=
∥∥∥K1/2Q⊤

+Q
∥∥∥
op

= ∥H∥op ≤ 2 ∥∆+0∥op .

This is exactly the bound in (26), so the result follows.

B.3 Calibration and deterministic error decomposition

B.3.1 Calibration

The relative perturbation argument controls the residual SQ. To calibrate Q, we first show that
this residual controls the coefficient error once the shared component has been fixed.

Lemma 9. On Eemb, let Z be any matrix satisfying U⊤SJZ = 0. Then

∥Z∥op ≤
∥SZ∥op

cembγmin

√
2θ

. (43)

Proof. It suffices to prove the corresponding vector inequality. Let z = (z⊤1 , z
⊤
2 )

⊤ satisfyU⊤SJz =
0. Since col(Sk) = Mk on Eemb, write Skzk = Uak + Vkbk. The constraint implies α1a1 = α2a2,
so there is a vector a such that a1 = α2a and a2 = α1a. Consequently, ∥a1 + a2∥22 = ∥a∥22 and,
since α2

1 + α2
2 ≤ 1 and 2θ ≤ 1,

∥a1 + a2∥22 ≥ 2θ
(
∥a1∥22 + ∥a2∥22

)
.

Restricting (36) to U⊥ gives the same coercive principal-angle bound on the two individual signal
spaces. Applied to the coordinate pair (b1, b2), it yields ∥V1b1 + V2b2∥22 ≥ 2θ(∥b1∥22 + ∥b2∥22).

Because U is orthogonal to V1 and V2, it follows that

∥Sz∥22 = ∥a1 + a2∥22 + ∥V1b1 + V2b2∥22
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≥ 2θ

2∑
k=1

(
∥ak∥22 + ∥bk∥22

)
= 2θ

2∑
k=1

∥Skzk∥22 ≥ 2θ(cembγmin)
2∥z∥22.

Thus ∥z∥2 ≤ ∥Sz∥2/(cembγmin

√
2θ). Applying this inequality to z = Zx and taking the supremum

over ∥x∥2 = 1 proves (43).

We now use this stability estimate to align the empirical near-zero eigenspace with the oracle
normalization. Define

Ξ := U⊤M = U⊤SJQ.

This matrix is the change of basis required to impose the normalization SJQ⋆ = U . Whenever Ξ
is invertible, define

Q̃ := QΞ−1, ∆Q := Q̃−Q⋆.

Lemma 10. On Egood, the matrix Ξ is invertible, and

∥∥Ξ−1
∥∥
op

≲
1

γmin
, ∥S∆Q∥op ≲

∥∆+0∥op
γmin

, ∥∆Q∥op ≲
∥∆+0∥op
γ2min

√
θ
.

Proof. Set Z := Q − Q⋆Ξ. The identities SQ⋆ = 0 and SJQ⋆ = U imply U⊤SJZ = 0 and
SZ = SQ. Hence (27) and (43) and the definition of Egood give

∥Z∥op ≤
2 ∥∆+0∥op

cembγmin

√
2θ

≤ 1

2
.

This bound implies that Ξ is invertible. Indeed, if Ξx = 0, then Qx = Zx. Since Q has
orthonormal columns, and ∥Z∥op ≤ 1

2 , we have ∥x∥2 ≤ 1
2∥x∥2, and therefore x = 0.

The identity Q = Q⋆Ξ+Z now gives QΞ−1 = Q⋆ +ZΞ−1. Since Q is an isometry,∥∥Ξ−1
∥∥
op

=
∥∥QΞ−1

∥∥
op

≤ ∥Q⋆∥op +
1

2

∥∥Ξ−1
∥∥
op

.

By the block definition of Q⋆ and (39a),

∥Q⋆∥2op =
∥∥∥R⊤

1 R1 +R
⊤
2 R2

∥∥∥
op

≤ ∥R1∥2op + ∥R2∥2op ≲
1

γ2min

.

Thus
∥∥Ξ−1

∥∥
op

≤ 2 ∥Q⋆∥op ≲ γ−1
min.

Finally, ∆Q = ZΞ−1. Since SZ = SQ, the relative nullspace bound yields

∥S∆Q∥op ≤ ∥SQ∥op
∥∥Ξ−1

∥∥
op

≲
∥∆+0∥op

γmin
.

The first display in this proof already gives ∥Z∥op ≲ ∥∆+0∥op /(γmin

√
θ). Combining this estimate

with ∆Q = ZΞ−1 and
∥∥Ξ−1

∥∥
op

≲ γ−1
min proves the final bound in Lemma 10. This completes the

proof.
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B.3.2 The transfer operator

Recall the transfer operator defined in (30). The next lemma records the identity that connects this
population operator to the coefficient reconstruction, together with the two norm bounds needed
in the probabilistic analysis.

Lemma 11. For every coefficient vector z,

PU⊥SJz = T (Sz). (44)

Moreover,

∥T ∥op ≤ 1√
2θ

, ∥T ∥F ≲
√
r1 + r2 +

√
r1 ∧ r2√

θ
. (45)

Proof. We first verify the identity from the coordinate definition of T . We then factor T through
the two individual signal spaces and use their principal-angle spectrum to obtain the norm bounds.

Write z = (z⊤1 , z
⊤
2 )

⊤ and decompose Skzk = Uak + Vkbk, where ak ∈ Rr and bk ∈ Rrk . Then
Sz = U(a1 + a2) + V1b1 + V2b2, whereas

PU⊥SJz = α1V1b1 − α2V2b2 = T (Sz).

The last equality is precisely the definition of T , and proves (44).
For the norm bounds, set V := [V1,V2] and Vα := [α1V1,−α2V2]. The spectrum in Lemma 7

shows that V has full column rank. Thus V † recovers the unique individual-space coordinates of
every vector in col(V1) + col(V2) and vanishes on its orthogonal complement, which contains both
U and (M1 +M2)

⊥. Comparing this action with (30) shows that T = VαV
† on all of Rn.

For b = (b⊤1 , b
⊤
2 )

⊤, the triangle and Cauchy–Schwarz inequalities give ∥Vαb∥2 ≤ α1∥b1∥2 +
α2∥b2∥2 ≤ ∥b∥2. Hence ∥Vα∥op ≤ 1.

The same spectrum, together with χj ≤ 1 − 2θ, shows that λmin(V
⊤V ) ≥ 2θ. Therefore

∥V †∥op ≤ (2θ)−1/2, and hence ∥T ∥op ≤ (2θ)−1/2.
For the Frobenius norm, the complete spectrum of V ⊤V gives

∥T ∥2F ≤
∥∥∥V †

∥∥∥2
F
= |r1 − r2|+

r1∧r2∑
j=1

(
1

1 + χj
+

1

1− χj

)
≲ r1 + r2 +

r1 ∧ r2
θ

.

Indeed, each summand is 2/(1 − χ2
j ) ≤ 1/θ. Taking square roots and using

√
x+ y ≤

√
x +

√
y

proves (45).

B.3.3 Deterministic error decomposition

The decomposition isolates the part of the subspace error that is linear in the leakage L. The direct
contribution is already visible in the reconstruction formula. The remaining linear contribution
comes from the displacement of the near-zero eigenspace and is contained in TS∆Q. We extract
this term using the eigenvalue equation for Q and then bound the resulting higher-order remainder.

Proof of Lemma 3. Write ∆quad := L⊤L − Dσ and Λ := Q⊤GQ. Since Q has orthonormal
columns spanning an invariant subspace of G, we have GQ = QΛ. On Egood, Lemma 10 gives

Q̃ = QΞ−1 = Q⋆ +∆Q.
Using the reconstruction identity preceding Lemma 3 and SQ⋆ = 0, we obtain

PU⊥M̃ = TS∆Q +LJQ⋆ +LJ∆Q. (46)
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The second term is linear in L, whereas the third is higher order. It remains to identify the linear
part of TS∆Q.

The relations GQ = QΛ and Q̃ = QΞ−1 imply GQ̃ = QΛΞ−1. Substituting G = G0 + ∆
and Q̃ = Q⋆ +∆Q, and using G0Q⋆ = 0, gives

G0∆Q +∆Q⋆ +∆∆Q = QΛΞ−1. (47)

Since G0 = S⊤S, we have SG†
0G0 = S and SG†

0S
⊤ = Pcol(S). Moreover, TPcol(S) = T on

Eemb. Applying TSG
†
0 to (47), expanding ∆ = S⊤L+L⊤S +∆quad, and simplifying yields

TS∆Q = − TSG†
0∆Q⋆ − TSG†

0∆∆Q + TSG†
0QΛΞ−1

= − TLQ⋆ − TSG†
0∆quadQ⋆ − TSG†

0∆∆Q + TSG†
0QΛΞ−1. (48)

For the second equality, L⊤SQ⋆ = 0, while

TSG†
0S

⊤LQ⋆ = TPcol(S)LQ⋆ = TLQ⋆.

Thus −TLQ⋆ is precisely the linear contribution caused by the displacement of the near-zero
eigenspace.

Substituting (48) into (46) proves (31). The higher-order remainder in that decomposition is
the sum of the following four terms:

Rem = −TSG†
0∆quadQ⋆︸ ︷︷ ︸

=: A1

+LJ∆Q︸ ︷︷ ︸
=: A2

+
(
−TSG†

0∆∆Q

)
︸ ︷︷ ︸

=: A3

+TSG†
0QΛΞ−1︸ ︷︷ ︸

=: A4

.
(49)

It remains to establish the bound in (32). The four estimates repeatedly use∥∥∥TSG†
0

∥∥∥
op

≤ ∥T ∥op
∥∥∥S(G†

0)
1/2
∥∥∥
op

∥∥∥(G†
0)

1/2
∥∥∥
op

≲
1

γminθ
,

where the last inequality follows from (39b), (39c), and (45).

Bound ∥A1∥op. By submultiplicativity, the preceding estimate, and the block definition of Q⋆

together with (39a), we obtain ∥A1∥op ≲ ∥∆quad∥op /(γ
2
minθ).

Bound ∥A2∥op. Using ∥J∥op ≤ 1 and the coefficient bound in Lemma 10, submultiplicativity

gives ∥A2∥op ≲ ∥L∥op ∥∆+0∥op /(γ2min

√
θ).

Bound ∥A3∥op. Expanding ∆ = S⊤L+L⊤S +∆quad gives

∥A3∥op ≤
∥∥∥TSG†

0S
⊤L∆Q

∥∥∥
op

+
∥∥∥TSG†

0L
⊤S∆Q

∥∥∥
op

+
∥∥∥TSG†

0∆quad∆Q

∥∥∥
op

.

For the first term, use SG†
0S

⊤ = Pcol(S) and T = TPcol(S) to obtain

∥∥∥TSG†
0S

⊤L∆Q

∥∥∥
op

≤ ∥T ∥op
∥∥Pcol(S)L

∥∥
op

∥∆Q∥op ≲

∥∥Pcol(S)L
∥∥
op

∥∆+0∥op
γ2minθ

.

Here the last inequality follows from ∥T ∥op ≲ θ−1/2 and ∥∆Q∥op ≲ ∥∆+0∥op/(γ2min

√
θ).
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For the second term, L⊤S = (Pcol(S)L)
⊤S, and therefore

∥∥∥TSG†
0L

⊤S∆Q

∥∥∥
op

≤
∥∥∥TSG†

0

∥∥∥
op

∥∥Pcol(S)L
∥∥
op

∥S∆Q∥op ≲

∥∥Pcol(S)L
∥∥
op

∥∆+0∥op
γ2minθ

.

The last inequality uses ∥TSG†
0∥op ≲ (γminθ)

−1 and ∥S∆Q∥op ≲ ∥∆+0∥op/γmin.
For the quadratic term,∥∥∥TSG†

0∆quad∆Q

∥∥∥
op

≲
∥∆quad∥op ∥∆+0∥op

γ3minθ
3/2

≲
∥∆quad∥op

γ2minθ
.

The final inequality follows from ∥∆+0∥op ≲ γmin

√
θ on Egood.

Combining the three bounds gives

∥A3∥op ≲

∥∥Pcol(S)L
∥∥
op

∥∆+0∥op
γ2minθ

+
∥∆quad∥op

γ2minθ
.

Bound ∥A4∥op. We first control SG†
0Q. Write the polar decomposition as S = USG

1/2
0 , where

US is a partial isometry from ker(G0)
⊥ onto col(S). Since the range of (G†

0)
1/2Q lies in ker(G0)

⊥,
the map US preserves its norm. Therefore∥∥∥SG†

0Q
∥∥∥
op

=
∥∥∥US(G

†
0)

1/2Q
∥∥∥
op

=
∥∥∥(G†

0)
1/2Q

∥∥∥
op

≤
∥∥∥G†

0

∥∥∥
op

∥∥∥G1/2
0 Q

∥∥∥
op

≲
∥∆+0∥op
γ2minθ

.

The inequality uses (G†
0)

1/2 = G†
0G

1/2
0 . The final bound follows from (24) and (27).

Next, Λ = Q⊤GQ represents the restriction of G to the selected invariant subspace. The
eigenvalue localization in Lemma 2 therefore gives

∥Λ∥op ≤ ∥∆00∥op + 2 ∥∆+0∥2op .

Combining these estimates with ∥T ∥op ≲ θ−1/2 and ∥Ξ−1∥op ≲ γ−1
min yields

∥A4∥op ≤ ∥T ∥op
∥∥∥SG†

0Q
∥∥∥
op

∥Λ∥op
∥∥Ξ−1

∥∥
op

≲

(
∥∆00∥op + ∥∆+0∥2op

)
∥∆+0∥op

γ3minθ
3/2

≲
∥∆quad∥op

γ2minθ
+

∥∆+0∥2op
γ2minθ

.

For the last inequality, observe that ∆00 = Pker(G0)∆quadPker(G0), so ∥∆00∥op ≤ ∥∆quad∥op. More-

over, ∥∆+0∥op ≲ γmin

√
θ on Egood. Consequently,

∥∆00∥op ∥∆+0∥op
γ3minθ

3/2
≲

∥∆quad∥op
γ2minθ

,
∥∆+0∥3op
γ3minθ

3/2
≲

∥∆+0∥2op
γ2minθ

.

Combining the bounds for A1, . . . ,A4 in (49) proves (32) and completes the proof.
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C Probabilistic tools for the upper bound

C.1 Gaussian concentration and matrix bounds

We begin with the standard Gaussian concentration inequality. It will be applied below to a
Lipschitz function of the bulk noise matrix.

Lemma 12 (Gaussian Lipschitz concentration). Let g ∼ N (0, IN ), and let f : RN → C be L-
Lipschitz with respect to the Euclidean norm. Then, for every q ≥ 2,

∥f(g)− Ef(g)∥Lq ≤ C
√
q L. (50)

The following bounds are consequences of the standard extreme-singular-value estimates for
Gaussian matrices; see (Vershynin, 2010, Theorem 5.32 and Corollary 5.35). The moment bounds
follow by integrating the corresponding tail inequalities.

Lemma 13 (Gaussian matrix deviations and moments). Let G ∈ Ru×v have independent N (0, b−1)
entries. Then, for every x ≥ 0,

P
{
∥G∥op >

√
u+

√
v√

b
+ x

}
≤ 2e−cbx2

. (51)

If v = b, then, for every s ≥ 0,

P

{
∥GG⊤ − Iu∥op > C

(√
u+ s

b
+

u+ s

b

)}
≤ 2e−cs. (52)

Moreover, for every q ≥ 2,

∥G∥Lq ≤ C

(√
u

b
+

√
v

b
+

√
q

b

)
, (53)

and, when v = b,

∥GG⊤ − Iu∥Lq ≤ C

(√
u+ q

b
+

u+ q

b

)
. (54)

We next control the Gaussian coefficient matrices that arise in the one-view expansion. The
result covers both independent bilinear forms and centered same-sample quadratic forms.

Lemma 14 (Gaussian coefficient moments). Let q ≥ 2, and let G1 ∈ Rr1×p and G2 ∈ Rr2×p be
independent matrices with independent N (0, b−1) entries. For every deterministic A ∈ Rr1×r2,

∥G⊤
1 AG2∥Lq ≤ C

b
{(√p+

√
q)∥A∥F + (p+ q)∥A∥op} . (55)

If r1 = r2 and A ∈ Rr1×r1, then∥∥∥G⊤
1 AG1 − b−1 tr(A)Ip

∥∥∥
Lq

≤ C

b
{(√p+

√
q)∥A∥F + (p+ q)∥A∥op} . (56)

Both conclusions remain valid conditionally when A is measurable with respect to a sigma-field
independent of the displayed Gaussian matrices.
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Proof. We first record the Gaussian matrix estimate used for both conclusions. Let H ∈ Rk×d

have independent standard Gaussian entries, and let B ∈ Rd×m be deterministic. Apply Chevet’s
inequality (Vershynin, 2018, Section 8.7) with T = BSm−1 and S = Sk−1. Since

rad(T ) = ∥B∥op, w(T ) = E∥B⊤gd∥2 ≤ ∥B∥F,

whereas rad(S) = 1 and w(S) = E∥gk∥2 ≤
√
k, we obtain

E∥HB∥op ≤ ∥B∥F +
√
k ∥B∥op.

It remains to control the fluctuation around this mean. The map H 7→ ∥HB∥op is ∥B∥op-
Lipschitz with respect to the Frobenius norm, because

|∥H1B∥op − ∥H0B∥op| ≤ ∥(H1 −H0)B∥op ≤ ∥H1 −H0∥F∥B∥op.

Therefore, (50) and the preceding expectation bound give

∥HB∥Lq ≤ C
{
∥B∥F + (

√
k +

√
q)∥B∥op

}
. (57)

We now prove the bilinear estimate. Set Zi =
√
bGi, so that Z1 and Z2 have independent

standard Gaussian entries. Conditional on Z2, apply (57) with H = Z⊤
1 and B = AZ2. Taking

the Lq norm over Z2 then gives

∥Z⊤
1 AZ2∥Lq ≤ C

{∥∥∥AZ2∥F
∥∥
Lq + (

√
p+

√
q)
∥∥∥AZ2∥op

∥∥
Lq

}
. (58)

The two random norms on the right are controlled by the same two ingredients. First, the map
Z2 7→ ∥AZ2∥F is ∥A∥op-Lipschitz, and

E∥AZ2∥F ≤
(
E∥AZ2∥2F

)1/2
=

√
p ∥A∥F.

Gaussian concentration therefore gives∥∥∥AZ2∥F
∥∥
Lq ≤ √

p ∥A∥F + C
√
q ∥A∥op.

Second, applying (57) to Z⊤
2 A

⊤ yields∥∥∥AZ2∥op
∥∥
Lq ≤ C {∥A∥F + (

√
p+

√
q)∥A∥op} .

Substituting these two bounds into (58) and using (
√
p+

√
q)2 ≤ 2(p+ q) gives

∥Z⊤
1 AZ2∥Lq ≤ C {(√p+

√
q)∥A∥F + (p+ q)∥A∥op} .

Since G⊤
1 AG2 = b−1Z⊤

1 AZ2, this proves (55).
For the same-sample estimate, let Z ′ be an independent copy of Z1 and define

U :=
Z1 +Z

′
√
2

, V :=
Z1 −Z ′

√
2

.

The matrices U and V are independent standard Gaussian matrices. By symmetrization and the
identity

Z⊤
1 AZ1 −Z ′⊤AZ ′ = U⊤AV + V ⊤AU ,

the bilinear estimate gives∥∥∥Z⊤
1 AZ1 − tr(A)Ip

∥∥∥
Lq

≤
∥∥∥U⊤AV + V ⊤AU

∥∥∥
Lq

≤ C {(√p+
√
q)∥A∥F + (p+ q)∥A∥op} .

Rescaling by b−1 proves (56). The conditional versions follow by applying the deterministic bounds
conditionally on the sigma-field with respect to which A is measurable and then taking the outer
expectation.
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D One-view weighted leakage isometry

This section proves the one-view result used in Lemma 4. Throughout the section, C, c > 0 denote
numerical constants whose values may change from line to line.

D.1 Normalized model and theorem

The leakage of an empirical singular vector depends on the corresponding population singular
value. The purpose of the weighting is to remove this dependence: after weighting, the leakage
Gram matrix should be close to the same scalar matrix for every signal direction. We formulate
this statement first in normalized noise units.

Normalized observation. Let X ∈ Rn×d have rank p and compact SVD

X = U⋆Σ⋆V
⊤
⋆ , Σ⋆ = diag(s⋆1, . . . , s

⋆
p),

where U⋆ ∈ St(n, p), V⋆ ∈ St(d, p), and s⋆1 ≥ · · · ≥ s⋆p ≥ s⋆ > 0. Set a := n − p, b := d − p, and
β := a/b. We observe

Y =X +Z, Zij
iid∼ N(0, b−1). (59)

Let UΣV ⊤ be a leading rank-p SVD of Y , where

Σ = diag(ŝ1, . . . , ŝp), ŝ1 ≥ · · · ≥ ŝp.

Choose an orthonormal complement U⊥
⋆ of U⋆. Then (U⊥

⋆ )⊤U contains the components of the
empirical left singular vectors outside the population signal space.

Bias-correcting weights. As discussed in Section 1.1, the Gram matrix of these components
has a diagonal bias that varies with the signal singular values. To correct it, define

τβ(s) :=


s2 − (1 + β) +

√
{s2 − (1 + β)}2 − 4β

2
, s > 1 +

√
β,

√
β, s ≤ 1 +

√
β.

(60)

For each empirical singular value ŝi, set

τi := τβ(ŝi), ℓi :=

√
τi(τi + β)

τi + 1
, WL := diag(ℓ1, . . . , ℓp).

When τi >
√
β, the first branch of (60) is equivalent to

ŝ2i = 1 + β + τi +
β

τi
. (61)

Below the threshold 1 +
√
β, the definition fixes τi =

√
β and hence ℓ2i = β.

The weighted leakage matrix is

NL := (U⊥
⋆ )⊤UWL. (62)

The choice of WL is designed so that N⊤
LNL is centered at βIp. The theorem below makes this

statement quantitative.
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One-view theorem. The relevant signal scale is s2⋆ ∧ s4⋆. For s⋆ ≤ 1, this equals s4⋆, while for
s⋆ ≥ 1, it equals s2⋆. Thus the assumption below covers the two signal regimes without imposing
an upper bound on s⋆1.

Theorem 3 (One-view weighted leakage isometry). Suppose that

p ≤ 1

3
min{n, d}, s2⋆ ∧ s4⋆ ≥ ν2β,

where ν > 0 is a sufficiently large numerical constant. Then∥∥∥N⊤
LNL − βIp

∥∥∥
L32

≤ Cβ

√
p

a
, (63a)

∥NL∥L64 ≤ C
√

β. (63b)

Moreover, there is an event E1v such that

P(Ec
1v) ≤ C exp

{
−b(s2⋆ ∧ s4⋆)

C

}
, (64)

and, on E1v,
W 2

L − βIp ⪰ c(s2⋆ ∧ s4⋆)Ip. (65)

Here C, c > 0 are numerical constants.

D.2 Proof of Lemma 4

Proof. Fix k ∈ {1, 2}. The normalized theorem supplies both the moment bounds for Lk and a
lower bound for the weighted empirical Gram matrix. We first return its conclusions to the original
noise units and then combine the latter lower bound with the centered leakage estimate to control
S⊤
k Sk.
Let Xk = U⋆,kΣ⋆,kV

⊤
⋆,k be a compact SVD, and choose an orthonormal complement U⊥

⋆,k of

U⋆,k. Apply Theorem 3 to Ỹk := Yk/(σ
√
bk), with a = ak, b = bk, β = ak/bk, and s⋆ = sk/(σ

√
bk).

The noise entries of Ỹk are independent N(0, b−1
k ), and its empirical left singular vectors are the

columns of Φ̂k.
The signal assumption follows directly from the definition of γk. Indeed, bk = dk − pk and

pk ≤ dk/3 imply bk ≤ dk ≤ 3bk/2, so s2⋆ ∧ s4⋆ ≍ γ2k/(bkσ
2). The standing condition γk ≥ νσ

√
n

therefore gives s2⋆ ∧ s4⋆ ≳ ν2ak/bk because ak ≤ n. Thus the signal condition in Theorem 3 holds
after increasing the numerical constant ν if necessary.

LetWL andNL be the matrices in the normalized theorem. Substitution into the definitions of
τk and wk gives wk(ŝk,i) = σ

√
bk ℓi. Hence Ck = σ

√
bk Φ̂kWL and Lk = σ

√
bkU

⊥
⋆,kNL. Rescaling

the two conclusions of Theorem 3 gives∥∥∥L⊤
k Lk − akσ

2Ipk

∥∥∥
L32

≲ σ2√akpk, ∥Lk∥L64 ≲ σ
√
ak. (66)

This proves (33).
Let Ẽk denote the event supplied by Theorem 3 for the normalized kth view. Since Φ̂k has

orthonormal columns, the lower bound for W 2
L − ak

bk
Ipk and the preceding comparison of signal

scales imply, on Ẽk,
C⊤

k Ck − akσ
2Ipk ⪰ cγ2kIpk .
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Define

Ek := Ẽk ∩
{∥∥∥L⊤

k Lk − akσ
2Ipk

∥∥∥
op

≤ c

2
γ2k

}
. (67)

Because Ck = Sk +Lk and S⊤
k Lk = 0, on Ek we have

S⊤
k Sk =

(
C⊤

k Ck − akσ
2Ipk

)
−
(
L⊤

k Lk − akσ
2Ipk

)
⪰ c

2
γ2kIpk . (68)

Choosing cemb ≤
√
c/2 proves σmin(Sk) ≥ cembγk on Ek.

Finally, the probability bound in Theorem 3 and Markov’s inequality applied to (66) give

P(Ec
k) ≲ exp

(
−

γ2k
Cσ2

)
+

(
σ2√akpk

γ2k

)32

≲
σ2√npk

γ2k
.

The last inequality uses ak ≤ n and γ2k ≳ nσ2. This proves the asserted probability bound and
completes the proof.

D.3 Proof of Theorem 3

We first prove the result in the wide case a ≤ b, so that β ≤ 1. Afterwards, we derive a corresponding
right-leakage bound under the stronger signal condition s2⋆ ≥ ν2 and use it to handle the tall case
by transposition.

By rotational invariance of the Gaussian noise, we may work in the population singular-vector
coordinates, in which

Y =

(
Σ⋆ +Z11 Z12

Z21 Z22

)
, (69)

where the four noise blocks have independent N(0, b−1) entries and Z22 ∈ Ra×b. Partition the
empirical singular vectors conformably as

U =

(
U∥
U⊥

)
, V =

(
V∥
V⊥

)
. (70)

In these coordinates, NL = U⊥WL. Thus (63a) amounts to controlling

XL :=WLU
⊤
⊥U⊥WL − βIp. (71)

We first work on the localization event

Eloc :=
{
min
i

τi ≥
s2⋆
16

,
∥∥∥Z22Z

⊤
22 − Ia

∥∥∥
op

≤ s2⋆
128

}
. (72)

The signal condition implies s2⋆/16 >
√
β for sufficiently large ν. Thus the first condition in Eloc

places every selected singular value on the upper branch, where (61) applies. The second condition
will make the singular-vector expansion contractive.

Lemma 15. Under s2⋆ ∧ s4⋆ ≥ ν2β,

P(Ec
loc) ≲ exp

{
−cb(s2⋆ ∧ s4⋆)

}
. (73)

Under the stronger condition s2⋆ ≥ ν2, P(Ec
loc) ≲ exp(−cbs2⋆).
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Step 1: control XL on Eloc. The main difficulty is that the left and right leakage Grams U⊤
⊥U⊥

and V ⊤
⊥ V⊥ are coupled. The two leakage Grams satisfy a pair of approximate linear relations. To

state them, define the following three entrywise operators

[AU (M)]ij :=
βrirj

τiτj − β
Mij , (74a)

[B(M)]ij :=
β

τiτj − β
Mij , (74b)

[AV (M)]ij :=
ℓiℓj

τiτj − β
Mij , (74c)

where ri :=
√

τi(τi+1)
τi+β and we define WR := diag(r1, . . . , rp). These operators are well defined on

Eloc because τi >
√
β for every i. Define the residuals

εU := U⊤
⊥U⊥ −AU (V

⊤
∥ V∥)− B(U⊤

∥ U∥), (75a)

εV := V ⊤
⊥ V⊥ − B(V ⊤

∥ V∥)−AV (U
⊤
∥ U∥). (75b)

Since the empirical singular-vector matrices have orthonormal columns, U⊤
∥ U∥ + U

⊤
⊥U⊥ = Ip

and similarly for V . Thus (75) forms a linear system for the two leakage Grams. To solve it, define
XR := WRV

⊤
⊥ V⊥WR − Ip. Fix i, j and abbreviate u = τiτj , ℓ = ℓiℓj , r = rirj , x = (XL)ij , and

y = (XR)ij . Since ℓiri = τi, we have ℓr = u, and the two equations reduce to u

u− β

βℓ

u− β
r

u− β

u

u− β

(x
y

)
=

(
ℓ(εU )ij
r(εV )ij

)
. (76)

Direct inversion gives the cancellation identities

XL =WLεUWL − βεV , XR =WRεVWR − εU . (77)

The following lemma controls the two residuals in precisely the combinations appearing here.

Lemma 16. Under s2⋆ ∧ s4⋆ ≥ ν2β,

∥1ElocWLεUWL∥L32 + β ∥1ElocεV ∥L32 ≲
√
ap

b
. (78)

Under the stronger condition s2⋆ ≥ ν2,

∥1ElocWRεVWR∥L32 + ∥1ElocεU∥L32 ≲

√
p

b
. (79)

By (77) and (78), ∥1ElocXL∥L32 ≲
√
ap/b.

Step 2: control XL on Ec
loc. From the definition of XL, ∥XL∥op ≤ ∥U⊥WL∥2op+β. We use the

following radial estimate.

Lemma 17. In the wide case a ≤ b,

∥U⊥WL∥L128 ≲
√
β, ∥V⊥WR∥L128 ≲ 1. (80)

Hölder’s inequality, (73) and (80), and b(s2⋆ ∧ s4⋆) ≥ ν2a give ∥1Ec
loc
XL∥L32 ≲ βe−ca ≲

√
ap/b.

Together with the bound on Eloc, this proves (63a) in the wide case.
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Completing the wide-case proof. The radial bound (63b) and the localization probability
(64) follow directly from Lemmas 15 and 17. Finally, on Eloc, τi ≥ s2⋆/16 and

ℓ2i − β =
τ2i − β

τi + 1
≥ (s2⋆/16)

2 − β

s2⋆/16 + 1
≳ s2⋆ ∧ s4⋆,

where we used the monotonicity of t 7→ (t2−β)/(t+1) on [
√
β,∞). This proves (65) and completes

the wide-case proof.

A right-leakage bound for wide matrices. To pass to the tall case, we need the corresponding
control of the right leakage for a wide matrix. Choose an orthonormal complement V ⊥

⋆ of V⋆ and
define NR := (V ⊥

⋆ )⊤VWR. In the population coordinates, N⊤
RNR − Ip =XR.

Suppose now that s2⋆ ≥ ν2. On Eloc, the second identity in (77) and (79) give ∥1ElocXR∥L32 ≲√
p/b. On the complement, ∥XR∥op ≤ ∥V⊥WR∥2op+1, so Lemmas 15 and 17 and Hölder’s inequality

give the same bound. Hence∥∥∥N⊤
RNR − Ip

∥∥∥
L32

≲

√
p

b
, ∥NR∥L64 ≲ 1,

P(Ec
loc) ≲ e−cbs2⋆ , min

i
(r2i − 1) ≳ s2⋆ on Eloc. (81)

For the last bound, use r2i − 1 = (τ2i − β)/(τi + β), τi ≥ s2⋆/16, and s2⋆ ≥ ν2.

The tall case. Suppose now that a > b, so β > 1, and consider the rescaled transpose

Ỹ := β−1/2Y ⊤.

This is a wide matrix with ã = b, b̃ = a, β̃ = β−1, and s̃⋆ = β−1/2s⋆. The original signal condition
implies s2⋆ ≥ ν2β, and hence s̃2⋆ = s2⋆/β ≥ ν2. Thus (81) applies to Ỹ .

It remains only to identify its right-leakage quantities with the original left-leakage quantities.
The empirical singular values satisfy ̂̃si = ŝi/

√
β, and the definition of the bias-correction map

gives τ̃i = τi/β. Consequently,

W̃R = β−1/2WL, ÑR = β−1/2NL, Ñ⊤
R ÑR − Ip = β−1

(
N⊤

LNL − βIp
)
. (82)

Indeed, the right singular vectors of Ỹ are the left singular vectors of Y , and r̃2i = ℓ2i /β.

The centered right-leakage bound for Ỹ therefore gives∥∥∥N⊤
LNL − βIp

∥∥∥
L32

≲ β

√
p

a
=

√
ap

b
,

while the radial bound gives ∥NL∥L64 ≲
√
β. Moreover, b̃ s̃2⋆ = as2⋆/β = bs2⋆. Since the tall-case

signal condition forces s2⋆ > 1, we have s2⋆ ∧ s4⋆ = s2⋆, so the right-side localization bound gives (64).
Finally, r̃2i − 1 = (ℓ2i −β)/β, and the right-side weight floor gives ℓ2i −β ≳ s2⋆ = s2⋆ ∧ s4⋆. This proves
all the claims in the tall case and completes the proof.

D.4 Proof of Lemma 15

We first prove the claim under the left signal condition s2⋆∧s4⋆ ≥ ν2β. Introduce the auxiliary event

E0 :=
{
∥Z11∥op ≤ s⋆

4
,
∥∥∥Z12Z

⊤
12 − Ip

∥∥∥
op

≤ s2⋆
8
,
∥∥∥Z22Z

⊤
22 − Ia

∥∥∥
op

≤ s2⋆
128

}
. (83)
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Step 1: show that E0 ⊆ Eloc. Consider the first p rows of Y , M := (Σ⋆ + Z11,Z12). By the
definition of singular values, ŝ2p ≥ λmin(MM⊤). On E0, Weyl’s inequality gives σmin(Σ⋆ +Z11) ≥
3s⋆/4 and Z12Z

⊤
12 ⪰ (1− s2⋆/8)Ip. Consequently, ŝ

2
p ≥ 1 + 7s2⋆/16.

We next translate this bound to the τ -coordinate. The signal condition implies s2⋆ ≥ ν
√
β, so for

sufficiently large ν, ŝi ≥ ŝp > 1+
√
β for every i. Hence every ŝi lies on the upper branch of (60), so

τi >
√
β and (61) applies. Moreover, the signal condition gives 1+β+s2⋆/16+16β/s2⋆ ≤ 1+7s2⋆/16.

Since t 7→ 1 + β + t+ β/t is increasing on (
√
β,∞), we obtain τi ≥ s2⋆/16 for every i.

The second condition defining Eloc is already part of E0, so E0 ⊆ Eloc.

Step 2: bound P(Ec
0). Since p/b ≤ β/2, a/b = β, and s2⋆ ∧ s4⋆ ≥ ν2β, we have

√
p/b ∨

√
a/b ≤√

β ≤ (s2⋆ ∧ s⋆)/ν.
Apply (51) to Z11 with u = v = p and x = s⋆/8. For sufficiently large ν, 2

√
p/b ≤ s⋆/8, and

hence P{∥Z11∥op > s⋆/4} ≲ exp{−cb(s2⋆ ∧ s4⋆)}.
The block dimensions in (69) are Z12 ∈ Rp×b and Z22 ∈ Ra×b, and both matrices have indepen-

dent N(0, b−1) entries. Thus (52) applies with u = p and u = a, respectively, while v = b in both
cases. Choose the tail parameter in that inequality to be c0b(s

2
⋆ ∧ s4⋆), where c0 > 0 is a sufficiently

small numerical constant. For either u ∈ {p, a}, the resulting deviation threshold satisfies

C

[√
u

b
+ c0(s2⋆ ∧ s4⋆) +

u

b
+ c0(s

2
⋆ ∧ s4⋆)

]
≤ C

[√
u

b
+
√
c0(s

2
⋆ ∧ s⋆) +

u

b
+ c0(s

2
⋆ ∧ s4⋆)

]
≤ s2⋆

128
.

The last inequality follows from the preceding bound
√

u/b ≤ (s2⋆ ∧ s⋆)/ν, first by choosing c0
sufficiently small and then by choosing ν sufficiently large. Therefore the failure probabilities for
the second and third conditions in (83) are each bounded by 2 exp{−cb(s2⋆ ∧ s4⋆)}.

Therefore, a union bound and E0 ⊆ Eloc give

P(Ec
loc) ≲ exp{−cb(s2⋆ ∧ s4⋆)},

which proves the first claim.

The stronger right signal condition. Suppose now that s2⋆ ≥ ν2. Since ν > 1 and β ≤ 1,
the left signal condition also holds, so the inclusion E0 ⊆ Eloc proved above remains valid. In the
preceding Gaussian estimates we may now use s2⋆ ∧ s⋆ = s⋆, which gives P(Ec

loc) ≲ e−cbs2⋆ . This
proves the second claim.

D.5 Proof of Lemma 16

On Eloc, the proof proceeds in four stages. We first solve the lower singular-vector equations by
an absolutely convergent series and use that series to derive exact expansions for the left and
right leakage Gram matrices. We then condition on Z22, replace the Gaussian coefficient matrices
involving Z12 and Z21 by their conditional means, and collect the centered fluctuations. The
remaining random coefficients are normalized traces of functions of Z22; we replace them by the
deterministic Marchenko–Pastur transform. Finally, we control the centering and bulk-replacement
errors in a common balanced norm and convert that bound into the left and right conclusions of
Lemma 16.

The lower block rows of the singular-vector equations are

Z21V∥ +Z22V⊥ = U⊥Σ, Z⊤
12U∥ +Z

⊤
22U⊥ = V⊥Σ. (84)
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Eliminating V⊥ gives

U⊥(Σ
2 − Ip) = (Z22Z

⊤
22 − Ia)U⊥ +Z21V∥Σ+Z22Z

⊤
12U∥. (85)

To simplify notation in this section, we write

Hbulk := Z22Z
⊤
22 − Ia, DΣ := Σ2 − Ip.

On Eloc, we have

∥Hbulk∥op
∥∥D−1

Σ

∥∥
op

≤ 1

8
. (86)

Indeed, (61) and the definition of Eloc give ŝ2i −1 ≥ τi ≥ s2⋆/16 for every i. Consequently, Σ2−Ip
is positive definite and

∥∥D−1
Σ

∥∥
op

= 1
mini(ŝ2i−1)

≤ 16
s2⋆
.

Thus, on Eloc, (85) can be solved by a convergent Neumann series:

U⊥ =
∑
j≥0

Hj
bulk(Z21V∥Σ+Z22Z

⊤
12U∥)D

−j−1
Σ . (87)

Taking the Gram of this expansion gives the four-term expansion

U⊤
⊥U⊥ =

∑
r,s≥0

D−r−1
Σ

(
ΣV ⊤

∥ Z
⊤
21H

r+s
bulkZ21V∥Σ

+ΣV ⊤
∥ Z

⊤
21H

r+s
bulkZ22Z

⊤
12U∥

+U⊤
∥ Z12Z

⊤
22H

r+s
bulkZ21V∥Σ

+U⊤
∥ Z12Z

⊤
22H

r+s
bulkZ22Z

⊤
12U∥

)
D−s−1

Σ . (88)

Note that (88) can be viewed as an equation linking the left leakage Gram matrix U⊤
⊥U⊥ with

the two in-signal components U∥ and V∥. While DΣ and Σ are simple diagonal matrices, it is the

terms like Z⊤
21H

r+s
bulkZ21 that is problematic as they depend on the noise matrices in a complicated

way.
In what follows, we replace the terms like Z⊤

21H
r+s
bulkZ21 by simpler deterministic matrices in

two steps: in the first step, we remove the non-bulk noises Z12,Z21 by centering them, while in the
second step, we remove the bulk noise Z22.

D.5.1 Centering the non-bulk noise

The Gram expansion above contains four Gaussian coefficient matrices. The goal of this subsection
is to split each coefficient into its conditional mean given Z22 and a centered fluctuation. The
conditional means will form the empirical Gram operators, while all centered fluctuations will be
collected into a remainder.

For m ≥ 0, define the centered Gaussian coefficient matrices

C
(m)
U,11 := Z

⊤
21H

m
bulkZ21 −

tr(Hm
bulk)

b
Ip, (89a)

C
(m)
U,22 := Z12Z

⊤
22H

m
bulkZ22Z

⊤
12 −

tr(Z⊤
22H

m
bulkZ22)

b
Ip, (89b)

C
(m)
U,12 := Z

⊤
21H

m
bulkZ22Z

⊤
12, (89c)

C
(m)
U,21 := Z12Z

⊤
22H

m
bulkZ21. (89d)

39



Conditional on Z22, all four matrices are centered. Collecting the corresponding conditional means
in (88) motivates the empirical operators

ÂU (M) :=
∑
r,s≥0

tr(Hr+s
bulk)

b
D−r−1

Σ ΣMΣD−s−1
Σ , (90a)

B̂(M) :=
∑
r,s≥0

tr(Z⊤
22H

r+s
bulkZ22)

b
D−r−1

Σ MD−s−1
Σ . (90b)

With these definitions, the left leakage Gram admits the exact decomposition

U⊤
⊥U⊥ = ÂU

(
V ⊤
∥ V∥

)
+ B̂

(
U⊤

∥ U∥
)
+RU,coef , (91)

where
RU,coef :=

∑
r,s≥0

D−r−1
Σ

{
ΣV ⊤

∥ C
(r+s)
U,11 V∥Σ+U⊤

∥ C
(r+s)
U,22 U∥

+ΣV ⊤
∥ C

(r+s)
U,12 U∥ +U

⊤
∥ C

(r+s)
U,21 V∥Σ

}
D−s−1

Σ .

(92)

The right subspace leakage. We next carry out the same decomposition for V ⊤
⊥ V⊥. The only

additional bookkeeping comes from the base term Z⊤
12U∥Σ

−1 in the expansion of V⊥. We keep

this term separate and, for q ≥ 0, set Gq := Z
⊤
22H

q
bulkZ22 and Eq := D

−q−1
Σ Σ−1. Substituting the

convergent expansion of U⊥ into the second equation in (84) gives

V⊥ =
∑
r≥0

Z⊤
22H

r
bulkZ21V∥D

−r−1
Σ +Z⊤

12U∥Σ
−1 +

∑
q≥0

GqZ
⊤
12U∥Eq. (93)

We now center the four families of quadratic coefficients arising when the Gram of (93) is expanded.
For r, s, q, u ≥ 0, define four centered terms as

C
(r,s)
V,11 := Z⊤

21H
r
bulk(Ia +Hbulk)H

s
bulkZ21 −

tr{Hr
bulk(Ia +Hbulk)H

s
bulk}

b
Ip, (94a)

C
(q,u)
V,22 := Z12GqGuZ

⊤
12 −

tr(GqGu)

b
Ip, (94b)

C
(r,u)
V,12 := Z⊤

21H
r
bulkZ22GuZ

⊤
12, (94c)

C
(q,s)
V,21 := Z12GqZ

⊤
22H

s
bulkZ21. (94d)

Again, these matrices are centered conditional on Z22. Collecting their conditional means leads to
the remaining empirical operator

ÂV (M) := Σ−1MΣ−1 +
∑
q≥0

tr(Gq)

b

(
EqMΣ−1 +Σ−1MEq

)
+
∑
q,u≥0

tr(GqGu)

b
EqMEu.

(95)

Expanding the Gram in (93) and collecting the centered terms therefore gives

V ⊤
⊥ V⊥ = B̂

(
V ⊤
∥ V∥

)
+ ÂV

(
U⊤

∥ U∥
)
+RV,coef , (96)
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where

RV,coef :=
∑
r,s≥0

D−r−1
Σ V ⊤

∥ C
(r,s)
V,11V∥D

−s−1
Σ +

∑
q,u≥0

EqU
⊤
∥ C

(q,u)
V,22 U∥Eu

+
∑
q≥0

EqU
⊤
∥

(
Z12GqZ

⊤
12 −

tr(Gq)

b
Ip

)
U∥Σ

−1

+
∑
u≥0

Σ−1U⊤
∥

(
Z12GuZ

⊤
12 −

tr(Gu)

b
Ip

)
U∥Eu

+Σ−1U⊤
∥

(
Z12Z

⊤
12 − Ip

)
U∥Σ

−1

+
∑
r,u≥0

D−r−1
Σ V ⊤

∥ C
(r,u)
V,12U∥Eu +

∑
r≥0

D−r−1
Σ V ⊤

∥ Z
⊤
21H

r
bulkZ22Z

⊤
12U∥Σ

−1

+
∑
q,s≥0

EqU
⊤
∥ C

(q,s)
V,21V∥D

−s−1
Σ

+
∑
s≥0

Σ−1U⊤
∥ Z12Z

⊤
22H

s
bulkZ21V∥D

−s−1
Σ . (97)

D.5.2 Replacing the bulk traces

The preceding exact Gram equations have isolated the centered Gaussian coefficient fluctuations
in RU,coef and RV,coef . The remaining randomness in the empirical operators enters only through
normalized traces of functions of the bulk matrix Z22. The goal of this subsection is to replace
these random traces by their deterministic high-dimensional limits and to isolate the resulting
replacement error.

Instead of working with the trace of bulk noise such as tr(Hm
bulk) in (90a) separately for each

order m, we rely on the following resolvent

m̂bulk(z) :=
1

a
tr(Ia − zHbulk)

−1,

which is defined on the contour

C⋆ := {z ∈ C : |z| = 32/s2⋆}.

Also set K0(z) := D−1
Σ

(
Ip − z−1D−1

Σ

)−1
, and K1(z) := (1 + z−1)K0(z). On Eloc, ∥z−1D−1

Σ ∥op ≤
1/2, so these matrices admit convergent geometric expansions. These matrices package the trace
coefficients appearing in the empirical operators. Cauchy’s coefficient formula yields the following
contour representations:

ÂU (M) =
β

2πi

∮
C⋆

m̂bulk(z)

z
ΣK0(z)MK0(z)Σ dz, (98a)

B̂(M) =
β

2πi

∮
C⋆

m̂bulk(z)

z
K1(z)MK0(z) dz, (98b)

ÂV (M) = Σ−1MΣ−1 +
β

2πi

∮
C⋆

m̂bulk(z)

z
Σ−1

(
K1(z)M +MK1(z) +K1(z)MK1(z)

)
Σ−1 dz.

(98c)
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We next define the deterministic object that replaces these traces. Letmβ be the unique solution
analytic at zero, with mβ(0) = 1, of

mβ(z) = 1 + βz mβ(z)
{
(1 + z)mβ(z)− 1

}
. (99)

Equivalently, mβ is the moment transform of the centered Marchenko–Pastur law with aspect
ratio β.

Replacing m̂bulk by mβ in the contour formulas above produces deterministic candidate oper-
ators. The next proposition identifies these operators with the population operators AU , B, and
AV defined earlier in (74).

Proposition 1. Recall the population operators defined in (74). On the event Eloc, we have

AU (M) =
β

2πi

∮
C⋆

mβ(z)

z
ΣK0(z)MK0(z)Σ dz, (100a)

B(M) =
β

2πi

∮
C⋆

mβ(z)

z
K1(z)MK0(z) dz, (100b)

AV (M) = Σ−1MΣ−1 +
β

2πi

∮
C⋆

mβ(z)

z
Σ−1

(
K1(z)M +MK1(z) +K1(z)MK1(z)

)
Σ−1 dz.

(100c)

Thus the difference between the exact empirical Gram operators and their population coun-
terparts is entirely due to the replacement m̂bulk 7→ mβ. We collect this difference in the bulk
remainders

RU,bulk := (ÂU −AU )
(
V ⊤
∥ V∥

)
+ (B̂ − B)

(
U⊤

∥ U∥
)
, (101a)

RV,bulk := (B̂ − B)
(
V ⊤
∥ V∥

)
+ (ÂV −AV )

(
U⊤

∥ U∥
)
. (101b)

Combining these bulk remainders with the exact coefficient-centered Gram equations above, and
recalling the definitions of εU and εV , we obtain the desired decomposition

εU = RU,coef +RU,bulk, εV = RV,coef +RV,bulk.

D.5.3 Bounding the two errors

It remains to control these two sources of error separately. We first bound the centered Gaussian
coefficient fluctuations, and then the error from replacing the empirical bulk traces by their high-
dimensional limits.

It is convenient to control both errors first in a common balanced norm. Introduce

Wbal := diag
(
β1/4√τi

)
.

We will obtain bounds forWLεUWL andWbalεVWbal. At the end of the subsection, deterministic
comparisons between Wbal, WL, and WR will convert this balanced estimate into the two bounds
stated in Lemma 16.

Step 1: Bound the centering error. We first control the remainders RU,coef and RV,coef ,
which collect the centered Gaussian coefficient fluctuations from the exact Gram expansions.

Lemma 18. On Eloc,

∥1ElocWLRU,coefWL∥L32 + ∥1ElocWbalRV,coefWbal∥L32 ≤ Cβ

√
p

a
. (102)
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Step 2: Bound the bulk replacement error We next control RU,bulk and RV,bulk, which arise
from replacing the empirical bulk transform m̂bulk by its deterministic counterpart mβ.

Lemma 19. Under the condition that s2⋆ ∧ s4⋆ ≥ ν2β,

sup
z∈C⋆

∥∥1Eloc(m̂bulk(z)−mβ(z)
)∥∥

L32 ≤ C√
a
. (103)

We use this estimate to control the two bulk remainders in the same balanced norms as in the
preceding subsection.

Lemma 20 (Bulk replacement remainder). Under the condition that s2⋆ ∧ s4⋆ ≥ ν2β,

∥1ElocWLRU,bulkWL∥L32 + ∥1ElocWbalRV,bulkWbal∥L32 ≤ C

√
a

b
. (104)

Step 3: Completing the Proof. We can now return to εU and εV . Since εU = RU,coef +
RU,bulk, εV = RV,coef + RV,bulk, and

√
a/b ≤ √

ap/b, (102) and (104) yield the balanced
estimate

∥1ElocWLεUWL∥L32 + ∥1ElocWbalεVWbal∥L32 ≤ C

√
ap

b
. (105)

It remains only to translate this common balanced estimate into the two forms stated in
Lemma 16.

Under the left signal condition, since (Wbal)
2
ii =

√
β τi ≥ β, we have β∥εV ∥op ≤ ∥WbalεVWbal∥op.

Together with (105), this proves (78).
Under the stronger right signal condition, τi ≥ s2⋆/16 ≥ ν2/16. The definitions of the three

weights then give ∥W−1
L ∥op ≤ C and ∥WRW

−1
bal ∥

2
op ≤ Cβ−1/2. Consequently, we have

∥1ElocWRεVWR∥L32 + ∥1ElocεU∥L32 ≤ Cβ−1/2

√
ap

b
≤ C

√
p

b
,

where the final step uses a = βb. This proves (79).

D.6 Proof of Lemma 17

We first control ∥U⊥WL∥op. Partition the coordinates into

I0 := {i : τi =
√

β}, (106a)

Ih :=

{
i : τi >

√
β, ŝ2i − 1 ≥ 2

∥∥∥Z22Z
⊤
22 − Ia

∥∥∥
op

}
, (106b)

Iℓ :=
{
i : τi >

√
β, ŝ2i − 1 < 2

∥∥∥Z22Z
⊤
22 − Ia

∥∥∥
op

}
. (106c)

For I ⊆ [p], use the corresponding subscript to denote the associated column submatrices, and
write ΣI = diag(ŝi : i ∈ I) and WL,I = diag(ℓi : i ∈ I).

Frozen coordinates. On I0, ℓi =
√
β, and hence ∥U⊥,I0WL,I0∥op ≤

√
β.
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High coordinates. Restrict (85) to Ih. By definition of this set, ∥Z22Z
⊤
22 − Ia∥op∥(Σ2

Ih −
I)−1∥op ≤ 1/2. Moreover, (61) and the definition of ℓi give ŝiℓi/(ŝ

2
i−1) = (τi+β)/(τi+β+β/τi) ≤ 1,

and therefore also ℓi/(ŝ
2
i − 1) ≤ 1. Multiplying the restricted equation by (Σ2

Ih − I)−1WL,Ih and
taking operator norms gives

∥U⊥,IhWL,Ih∥op ≤ 2

(
∥Z21∥op +

∥∥∥Z22Z
⊤
12

∥∥∥
op

)
.

Low coordinates. Set Zlow := [Z21,Z22]. Restricting the first equation in (84) to Iℓ and using
the orthonormality of the stacked right singular vectors gives ∥U⊥,IℓWL,Iℓ∥op ≤ ∥Zlow∥opmaxi∈Iℓ ℓi/ŝi.
The same identities give ℓi/ŝi = τi/(τi + 1) ≤ τi ≤ ŝ2i − 1; therefore, the definition of Iℓ yields

∥U⊥,IℓWL,Iℓ∥op ≤ 2
∥∥∥Z22Z

⊤
22 − Ia

∥∥∥
op

∥Zlow∥op .

Combining the three regimes. The preceding bounds give

∥U⊥WL∥op ≲
√

β + ∥Z21∥op +
∥∥∥Z22Z

⊤
12

∥∥∥
op

+
∥∥∥Z22Z

⊤
22 − Ia

∥∥∥
op

∥Zlow∥op . (107)

By (53), ∥Z21∥L128 ≲
√
β and ∥Zlow∥L256 ≲ 1. Applying (54) to the stacked Gaussian matrix

formed from Z12 and Z22 also gives ∥Z22Z
⊤
12∥L128 ≲

√
β and ∥Z22Z

⊤
22 − Ia∥L256 ≲

√
β. Thus (107)

and Hölder’s inequality yield ∥U⊥WL∥L128 ≲
√
β.

Right leakage. Let Iup := {i : τi >
√
β}. On I0, ri = 1, so ∥V⊥,I0WR,I0∥op ≤ 1. On Iup, restrict

the second equation in (84). By (61) and the definition of ri, we have ri/ŝi = τi/(τi + β) ≤ 1, and
hence ∥V⊥,IupWR,Iup∥op ≤ ∥Z12∥op+∥Z22∥op. Consequently, ∥V⊥WR∥op ≤ 1+∥Z12∥op+∥Z22∥op,
and (53) gives ∥V⊥WR∥L128 ≲ 1.

D.7 Proofs of the Gram-approximation inputs

D.7.1 Proof of Proposition 1

Since Σ, K0(z), and K1(z) are diagonal, it suffices to evaluate the contour formulas entrywise.

Pole locations and scalar identities. On Eloc, we have τi >
√
β, so the upper-branch relation

gives ŝ2i −1 = τi+β+β/τi. Set ζi := (ŝ2i −1)−1. Then ζi ≤ 16/s2⋆, so ζi lies inside C⋆. The standing
signal condition also ensures that mβ is analytic on and inside this contour.

Substituting z = ζi into (99) shows that the solution analytic at zero satisfies mβ(ζi) = (ŝ2i −
1)/(τi + β). Thus, writing k0,i(z) and k1,i(z) for the ith diagonal entries of K0(z) and K1(z),
respectively,

ζimβ(ζi) =
1

τi + β
, (1 + ζi)mβ(ζi) =

τi + 1

τi
,

k0,i(z) =
ζiz

z − ζi
, k1,i(z) =

ζi(1 + z)

z − ζi
.

(108)

The operators AU and B. Fix i, j ∈ [p] and first suppose that ζi ̸= ζj . The two integrands
below have poles only at ζi and ζj . Using (108), the residue theorem gives

1

2πi

∮
C⋆

mβ(z)

z
k0,i(z)k0,j(z) dz = ζiζj

ζimβ(ζi)− ζjmβ(ζj)

ζi − ζj
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=
τiτj

(τi + β)(τj + β)(τiτj − β)
,

1

2πi

∮
C⋆

mβ(z)

z
k1,i(z)k0,j(z) dz = ζiζj

(1 + ζi)mβ(ζi)− (1 + ζj)mβ(ζj)

ζi − ζj

=
1

τiτj − β
.

The same identities hold when ζi = ζj by continuity, or equivalently by evaluating the resulting
double pole.

The (i, j) entry of the right-hand side of (100a) is therefore βŝiŝjτiτjMij/{(τi+β)(τj+β)(τiτj−
β)}. Since the weight definitions give ri/ŝi = τi/(τi + β), this equals βrirjMij/(τiτj − β), which
is [AU (M)]ij . The second residue identity immediately gives [B(M)]ij = βMij/(τiτj − β). This
proves (100a) and (100b).

The operator AV . The remaining integrand has poles at 0, ζi, ζj . At zero, k1,i(0) = k1,j(0) = −1,
so the residue of

mβ(z)

z

{
k1,i(z) + k1,j(z) + k1,i(z)k1,j(z)

}
is −1. Summing this residue with those at ζi and ζj , and again using (108), gives

1

2πi

∮
C⋆

mβ(z)

z

{
k1,i(z) + k1,j(z) + k1,i(z)k1,j(z)

}
dz =

τi + τj + β + 1

τiτj − β
.

As above, the identity extends to ζi = ζj by continuity. Consequently, the coefficient multiplying
Mij in the right-hand side of (100c) is

1

ŝiŝj

{
1 + β

τi + τj + β + 1

τiτj − β

}
=

(τi + β)(τj + β)

ŝiŝj(τiτj − β)
=

ℓiℓj
τiτj − β

,

where the last equality uses the direct identity ŝiℓi = τi+β. This is precisely [AV (M)]ij and proves
(100c).

D.7.2 Proof of Lemma 18

Proof. We first bound the 11 contribution to RU,coef , namely the term containing C
(r+s)
U,11 . The

remaining terms can be controlled similarly. Minkowski’s inequality and submultiplicativity give∥∥∥∥∥∥1ElocWL

∑
r,s≥0

D−r−1
Σ ΣV ⊤

∥ C
(r+s)
U,11 V∥ΣD

−s−1
Σ WL

∥∥∥∥∥∥
L32

≤
∑
r,s≥0

∥∥∥∥1Eloc ∥∥WLΣD
−1
Σ

∥∥2
op

∥∥D−1
Σ

∥∥r+s

op

∥∥∥C(r+s)
U,11

∥∥∥
op

∥∥∥∥
L32

≤ C
∑
r,s≥0

∥∥∥∥1Eloc ∥∥D−1
Σ

∥∥r+s

op

∥∥∥C(r+s)
U,11

∥∥∥
op

∥∥∥∥
L32

.

Here we used ∥V∥∥op ≤ 1 in the first inequality. For the second, (61) and the definition of ℓi give
ŝiℓi/(ŝ

2
i − 1) ≤ 1 on Eloc.
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We next bound the centered coefficient itself. Conditional on Z22, apply (55) to Z21 with
A =Hm

bulk and q = 32. Since ∥Hm
bulk∥F ≤

√
a ∥Hbulk∥mop, we obtain(

E
[∥∥∥C(m)

U,11

∥∥∥32
op

∣∣∣∣Z22

])1/32

≤ C

b

(√
p ∥Hm

bulk∥F + p ∥Hm
bulk∥op

)
≤ Cβ

√
p

a
∥Hbulk∥mop .

It remains to combine the coefficient estimate with the exterior powers of D−1
Σ . For m = 0,

the preceding conditional estimate directly gives the required bound. Suppose that m ≥ 1. If

∥Hbulk∥op = 0, then Hm
bulk = 0 and hence C

(m)
U,11 = 0, so the contribution vanishes. On the

complementary event {∥Hbulk∥op > 0}, the contraction bound (86) gives

∥∥∥∥1Eloc ∥∥D−1
Σ

∥∥m
op

∥∥∥C(m)
U,11

∥∥∥
op

∥∥∥∥
L32

≤ 8−m

∥∥∥∥∥∥∥1{∥Hbulk∥op > 0}

∥∥∥C(m)
U,11

∥∥∥
op

∥Hbulk∥mop

∥∥∥∥∥∥∥
L32

≤ Cβ

√
p

a
8−m.

The second inequality follows by dividing the preceding conditional coefficient estimate by the
positive, Z22-measurable quantity ∥Hbulk∥mop and then integrating over Z22. Thus the displayed
bound holds for every m ≥ 0 without requiring a convention for division by zero.

All remaining contributions, except the explicitly displayed base–base term involving Z12Z
⊤
12−

Ip, follow from the same argument, and we omit the repeated details. Indeed, conditional on Z22,
each coefficient is a centered Gaussian quadratic or bilinear form whose middle matrix has rank
at most a. Its operator norm is bounded by C(1 + ∥Z22∥op)4 times the corresponding power of

∥Hbulk∥op. The relevant powers are m for the remaining left-Gram coefficients, r+s for C
(r,s)
V,11 , q+u

for C
(q,u)
V,22 , q for either centered base–series coefficient in the V, 22 family, r+ u for C

(r,u)
V,12 , q + s for

C
(q,s)
V,21 , and r or s for the two base cross terms. Thus (55), the exterior-factor bounds, and (86) give

the same geometrically summable bound as for the U, 11 contribution. Since ∥(1+∥Z22∥op)4∥L32 ≤
C by (53), their total contribution is at most Cβ

√
p
a .

It remains to treat the base–base term. Using ∥U∥∥op ≤ 1, ∥WbalΣ
−1∥op ≤ β1/4, and (54), its

weighted contribution is at most

∥∥WbalΣ
−1
∥∥2
op

∥∥∥Z12Z
⊤
12 − Ip

∥∥∥
L32

≤ C
√

β

√
p

b
≤ Cβ

√
p

a
,

where the last inequality uses a = βb. Combining these bounds proves (102).

D.7.3 Proof of Lemma 19

Fix z ∈ C⋆. The resolvent trace is well behaved on Eloc but need not be globally Lipschitz as a
function of the Gaussian matrix. We therefore introduce a cutoff that agrees with the resolvent
trace on Eloc. Gaussian concentration will control the resulting statistic around its mean. We then
use Gaussian integration by parts to show that this mean satisfies the Marchenko–Pastur equation
up to an error of order a−1, after which stability of that equation completes the proof.
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A globally Lipschitz statistic. For D ∈ Ra×b, set HD := DD⊤ − Ia. Choose a 4-Lipschitz
function φ : [0,∞) → [0, 1] that equals one on [0, 1/2] and vanishes on [3/4,∞), and define

χ(D) := φ

(
64

s2⋆
∥HD∥op

)
. (109)

The cutoff restricts attention to matrices for which the resolvent is uniformly bounded. Indeed, if
χ(D) > 0, then ∥HD∥op < 3s2⋆/256. Since |z| = 32/s2⋆, the matrix Ia − zHD is invertible and∥∥(Ia − zHD)−1

∥∥
op

≤ 8

5
. (110)

We may therefore define a function on all of Ra×b by

F (D) :=


χ(D)

a
tr(Ia − zHD)−1, χ(D) > 0,

0, χ(D) = 0.

(111)

By (72), χ(Z22) = 1 on Eloc, and hence F (Z22) = m̂bulk(z) on this event.
We next verify the Lipschitz estimate needed for Gaussian concentration. Take D0,D1 ∈ Ra×b

and interpolate along Dt = D0 + t(D1 − D0). Where the cutoff changes, ∥Dt∥op ≲
√

1 + s2⋆;

differentiating
∥∥DtD

⊤
t − Ia

∥∥
op

along this segment therefore gives

|χ(D1)− χ(D0)| ≲
√

1 + s2⋆
s2⋆

∥D1 −D0∥F .

If both cutoffs are positive, the resolvent identity, together with (110), gives the same bound for
the normalized traces:∣∣∣∣1a tr(Ia − zHD1)

−1 − 1

a
tr(Ia − zHD0)

−1

∣∣∣∣ ≲
√
1 + s2⋆
s2⋆

∥D1 −D0∥F .

If exactly one cutoff vanishes, the first estimate and (110) control the difference of the two values
of F ; if both vanish, the difference is zero. Thus

|F (D1)− F (D0)| ≲
√
1 + s2⋆
s2⋆

∥D1 −D0∥F (112)

for all D0,D1 ∈ Ra×b.

Fluctuation around the mean. Set m̄ := EF (Z22). Since F (Z22) = m̂bulk(z) on Eloc,∥∥1Eloc(m̂bulk(z)−mβ(z)
)∥∥

L32 ≤ ∥F (Z22)− m̄∥L32 + |m̄−mβ(z)|. (113)

It remains to bound these two terms.
Let G =

√
bZ22, so that the entries of G are independent standard Gaussian variables. By

(112), the map G 7→ F (G/
√
b) has Lipschitz constant at most

C
√

1 + s2⋆√
b s2⋆

=
C√
a

(
β

s4⋆
+

β

s2⋆

)1/2

≲
1√
a
,

where the last inequality uses s2⋆ ∧ s4⋆ ≥ ν2β. Applying Gaussian concentration to the real and
imaginary parts of F gives

∥F (Z22)− m̄∥L32 ≲
1√
a
. (114)
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An approximate Marchenko–Pastur equation. We next show that m̄ satisfies the equation
in (99) up to an error of order a−1. In the remainder of the proof, D has the same distribution as
Z22, and we write

χ := χ(D), Rz := (Ia − zHD)−1, m :=
1

a
tr(Rz)

on the support of χ. Let dℓ denote the ℓth column of D, and set hℓi := d
⊤
ℓ Rzei. The product χhℓi,

extended by zero away from the support of χ, is globally Lipschitz by the same argument used for
F . We may therefore apply Gaussian integration by parts to it.

The identity R−1
z = (1 + z)Ia − zDD⊤ gives

m = 1− zm+
z

a

a∑
i=1

b∑
ℓ=1

Diℓhℓi. (115)

To evaluate the expectation of the last term, differentiate hℓi. At every point of differentiability of
χ,

∂iℓhℓi = (Rz)ii + zh2ℓi + z(d⊤ℓ Rzdℓ)(Rz)ii.

The three sums produced by this identity reduce to∑
i,ℓ

(Rz)ii = abm,

∑
i,ℓ

h2ℓi = a{m+ (1 + z)m′},

∑
i,ℓ

(d⊤ℓ Rzdℓ)(Rz)ii =
a2

z
m{(1 + z)m− 1},

(116)

where m′ = ∂zm. For the second identity, use
∑

i,ℓ h
2
ℓi = tr(DD⊤R2

z), R
2
z −Rz = zHDR

2
z, and

m′ = a−1 tr(HDR
2
z). The third follows from tr(DD⊤Rz) = a{(1 + z)m− 1}/z.

Multiply (115) by χ, take expectations, and apply

E[Diℓg(D)] =
1

b
E[∂iℓg(D)]

to g = χhℓi. The product rule and (116) give

m̄ = Eχ+ βzE [χm{(1 + z)m− 1}]

+
z2

b
E
[
χ{m+ (1 + z)m′}

]
+

z

ab

∑
i,ℓ

E [hℓi∂iℓχ] .
(117)

The term generated by the first line of (116) cancels the term −zm̄ from (115). This cancellation
is why the remaining leading term has exactly the form of the Marchenko–Pastur equation.

The error in the fixed-point equation. Define

r(z) := m̄− 1− βzm̄
{
(1 + z)m̄− 1

}
.
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Comparing (117) with (99) reduces the problem to bounding this residual. Rearranging (117) gives
the central decomposition

r(z) = Eχ− 1 + βz(1 + z)
{
E[χm2]− m̄2

}
+

z2

b
E
[
χ{m+ (1 + z)m′}

]
+

z

ab

∑
i,ℓ

E [hℓi∂iℓχ] .
(118)

We bound the four terms in this order.
First, χ ̸= 1 implies ∥HZ22∥op > s2⋆/128. The Gaussian Wishart deviation bound and b(s2⋆ ∧

s4⋆) ≥ ν2a therefore give

P{χ(Z22) ̸= 1} ≤ C exp{−cb(s2⋆ ∧ s4⋆)} ≤ Ce−ca. (119)

In particular, |Eχ− 1| ≲ a−1.
For the second term, the exact identity

E[χm2]− m̄2 = E[(F − m̄)2] + E[χ(1− χ)m2]

is valid also for complex m. Using (110), (114), and (119), we obtain∣∣E[χm2]− m̄2
∣∣ ≤ E|F − m̄|2 + 64

25
P{χ ̸= 1} ≲

1

a
. (120)

Moreover, β|z||1 + z| ≲ β/s2⋆ + β/s4⋆ ≲ 1, so the second term in (118) is also of order a−1.
It remains to bound the last two terms. On the support of χ, m′ = a−1 tr(HDR

2
z), and hence

|m′| ≲ s2⋆. Where the cutoff changes, ∥∇Dχ∥F ≲
√
1 + s2⋆/s

2
⋆, while

∥∥D⊤Rz

∥∥
F

≲
√
a(1 + s2⋆).

Since (hℓi)ℓ,i =D
⊤Rz, these estimates give

|z|2

b
E
[
χ|m+ (1 + z)m′|

]
≲

1 + s2⋆
bs4⋆

=
1

a

(
β

s4⋆
+

β

s2⋆

)
≲

1

a
,

|z|
ab

∣∣∣∣∣∣
∑
i,ℓ

E [hℓi∂iℓχ]

∣∣∣∣∣∣ ≤ |z|
ab

E
[∥∥∥D⊤Rz

∥∥∥
F
∥∇Dχ∥F

]
≲

1

a
√
a

(
β

s4⋆
+

β

s2⋆

)
≲

1

a
.

(121)

Combining (119) to (121) in (118) proves

|r(z)| ≲ 1

a
. (122)

Stability of the Marchenko–Pastur equation. It remains to convert the residual bound into
a bound for m̄ − mβ(z). By (110), |F (D)| ≤ 8/5 for every D, and therefore |m̄| ≤ 8/5. The
centered Marchenko–Pastur law is supported on [β − 2

√
β, β + 2

√
β]. Since s2⋆ ≥ ν

√
β, the signal

condition gives, for sufficiently large ν,

|z|(β + 2
√

β) ≤ C

√
β

s2⋆
≤ 1

4
.

The integral representation of mβ consequently gives |mβ(z)| ≤ 4/3.
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Subtracting (99) from the definition of r(z) gives

(m̄−mβ(z))
[
1− βz

{
(1 + z)(m̄+mβ(z))− 1

}]
= r(z). (123)

The bounds on m̄ and mβ(z) imply

∣∣βz{(1 + z)(m̄+mβ(z))− 1
}∣∣ ≲ β

s2⋆
+

β

s4⋆
≤ C

ν2
.

For sufficiently large ν, the bracket in (123) has modulus at least 1/2. Hence (122) and (123) yield

|m̄−mβ(z)| ≲
1

a
. (124)

Finally, (113), (114), and (124) give∥∥1Eloc(m̂bulk(z)−mβ(z)
)∥∥

L32 ≲
1√
a
.

Every bound above is uniform over z ∈ C⋆, because the argument uses z only through |z| = 32/s2⋆.
Taking the supremum over the contour proves (103).

D.7.4 Proof of Lemma 20

Each term in the two bulk remainders has the same structure: the contour integrand contains the
scalar difference m̂bulk(z) −mβ(z) multiplied by a bounded matrix kernel. We give the complete
argument for the AU term and then record the kernel bounds needed for the other three terms.

By (98a) and (100a),

(ÂU −AU )(V
⊤
∥ V∥) =

β

2πi

∮
C⋆

m̂bulk(z)−mβ(z)

z
ΣK0(z)V

⊤
∥ V∥K0(z)Σ dz.

On Eloc, the identities ŝ2i − 1 = τi + β + β/τi and ŝiℓi = τi + β give ∥WLΣK0(z)∥op ≤ C uniformly
over z ∈ C⋆. Since ∥V∥∥op ≤ 1, Minkowski’s integral inequality and (103) yield∥∥∥1ElocWL(ÂU −AU )(V

⊤
∥ V∥)WL

∥∥∥
L32

≤ β

2π

∮
C⋆

1

|z|

∥∥∥1Eloc |m̂bulk(z)−mβ(z)| ∥WLΣK0(z)∥ 2
op

∥∥∥
L32

|dz|

≤ C
β√
a
= C

√
a

b
,

where the last identity uses a = βb.
The remaining three operator differences are controlled identically, so we omit the repeated

contour calculations. The only changes are the matrix kernels. On Eloc, uniformly over z ∈ C⋆, the
same scalar identities give

|1 + z−1| ∥WLK0(z)∥ 2
op ≤ C,

|1 + z−1| ∥WbalK0(z)∥ 2
op ≤ C,

|1 + z−1|
∥∥WbalΣ

−1K0(z)
∥∥
op

∥∥WbalΣ
−1
∥∥
op

+ |1 + z−1|2
∥∥WbalΣ

−1K0(z)
∥∥ 2

op
≤ C.
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The first bound controls the B̂ −B term in RU,bulk, the second controls the corresponding term

in RV,bulk, and the third controls ÂV − AV . For the last difference, the base term Σ−1MΣ−1

cancels between the empirical and population operators. Using ∥U∥∥op, ∥V∥∥op ≤ 1, each of these
three terms is therefore bounded by the same contour argument by Cβ/

√
a = C

√
a/b.

Finally, apply the triangle inequality to the decompositions in (101a) and (101b). Combining
the four operator bounds gives (104).

E Completion of the upper-bound proof

We now prove Lemma 5. We establish its three conclusions in order.

E.1 Proof of (34a)

Recall that Rk = S†
kU . Using the two blocks of Q⋆, we obtain

(LJ − TL)Q⋆ = α1L1R1 + α2L2R2 − T
(
L1R1 −L2R2

)
. (125)

Step 1: Bound α1L1R1 + α2L2R2. The first two terms can be bounded directly. On Eemb,
(39a) gives ∥Rk∥op ≲ γ−1

k , while (33) gives ∥Lk∥L64 ≲ σ
√
ak ≲ σ

√
n. Since Egood ⊆ Eemb, these

estimates imply

∥∥1Egood (α1L1R1 + α2L2R2)
∥∥
L32 ≲ σ

√
n

(
α1

γ1
+

α2

γ2

)
≲

σ
√
n

γmax
.

The last inequality uses α1/γ1 + α2/γ2 = (γ1 + γ2)/(γ
2
1 + γ22) ≲ γ−1

max.

Step 2: Bound T
(
L1R1 − L2R2

)
. The same argument is too crude for the term multiplied

by T . Submultiplicativity would bound ∥TLkRk∥op by ∥T ∥op ∥Lk∥op ∥Rk∥op and would therefore
retain the factor

√
ak from the bound for Lk. To obtain the rank dependence in (34a), we need to

leverage the rotational invariance of Lk.
For k ∈ {1, 2}, define

Hk := σ
(
S1,S2,L3−k,L

⊤
k Lk

)
. (126)

The sigma-field Hk records the quantities that remain unchanged when Lk is left multiplied by an
orthogonal transformation on M⊥

k . The following lemma uses this invariance to bound a product
in terms of the operator and Frobenius norms of the matrices on either side of Lk.

Lemma 21. Fix k ∈ {1, 2} and q ≥ 2. Let E ∈ Hk, and let Ψ ∈ Rn×u and Θ ∈ Rpk×v be
Hk-measurable. Then∥∥∥1EΨ⊤LkΘ

∥∥∥
Lq

≲

√
q

ak
∥Lk∥L2q

∥∥∥1E (∥Ψ∥F ∥Θ∥op + ∥Ψ∥op ∥Θ∥F
)∥∥∥

L2q
. (127)

We defer the proof until after the proof of Lemma 5. The lemma does not require Ψ and Θ
to be independent of Lk; their Hk-measurability is sufficient. Taking q = 32 in (127) and using
∥Lk∥L64 ≲ σ

√
ak gives the form used below:∥∥∥1EΨ⊤LkΘ

∥∥∥
L32

≲ σ
∥∥∥1E (∥Ψ∥F ∥Θ∥op + ∥Ψ∥op ∥Θ∥F

)∥∥∥
L64

. (128)
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Since Eemb and Rk = S†
kU are Hk-measurable and T is deterministic, we may apply (128) with

Ψ = T⊤ and Θ = Rk. Thus

∥∥1EgoodT (L1R1 −L2R2

)∥∥
L32 ≤

2∑
k=1

∥1Eemb
TLkRk∥L32

(i)

≲ σ

2∑
k=1

(
∥T ∥F ∥Rk∥op + ∥T ∥op ∥Rk∥F

)
(ii)

≲ σ
2∑

k=1

{√
r1 + r2
γk

+

√
r1 ∧ r2 +

√
r

γk
√
θ

}
≲

σ
√
r1 + r2
γmin

+
σ
√
pmin

γmin

√
θ
.

Here (i) is (128). For (ii), we use (45) in the forms ∥T ∥F ≲
√
r1 + r2 +

√
r1 ∧ r2/

√
θ and ∥T ∥op ≲

θ−1/2, together with (39a) in the forms ∥Rk∥op ≲ γ−1
k and ∥Rk∥F ≲

√
r/γk. The last inequality

uses γk ≥ γmin and
√
r + (r1 ∧ r2) ≍

√
pmin.

Combining this estimate with the bound for the first two terms in (125) and using L1 ≤ L32

proves (34a).

E.2 Proof of (34b)

Write ∆quad := L⊤L−Dσ. By (32), it is enough to bound ∆quad, Pcol(S)L, and ∆+0.

The matrix ∆quad. The diagonal blocks of ∆quad are L⊤
k Lk − akσ

2Ipk and are controlled by
(33). For the off-diagonal block, L2 is H1-measurable, so (128) applies with Ψ = L2 and Θ = Ip1 .
Hence ∥∥∥L⊤

2 L1

∥∥∥
L32

(i)

≲ σ
∥∥∥∥L2∥F +

√
p1 ∥L2∥op

∥∥∥
L64

≤ σ(
√
p1 +

√
p2) ∥L2∥L64

(ii)

≲ σ2√npmax.

Here (i) is (128), and (ii) uses (33) and a2 ≤ n. The transpose block satisfies the same estimate, so
the diagonal and off-diagonal bounds give

∥∆quad∥L32 ≲ σ2√npmax. (129)

The matrix Pcol(S)L. On Eemb, we have col(S) = M1 + M2 and therefore rank{Pcol(S)} =
p1 + p2 − r. The event and the projection are Hk-measurable, so (128) applies with Ψ = Pcol(S)

and Θ = Ipk . Thus

∥∥1Eemb
Pcol(S)L

∥∥
L32 ≤

2∑
k=1

∥∥1Eemb
Pcol(S)Lk

∥∥
L32

≲ σ

2∑
k=1

(√
p1 + p2 − r +

√
pk
)
≲ σ

√
pmax. (130)

52



The block ∆+0. Set P0 := Pker(G0). Since SP0 = 0, the definition of ∆ gives

∆+0 =
(
S(G†

0)
1/2
)⊤
LP0 + (G†

0)
1/2∆quadP0.

For the first term, apply (128) to each view with Ψ = S(G†
0)

1/2 and Θ = (P0)k, where (P0)k
denotes the kth block rows of P0. Combining this estimate with (39b), (39c), and (129) gives

∥1Eemb
∆+0∥L32 ≤

2∑
k=1

∥∥∥1Eemb

(
S(G†

0)
1/2
)⊤
Lk(P0)k

∥∥∥
L32

+
∥∥∥(G†

0)
1/2
∥∥∥
op

∥∆quad∥L32

(i)

≲ σ

2∑
k=1

{∥∥∥S(G†
0)

1/2
∥∥∥
F
∥(P0)k∥op +

∥∥∥S(G†
0)

1/2
∥∥∥
op

∥(P0)k∥F
}
+

σ2√npmax

γmin

√
θ

(ii)

≲ σ
√
pmax +

σ2√npmax

γmin

√
θ

. (131)

Here (i) uses (39c), (128), and (129). For (ii), (39b) gives
∥∥∥S(G†

0)
1/2
∥∥∥
op

≤ 1 and the required

Frobenius bound, while ∥(P0)k∥op ≤ 1 and ∥(P0)k∥F ≤
√
r.

We now apply (32). The small-rate assumption gives σ2√npmax/(γ
2
minθ) ≲ 1 and, since pmax ≤

n, {σ√pmax/(γmin

√
θ)}2 ≤ σ2√npmax/(γ

2
minθ) ≲ 1. We also use the standing condition σ

√
n/γmin ≲

1. Cauchy–Schwarz and (129) to (131) yield

E
[
1Egood ∥Rem∥op

]
≲

σ2√npmax

γ2minθ
+

σ
√
n

γ2min

√
θ

(
σ
√
pmax +

σ2√npmax

γmin

√
θ

)
+

σ
√
pmax

γ2minθ

(
σ
√
pmax +

σ2√npmax

γmin

√
θ

)
+

1

γ2minθ

(
σ
√
pmax +

σ2√npmax

γmin

√
θ

)2

≲
σ2√npmax

γ2minθ
.

For the second term, the two summands are absorbed using respectively θ ≤ 1 and σ
√
n/γmin ≲ 1.

For the third, use pmax ≤ √
npmax and σ

√
pmax/(γmin

√
θ) ≲ 1. The final term follows from the

same inequalities and the small-rate assumption. Since pmax = r + (r1 ∨ r2), this proves (34b).

E.3 Proof of (34c)

By the definition of Egood,

P(Ec
good) ≤ P(Ec

emb) + P
{
Eemb, ∥∆++∥op >

1

4

}
+ P

{
Eemb, ∥∆00∥op + 2 ∥∆+0∥2op >

1

8
c2embγ

2
minθ

}
.

Because E1∩E2 ⊆ Eemb, Lemma 4 and a union bound give P(Ec
emb) ≲ σ2√npmax/γ

2
min ≤ σ2√npmax/(γ

2
minθ).

It remains to bound ∆00 and ∆++; the bound for ∆+0 is already given by (131). Since
SP0 = 0, the two terms in ∆ containing one factor L vanish after multiplication by P0 on both
sides. Therefore

∆00 = P0∆quadP0, ∥1Eemb
∆00∥L32 ≲ σ2√npmax, (132)

where the bound follows from (129).
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For ∆++, expanding (21) gives

∆++ =
(
S(G†

0)
1/2
)⊤
L(G†

0)
1/2 + (G†

0)
1/2L⊤S(G†

0)
1/2

+ (G†
0)

1/2∆quad(G
†
0)

1/2.

The first two terms are transposes. Apply (128) to each view with Ψ = S(G†
0)

1/2 and Θ =

((G†
0)

1/2)k, and use (39b), (39c), and (129). This gives

∥1Eemb
∆++∥L32 ≲ σ

{∥∥∥S(G†
0)

1/2
∥∥∥
F

∥∥∥(G†
0)

1/2
∥∥∥
op

+
∥∥∥S(G†

0)
1/2
∥∥∥
op

∥∥∥(G†
0)

1/2
∥∥∥
F

}
+
∥∥∥(G†

0)
1/2
∥∥∥2
op

∥∆quad∥L32

≲
σ
√
r1 + r2
γmin

+
σ
√
pmin

γmin

√
θ
+

σ
√
pmax

γmin

√
θ
+

σ2√npmax

γ2minθ
.

(133)
The last event in the initial union bound is contained in the union of {∥∆00∥op > c1γ

2
minθ} and

{∥∆+0∥op > c2γmin

√
θ} for sufficiently small numerical constants c1, c2 > 0. Markov’s inequality

with exponent 32, followed by (131) to (133), therefore gives

P
{
Eemb, ∥∆++∥op >

1

4

}
+ P

{
Eemb, ∥∆00∥op + 2 ∥∆+0∥2op >

1

8
c2embγ

2
minθ

}
≲ ∥1Eemb

∆++∥32L32 +

(
∥1Eemb

∆00∥L32

γ2minθ

)32

+

(
∥1Eemb

∆+0∥L32

γmin

√
θ

)32

≲
σ
√
r1 + r2
γmin

+
σ
√
pmin

γmin

√
θ
+

σ2√npmax

γ2minθ
. (134)

For the last inequality, the small-rate assumption bounds the 32nd power of each displayed rate by
the rate itself. The only additional term is σ

√
pmax/(γmin

√
θ), whose 32nd power is bounded by its

square and hence by σ2√npmax/(γ
2
minθ) because pmax ≤ n.

Combining this estimate with the bound for P(Ec
emb) and using

√
pmin ≍

√
r + (r1 ∧ r2) proves

(34c). Together with (34a) and (34b), this completes the proof of Lemma 5.

E.4 Proof of Lemma 21

Proof. The proof has two parts. We first use the rotational invariance of the Gaussian noise to
randomize the orientation of Lk while preserving every quantity in Hk. Conditional on the original
data, the resulting product is then controlled by a fixed-matrix Haar estimate.

Fix an orthonormal matrix Nk ∈ St(n, ak) whose columns span M⊥
k , and let O be an indepen-

dent Haar matrix in O(ak). The distributional identity used below is(
S1,S2,L3−k,L

⊤
k Lk,Lk

) d
=
(
S1,S2,L3−k,L

⊤
k Lk,NkON

⊤
k Lk

)
. (135)

We first derive the claimed moment bound from this identity and verify the identity at the end of
the proof.

Choose measurable representatives of 1E , Ψ, and Θ as functions of the tuple defining Hk. These
representatives are unchanged by the replacement of Lk in (135). Define

H :=N⊤
k Ψ, M :=N⊤

k LkΘ.

Since Lk =NkN
⊤
k Lk, the product obtained after the replacement in (135) is H⊤OM .
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We next establish the fixed-matrix Haar estimate needed after conditioning. Let H0 ∈ Ra×u

and M0 ∈ Ra×v be deterministic, and let Γ ∈ Ra×a have independent standard Gaussian entries.
Chevet’s inequality (Vershynin, 2018, Section 8.7), applied with T = M0Sv−1 and S = H0Su−1,
gives

E∥H⊤
0 ΓM0∥op ≤ ∥H0∥F∥M0∥op + ∥H0∥op∥M0∥F.

The map Γ 7→ ∥H⊤
0 ΓM0∥op is ∥H0∥op∥M0∥op-Lipschitz with respect to the Frobenius norm,

because ∣∣∣∥H⊤
0 Γ1M0∥op − ∥H⊤

0 Γ0M0∥op
∣∣∣ ≤ ∥H⊤

0 (Γ1 − Γ0)M0∥op

≤ ∥H0∥op∥Γ1 − Γ0∥F∥M0∥op.

Combining Gaussian concentration with the expectation bound therefore yields(
E∥H⊤

0 ΓM0∥qop
)1/q

≤ C {∥H0∥F∥M0∥op + ∥H0∥op∥M0∥F +
√
q ∥H0∥op∥M0∥op}

≤ C
√
q {∥H0∥F∥M0∥op + ∥H0∥op∥M0∥F} .

The second inequality uses q ≥ 2 and bounds each operator norm by the corresponding Frobenius
norm.

Apply Tropp’s comparison principle (Tropp, 2012, Theorem 1) to the seminormX 7→ ∥H⊤
0 XM0∥op

and the function t 7→ tq. Comparing a Haar matrix with Γ/
√
a gives(

EO∥H⊤
0 OM0∥qop

)1/q
≤ C

√
q

a
{∥H0∥F∥M0∥op + ∥H0∥op∥M0∥F} . (136)

We apply (136) conditionally with a = ak, H0 = H, and M0 = M . The identity (135) and
Tonelli’s theorem give

E
[
1E∥Ψ⊤LkΘ∥qop

]
= EEO

[
1E∥H⊤OM∥qop

]
.

Because Nk has orthonormal columns,

∥H∥F∥M∥op + ∥H∥op∥M∥F ≤ ∥Lk∥op (∥Ψ∥F∥Θ∥op + ∥Ψ∥op∥Θ∥F) .

Consequently, (136) followed by Hölder’s inequality gives∥∥∥1EΨ⊤LkΘ
∥∥∥
Lq

≲

√
q

ak
∥1E∥Lk∥op (∥Ψ∥F∥Θ∥op + ∥Ψ∥op∥Θ∥F)∥Lq

≤
√

q

ak
∥Lk∥L2q ∥1E (∥Ψ∥F∥Θ∥op + ∥Ψ∥op∥Θ∥F)∥L2q .

This is the conclusion of Lemma 21, subject only to the distributional identity.
It remains to prove (135). Fix o ∈ O(ak) and define

R := PMk
+NkoN

⊤
k .

The matrixR is orthogonal, acts as the identity onMk, and acts as o onM⊥
k . Since col(Xk) ⊆ Mk,

we have RXk =Xk. Left rotational invariance of the Gaussian noise and independence of the two
views therefore imply

(RYk,Y3−k)
d
= (Yk,Y3−k).
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The bias-corrected empirical factor is left orthogonally equivariant:

Ck(RYk) = RCk(Yk) almost surely.

Indeed, choose the right singular vectors measurably as functions of Y ⊤
k Yk. Left multiplication

by R preserves this Gram matrix and all singular values, while multiplying the corresponding left
singular vectors byR. The weights depend only on the singular values, so the displayed equivariance
follows.

Since R acts as the identity on Mk, this equivariance gives

Sk(RYk) = Sk(Yk), Lk(RYk) =NkoN
⊤
k Lk(Yk).

The other view is unchanged, and the transformed leakage has the same Gram matrix:(
NkoN

⊤
k Lk

)⊤(
NkoN

⊤
k Lk

)
= L⊤

k Lk.

Thus (135) holds with O replaced by any fixed o. Averaging over an independent Haar matrix
proves the stated identity and completes the proof.

F Probabilistic tools for the lower bound

Gaussian conditioning. The following lemma is a simple consequence of the tail bound for the
smallest singular value of a Gaussian random matrix.

Lemma 22. There exist numerical constants cB > 0 and d0 ≥ 1 such that, whenever d ≥ d0 and
1 ≤ p ≤ d/3, a matrix B ∈ Rd×p with independent N (0, d−1) entries satisfies

P
{
σ2
p(B) < cB

}
≤ 1

16
.

Gaussian projector information. For an orthogonal projector P ∈ RN×N , σ > 0, and β ≥ 0,
define

Gσ,β(P ) := N
(
0, σ2(IN + βP )

)
.

The only covariance identity used later is the following standard specialization: if P and Q are
equal-rank orthogonal projectors, then

KL (Gσ,β(P ) ∥Gσ,β(Q)) =
β2

4(1 + β)
∥P −Q∥ 2

F . (137)

For independent columns, we apply additivity of relative entropy directly at the point of use.

Fano. Below is a simple consequence of classical Fano’s inequality and the definition of the TV
distance.

Lemma 23 (Fano with proxy laws). Let Π1, . . . ,ΠN be priors supported on a parameter class P,
with induced observation laws P1, . . . , PN . Suppose that the target functional is constant under each
prior, with respective values Θ1, . . . ,ΘN , and that d(Θi,Θj) ≥ 2δ for all i ̸= j. Let Q1, . . . , QN be
proxy laws such that maxj TV(Pj , Qj) ≤ ε. Then, for every reference index i0 ∈ [N ],

inf
Θ̂

sup
ϑ∈P

Eϑd
(
Θ̂,Θ(ϑ)

)
≥ δ

{
1− ε−

N−1
∑N

j=1KL(Qj∥Qi0) + log 2

logN

}
.
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Assouad. We also need the Assouad lemma.

Lemma 24. Let Ωm := {−1, 1}m. For each ω ∈ Ωm, let Πω be a prior supported on P, with
induced observation law Pω. Suppose the target functional is constant under each prior:

Θ(ϑ) = Θω for Πω-almost every ϑ.

Assume that, for some a > 0,

d(Θω,Θω′) ≥ a
√

Ham(ω,ω′) for all ω,ω′ ∈ Ωm,

where Ham(ω,ω′) denotes the Hamming distance. For j ∈ [m], let ω(j) denote the vertex obtained
by flipping the jth coordinate of ω. If

max
ω∈Ωm
j∈[m]

TV
(
Pω, Pω(j)

)
≤ η < 1,

then

inf
Θ̂

sup
ϑ∈P

Eϑd
(
Θ̂,Θ(ϑ)

)
≥ a

√
m

4
(1− η).

Hellinger path.

Lemma 25 (Hellinger path bound). Let {Pt : t ∈ [0, T ]} be probability measures dominated by µ,
with strictly positive densities pt. Suppose that t 7→ √

pt is absolutely continuous as an L2(µ)-valued
map and that, for almost every t,

d

dt

√
pt =

1

2
St
√
pt in L2(µ), St(x) := ∂t log pt(x).

Define Jt := EPt [St(X)2]. Then, for the unnormalized Hellinger distance H(P,Q) := ∥√p −√
q∥L2(µ),

TV(P0, PT ) ≤ H(P0, PT ) ≤
1

2

∫ T

0

√
Jt dt. (138)

Consequently,

TV(P0, PT ) ≤
T

2
sup

0≤t≤T

√
Jt. (139)

Proof. The standard inequality TV ≤ H and the length bound for the absolutely continuous path
t 7→ √

pt give

TV(P0, PT ) ≤ ∥√pT −√
p0∥L2(µ) ≤

∫ T

0

∥∥∥∥ d

dt

√
pt

∥∥∥∥
L2(µ)

dt =
1

2

∫ T

0

√
Jt dt.

The final inequality in (138) follows by taking the supremum of
√
Jt over [0, T ].
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Bound posterior mean by mutual information.

Lemma 26. Let z be uniform on SM−1 and let Y be any observation jointly distributed with z.
Then

E
∥∥E[z | Y ]

∥∥2 ≤ C

M
I(z;Y ).

In the Gaussian mean channel Y = λz+σg, where g ∼ N (0, IM ) is independent of z, the sharper

bound E
∥∥E[z | Y ]

∥∥2 ≤ 9 λ2

Mσ2 holds.

Proof. Let νM denote the uniform probability measure on SM−1. Its one-dimensional marginals are
strictly 1/M -sub-Gaussian (Marchal and Arbel, 2017, Corollary 1). Thus, by rotational invariance,

log

∫
exp(⟨t,u⟩) νM (du) ≤ ∥t∥2

2M
, t ∈ RM .

Indeed, for M ≥ 2 a rescaled spherical coordinate has the symmetric Beta((M − 1)/2, (M − 1)/2)
distribution; for M = 1 this is the Rademacher bound.

For an observation value y, let Πy be the conditional law of z given Y = y, setmy :=
∫
uΠy(du),

and write Dy := KL(Πy ∥ νM ). The Donsker–Varadhan variational inequality states that∫
f dΠy ≤ Dy + log

∫
ef dνM .

Applying it with f(u) = M⟨my,u⟩ gives M∥my∥2 ≤ Dy + M∥my∥2/2, and therefore ∥my∥2 ≤
2Dy/M ; the inequality is automatic if Dy = ∞. Averaging over Y and using EDY = I(z;Y )
proves the first assertion with C = 2.

For the Gaussian channel, let Qu = N (λu, σ2IM ), let Q be the marginal law of Y , and set
Q0 = N (0, σ2IM ). The information-radius identity and the Gaussian shift formula give

I(z;Y ) + KL(Q ∥Q0) =

∫
KL(Qu ∥Q0) νM (du) =

λ2

2σ2
.

Hence I(z;Y ) ≤ λ2/(2σ2), so the first part yields the stronger bound

E
∥∥E[z | Y ]

∥∥2 ≤ λ2

Mσ2
.

The stated bound follows.
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G Proof of Theorem 2

To simplify notation, we use Rminimax to denote the minimax risk. It suffices to prove the following
three separate lower bounds:

Rminimax ≥ cmin

{
1,

σ
√
n

γmax

}
, (140a)

Rminimax ≥ cmin

{
1,

σ(
√

r + (r1 ∧ r2))

γmin

√
θ

}
, (140b)

Rminimax ≥ cmin

{
1,

σ2√n(
√
r + (r1 ∧ r2))

γ2minθ

}
. (140c)

The first term is independent of θ and captures the difficulty of estimating the shared subspace
even when the view-specific subspaces are fixed and known. The remaining two terms capture the
additional difficulty of distinguishing the shared directions from the view-specific directions when
the two view-specific subspaces are nearly aligned. We prove the three bounds in order.

G.1 Proof of (140a)

We restrict the parameter class to a family in which both view-specific subspaces and r− 1 shared
directions are fixed. Only the remaining shared direction varies. We construct exponentially many
such directions whose projectors are separated by order δ, and then choose Gaussian loadings for
which the corresponding observation laws have relative entropy of order δ2γ2max/σ

2. Fano’s lemma
will then give the claimed rate.

A packing of shared subspaces. Choose a fixed matrix with orthonormal columns:[
U0︸︷︷︸

n×(r−1)

V1︸︷︷︸
n×r1

V2︸︷︷︸
n×r2

u0︸︷︷︸
n×1

]
∈ St(n, r + r1 + r2).

We use U0 to form the fixed part of the shared subspace, V1 and V2 to form the fixed view-specific
subspaces, and u0 as the baseline for the remaining shared direction.

The orthogonal complement of the displayed columns has dimension n − r − r1 − r2 ≍ n. A
standard packing argument therefore gives unit vectors z1, . . . ,zN in this orthogonal complement
such that

logN ≥ cn, ∥zi − zj∥2 ≥ c for all i ̸= j. (141)

For 0 < δ ≤ 1/2, set uj :=
√
1− δ2 u0 + δzj , Uj := [U0,uj ], and Pj := UjU

⊤
j . The choice of

the zj ensures that every Uj has orthonormal columns. Moreover, Pi − Pj = uiu
⊤
i − uju

⊤
j and

1−z⊤i zj = 1
2∥zi−zj∥

2
2 ≍ 1. The formula for the distance between two rank-one projectors therefore

gives

∥Pi − Pj∥2op = 1− (u⊤
i uj)

2

= δ2(1− z⊤i zj)
{
2− δ2(1− z⊤i zj)

}
≍ δ2, ∥Pi − Pj∥2F = 2 ∥Pi − Pj∥2op .

(142)

Thus the targets are separated by order δ in operator norm, while their squared Frobenius distance
is of order δ2, as required for the information calculation below.
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Admissible priors and unconditioned comparison laws. The loadings are randomized so
that the unconditioned observation laws are centered Gaussian, while conditioning on their smallest
singular values ensures that every realization belongs to the parameter class. Independently for
k = 1, 2, let Gk ∈ Rdk×pk have independent N (0, d−1

k ) entries, and define

E load
k :=

{
G⊤

kGk ⪰ cBIpk

}
, Bk :=

sk√
cB
Gk, X

(j)
k := [Uj ,Vk]B

⊤
k .

For the prior indexed by j, condition jointly on E load
1 ∩ E load

2 . On this event, σpk(Bk) ≥ sk. In
addition, [Uj ,Vk] ∈ St(n, pk) and V

⊤
1 V2 = 0, so the resulting prior is supported on P and its target

is the fixed projector Pj . Let Pj denote the induced observation law.
Let Qj denote the observation law obtained from the same construction without conditioning

on E load
1 ∩ E load

2 . The Gaussian smallest-singular-value bound and contraction of total variation
under the observation channel give

max
j∈[N ]

TV(Pj ,Qj) ≤ P
((

E load
1

)c
∪
(
E load
2

)c)
≤ 1

8
. (143)

It remains to control the relative entropy between the unconditioned laws.

Applying Fano’s bound. Under Qj , the columns in view k are independent centered Gaussian
vectors with covariance Σk,j = σ2{In + βk(UjU

⊤
j + VkV

⊤
k )}, where βk := s2k/(cBdkσ

2). Since all
fixed directions cancel when comparing j with 1, (137) and (142) give

KL(Qj ∥Q1) =
2∑

k=1

dkβ
2
k

4(1 + βk)

∥∥∥uju
⊤
j − u1u

⊤
1

∥∥∥2
F

≲ δ2
2∑

k=1

dkβ
2
k

1 + βk
≲ δ2

γ2max

σ2
. (144)

We now choose

δ := c0

(
1 ∧ σ

√
n

γmax

)
,

where c0 > 0 is sufficiently small. Then (144) is at most a sufficiently small multiple of n, and
hence of logN by (141). Apply Lemma 23 with the operator-norm distance, reference law Q1,
target separation cδ from (142), and comparison error at most 1/8 from (143). Fano’s lemma gives
a minimax risk lower bound in (140a).

G.2 A common construction for the two θ-dependent terms

We now construct a single family of target subspaces for the two lower bounds that depend on
θ. By exchanging the labels of the views, we may assume that γ2 = γmin. Put q := r1 ∧ r2. The
construction varies the decomposition of a fixed (r+q)-dimensional subspace into r shared directions
and q view-specific directions. View 1 will have the same distribution under every hypothesis, so
only View 2 can distinguish the resulting target projectors. The two subsequent proofs differ only
in whether certain view-specific directions in View 2 are fixed or randomized.
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The target subspaces. Setm := n−r−r1−r2+q. The rank assumptions imply r+r1+r2 ≤ 2n/3,
and hence m ≥ q. We may therefore choose[

F︸︷︷︸
n×(r+q)

D1︸︷︷︸
n×(r1−q)

D2︸︷︷︸
n×(r2−q)

H︸︷︷︸
n×m

]
∈ St(n, n),

where a block with zero columns is omitted. The shared subspace will vary inside col(F ). The
matrices D1 and D2 supply the remaining r1 − q and r2 − q view-specific directions, while col(H)
contains the additional View-2 directions used to satisfy the separation condition.

For T ∈ Rq×r, the columns of [Ir,T
⊤]⊤ span an r-dimensional subspace of Rr+q. We orthonor-

malize these columns and map them into Rn by defining

U◦
T :=

[
Ir
T

]
(Ir + T

⊤T )−1/2, UT := FU◦
T . (145)

The corresponding target is the orthogonal projector

PT := UTU
⊤
T = F

[
Ir
T

]
(Ir + T

⊤T )−1
[
Ir T⊤]F⊤. (146)

Thus T is only a coordinate used to specify the shared subspace; PT is the quantity being estimated.
To construct the associated view-specific directions, define

R◦
T :=

[
−T⊤

Iq

]
(Iq + TT

⊤)−1/2. (147)

The columns of R◦
T form an orthonormal basis for the orthogonal complement of col(U◦

T ) in Rr+q.
Indeed, the inverse-square-root factors orthonormalize the two matrices, and direct multiplication
shows that their column spaces are orthogonal. Consequently, [U◦

T ,R
◦
T ] ∈ O(r + q).

The Assouad family. We choose the matrices T so that the family has r∨ q binary coordinates
and every nonzero difference has rank one. For ω ∈ {−1, 1}r∨q, define

Tω :=

δe1ω
⊤, r ≥ q,

δωe⊤1 , q > r,

where e1 ∈ Rq in the first case and e1 ∈ Rr in the second. Since every nonzero difference has rank
one, its operator and Frobenius norms agree. Therefore

∥Tω∥op = δ
√
r ∨ q, ∥Tω − Tω′∥op = ∥Tω − Tω′∥F = 2δ

√
Ham(ω,ω′). (148)

The rank-one choice serves two purposes. It makes the operator-norm separation proportional to
the square root of the Hamming distance, and it ensures that neighboring hypotheses differ in only
one shared direction and one direction in its orthogonal complement.

The following deterministic estimate transfers separation between the coordinate matrices to
separation between the target projectors. We state it here because it is used by both θ-dependent
lower bounds and defer its proof to the subsection containing the proofs of the auxiliary lemmas.
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Lemma 27. For T ,S ∈ Rq×r,

∥PT − PS∥op ≥
∥T − S∥op√

1 + ∥T ∥2op
√
1 + ∥S∥2op

.

In particular, if ∥T ∥op ∨ ∥S∥op ≤ 1/2, then

∥PT − PS∥op ≥ 4

5
∥T − S∥op .

We will choose δ so that δ
√
r ∨ q ≤ 1/2. Applying Lemma 27 and (148) then gives∥∥PTω − PTω′

∥∥
op

≥ δ
√
Ham(ω,ω′). (149)

The rank-one property will also be essential when comparing neighboring observation laws. For
neighboring vertices, Tω′ − Tω = κab⊤ for some unit vectors a and b. The difference vanishes on
b⊥, so the corresponding shared subspaces have r− 1 directions in common. Its transpose vanishes
on a⊥, so their orthogonal complements in col(F ) have q− 1 directions in common. Consequently,
only one shared direction and one orthogonal direction change, and the two pairs are related by a
rotation in a two-dimensional subspace. The neighboring-law lemmas use this reduction to remove
all directions whose distributions are identical under the two hypotheses.

View 1 is identical under all hypotheses. For each T , define

V1,T := [FR◦
T ,D1] ∈ St(n, r1). (150)

The matrices [UT ,V1,T ] and [F ,D1] are orthonormal bases of the same subspace. We can therefore
choose a first-view signal matrix that is independent of T . Fix W1 ∈ St(d1, p1) and set

X1 := s1[F ,D1]W
⊤
1 . (151)

More precisely, there is an orthogonal matrix OT ∈ O(p1) such that [UT ,V1,T ] = [F ,D1]OT .
Taking B1,T := s1W1OT represents (151) in the model, and every singular value of B1,T equals s1.
Hence the distribution of Y1 is identical for every T and contains no information for distinguishing
the target projectors.

View 2 satisfies the separation condition. Let ρ := 1 − 2θ and ρ⊥ :=
√

1− ρ2. For Z ∈
St(m, q), define

V2,T ,Z := [ρFR◦
T + ρ⊥HZ, D2] ∈ St(n, r2). (152)

The matrices FR◦
T and HZ have orthonormal columns and are mutually orthogonal. Since ρ2 +

ρ2⊥ = 1, the first q columns of V2,T ,Z are orthonormal. They are also orthogonal to UT and D2, so
[UT ,V2,T ,Z ] has orthonormal columns.

The alignment with the first view is

V ⊤
1,TV2,T ,Z =

[
ρIq 0
0 0

]
.

It follows that ∥∥∥V ⊤
1,TV2,T ,Z

∥∥∥
op

= ρ = 1− 2θ,

so the separation condition holds for every T and every Z. The target PT does not depend on
Z. Thus Z may be fixed in one lower-bound construction and randomized in the other without
changing the target.
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Reduction to neighboring laws. For either of the second-view loading constructions below,
let Pω denote the observation law associated with Tω. Suppose that the priors are supported on
P and that

max
ω∈{−1,1}r∨q

j∈[r∨q]

TV
(
Pω,Pω(j)

)
≤ 1

4
,

where ω(j) is obtained by changing the jth coordinate of ω. Then (149) and Lemma 24 imply

Rminimax ≳ δ
√
r ∨ q. (153)

It therefore remains only to choose the second-view loading and δ so that neighboring observation
laws have total variation at most 1/4. Fixing Z gives the θ−1/2 term, whereas mixing over a
Haar-distributed Z gives the θ−1 term.

Proof of Lemma 27. To verify this claim, consider two distinct vertices and write T := Tω and
S := Tω′ . Choose a unit vector x ∈ Rr satisfying ∥(T −S)x∥2 = ∥T −S∥op, and consider the unit
vector

v :=
1√

1 + ∥Tx∥22

[
x
Tx

]
∈ col(U◦

T ).

Because F has orthonormal columns, the distance between the target projectors equals the distance
between the corresponding projectors in Rr+q. Moreover, R◦

S spans the orthogonal complement of
col(U◦

S). Applying the difference of the two projectors to v therefore gives

∥PT − PS∥op ≥ ∥(R◦
S)

⊤v∥2

=
∥(Iq + SS⊤)−1/2(T − S)x∥2√

1 + ∥Tx∥22

≥
∥T − S∥op√

1 + ∥S∥2op
√
1 + ∥T ∥2op

≥ 4

5
∥T − S∥op .

The penultimate inequality uses the smallest eigenvalue of (Iq + SS
⊤)−1/2 and the choice of x.

The final inequality follows from ∥T ∥op ∨ ∥S∥op ≤ 1/2.

G.3 Proof of (140b)

For this bound, we fix the matrix Z in (152). The additional View-2 directions therefore have a
known orientation, and the leading change in the second-view covariance is proportional to ρ⊥. We
construct an admissible Gaussian-loading prior and state the neighboring-law estimate at the scale
δ ≍ σ/(γ2ρ⊥). The common Assouad reduction in (153) will then give the result.

An admissible prior for View 2. Fix Z0 ∈ St(m, q). Let G2 ∈ Rd2×p2 have independent
N (0, d−1

2 ) entries, and define

E load
2 :=

{
G⊤

2G2 ⪰ cBIp2

}
, B2 :=

s2√
cB
G2.

For each matrix T in the Assouad family, condition on E load
2 and set

X2,T := [UT ,V2,T ,Z0 ]B
⊤
2 . (154)

63



On E load
2 , the loading satisfies σp2(B2) ≥ s2. Moreover, [UT ,V2,T ,Z0 ] has orthonormal columns and

the separation condition was verified in the preceding subsection. Together with the fixed first-view
signal in (151), this defines a prior supported on P whose target is PT . Let PT denote the induced
observation law.

It remains to show that the laws corresponding to neighboring matrices in the Assouad family
are difficult to distinguish. View 1 has the same distribution under every hypothesis, so only
View 2 contributes to their total variation distance. After removing the conditioning on E load

2 , the
columns of View 2 are independent centered Gaussian vectors, and changing T changes only the
projector onto the complete second-view signal subspace. The following lemma gives the required
comparison. Its proof is deferred to the subsection containing the proofs of the neighboring-law
lemmas.

Lemma 28. There is a numerical constant c > 0 such that the following holds. Let ω and ω′ be
neighboring vertices of the Assouad family, and suppose that

δ
√
r ∨ q ≤ 1

2
, δ ≤ c

σ

γ2ρ⊥
.

Then

TV
(
PTω ,PTω′

)
≤ 1

4
.

Choose

δ := c0

{
1√
r ∨ q

∧ σ

γ2ρ⊥

}
,

where c0 > 0 is sufficiently small. The first term ensures that δ
√
r ∨ q ≤ 1/2, while the second per-

mits the application of Lemma 28 to every neighboring pair. Consequently, (153) gives a minimax
risk lower bound of order

δ
√
r ∨ q ≍ 1 ∧ σ

√
r ∨ q

γ2ρ⊥
≍ 1 ∧

σ(
√
r +

√
q)

γmin

√
θ

.

The final comparison uses γ2 = γmin, ρ
2
⊥ = 4θ(1−θ) ≍ θ, and

√
r ∨ q ≍

√
r+

√
q. Since q = r1∧ r2,

this proves (140b).

G.4 Proof of (140c)

For the third term, we randomize the matrix Z in (152). Specifically, let

Z ∼ Haar{St(m, q)},

independently of the loading and observation noise. This is a prior on the view-specific subspace
only: for each T , the target remains the fixed projector PT . The purpose of the randomization is
to make the orientation of the additional View-2 directions unobserved. A comparison conditional
on the entire matrix Z would give only the θ−1/2 rate obtained in the preceding subsection.

Set
M := m− q + 1 = n− r − r1 − r2 + 1.

The rank assumptions imply M ≍ n. In the proof of the neighboring-law bounds, we condition
on q − 1 columns of Z. The remaining column is then uniform on a sphere in an M -dimensional
subspace. The resulting factor M−1 in the information bound is the source of the factor

√
n in the

final rate.
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We use different loading distributions according to whether s22 ≤ cBd2σ
2. Below this threshold,

a conditioned Gaussian loading leads to a covariance model with a bounded covariance ratio. Above
the threshold, we instead use a deterministic loading with orthonormal columns. This distinction
is technical: both constructions give the same neighboring-law bound at the scale

δ ≲
σ2

√
M

γ22ρ
2
⊥

.

The low-loading regime. Suppose first that s22 ≤ cBd2σ
2. Independently of Z, let G2 ∈ Rd2×p2

have independent N (0, d−1
2 ) entries, and define

E load
2 :=

{
G⊤

2G2 ⪰ cBIp2

}
, B2 :=

s2√
cB
G2.

For each T in the Assouad family, condition on E load
2 and set

X2,T := [UT ,V2,T ,Z ]B
⊤
2 . (155)

Every realization satisfies σp2(B2) ≥ s2, and the separation condition holds for every realization of
Z. Together with the fixed first-view signal in (151), this defines a prior supported on P. Let PT

denote the observation law after integrating over both the conditioned loading and Z.
The next lemma controls the total variation distance between neighboring laws. Its proof first

removes the conditioning on E load
2 and then compares the resulting Gaussian covariance mixtures

after integrating over the unobserved direction. We defer the proof to the subsection containing
the neighboring-law calculations.

Lemma 29. There is a numerical constant c > 0 such that the following holds. Let ω and ω′ be
neighboring vertices of the Assouad family. Suppose that

s22 ≤ cBd2σ
2, δ

√
r ∨ q ≤ 1

2
, δ ≤ c

σ2
√
M

γ22ρ
2
⊥

.

Then

TV
(
PTω ,PTω′

)
≤ 1

4
.

The high-loading regime. Suppose now that s22 > cBd2σ
2. In this case, chooseW2,0 ∈ St(d2, r+

q) andW2,1 ∈ St(d2, r2− q) such thatW⊤
2,0W2,1 = 0, with the second matrix omitted when r2 = q.

For each T , define the deterministic loading

B2,T := s2 [W2,0[U
◦
T ,R

◦
T ], W2,1] ∈ Rd2×p2 , (156)

and set
X2,T := [UT ,V2,T ,Z ]B

⊤
2,T . (157)

The columns of W2,0[U
◦
T ,R

◦
T ] and W2,1 are orthonormal and mutually orthogonal. Hence every

singular value of B2,T equals s2, so every realization again belongs to the parameter class. Let PT

now denote the observation law obtained after integrating over Z.
The factor [U◦

T ,R
◦
T ] in (156) is essential. It rotates the right coordinates together with the

shared and view-specific directions on the left. To see the resulting cancellation, consider the
limiting case ρ = 1 and ρ⊥ = 0. Then

[UT ,FR
◦
T ][U

◦
T ,R

◦
T ]

⊤ = F ,
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so the part of X2,T involving W2,0 is independent of T . For general θ, only terms proportional to
1−ρ or ρ⊥ remain when the signal is differentiated with respect to the rotation between neighboring
hypotheses.

The corresponding neighboring-law estimate has the same conclusion as in the low-loading case.

Lemma 30. There is a numerical constant c > 0 such that the following holds. Let ω and ω′ be
neighboring vertices of the Assouad family. Suppose that

s22 > cBd2σ
2, δ

√
r ∨ q ≤ 1

2
, δ ≤ c

σ2
√
M

γ22ρ
2
⊥

.

Then

TV
(
PTω ,PTω′

)
≤ 1

4
.

Choosing the separation. In either loading regime, choose

δ := c0

{
1√
r ∨ q

∧ σ2
√
M

γ22ρ
2
⊥

}
,

where c0 > 0 is sufficiently small. The first term ensures that δ
√
r ∨ q ≤ 1/2, while the second

permits the application of the appropriate neighboring-law lemma. Therefore (153) gives a minimax
risk lower bound of order

δ
√
r ∨ q ≍ 1 ∧

σ2
√

M(r ∨ q)

γ22ρ
2
⊥

≍ 1 ∧
σ2√n (

√
r +

√
q)

γ2minθ
.

The final comparison uses M ≍ n, γ2 = γmin, ρ
2
⊥ = 4θ(1 − θ) ≍ θ, and

√
r ∨ q ≍

√
r +

√
q. Since

q = r1 ∧ r2, this proves (140c).

G.5 Proofs of the neighboring-law lemmas

Fix neighboring vertices ω,ω′ and write T0 := Tω and T1 := Tω′ . The construction of the Assouad
family gives

∥T0∥op = ∥T1∥op = δ
√
r ∨ q ≤ 1/2,

∥T0 − T1∥F = 2δ.

In all three constructions, View 1 has the same distribution under T0 and T1 and is independent
of View 2. The total variation distance between the joint observation laws therefore equals the
distance between their View-2 marginals, which we consider from now on.

For the regular and hidden low-loading constructions, we next replace the loading conditioned
on the loading-band event by its unconditioned Gaussian law and account for the resulting total
variation error; the high-loading construction uses a deterministic loading and requires no such
reduction. It remains to compare the two View-2 laws. The regular case involves product Gaussian
laws with different covariance projectors, the hidden low-loading case involves Haar mixtures of
Gaussian covariance laws, and the hidden high-loading case involves Haar mixtures of Gaussian
mean laws.

For the two Gaussian-loading constructions, write

β :=
s22

cBd2σ2
. (158)
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G.5.1 Proof of Lemma 28

Remove the conditioning. Let Q0 and Q1 denote the unconditioned View-2 laws corresponding
to T0 and T1. By Lemma 22, we have

TV
(
PT0 ,PT1

)
≤ 1

16
+ TV(Q0,Q1) +

1

16
.

It is therefore enough to prove TV(Q0,Q1) ≤ 1/8.

The second-view Gaussian laws. After integrating out the unconditioned Gaussian loading,
the d2 columns of View 2 are independent centered Gaussian vectors. Under Qi, their common
covariance is σ2(In + βΠi), where

Πi := Pcol[UTi
,V2,Ti,Z0

].

Pinsker’s inequality, additivity of relative entropy over the independent columns, and (137) give

TV2(Q0,Q1) ≤
1

2
KL(Q0 ∥Q1)

=
d2β

2

8(1 + β)
∥Π0 −Π1∥2F ≲

γ22
σ2

∥Π0 −Π1∥2F. (159)

For the last inequality, the definitions of β and γ2 imply

d2β
2

1 + β
=

s42
cBσ2(s22 + cBd2σ2)

≲
s42

σ2(s22 + d2σ2)
=

γ22
σ2

.

Consequently, it remains only to bound the Frobenius distance between the two covariance projec-
tors.

Distance between the covariance projectors. Set Ki := R◦
Ti
(R◦

Ti
)⊤. Because [U◦

Ti
,R◦

Ti
] is

an orthogonal matrix, the projector onto col(U◦
Ti
) is Ir+q −Ki. Expanding Πi using (152) and

cancelling the terms that do not depend on i therefore gives

Π0 −Π1 = − ρ2⊥F (K0 −K1)F
⊤

+ ρρ⊥

{
F (R◦

T0
−R◦

T1
)Z⊤

0 H
⊤ +HZ0(R

◦
T0

−R◦
T1
)⊤F⊤

}
. (160)

We next compare the two matrices R◦
Ti
. Define Li := (Iq + TiT

⊤
i )−1/2, so that R◦

Ti
=

[−T⊤
i , Iq]

⊤Li. For positive definite matrices A,B ⪰ Iq, the integral representation of the inverse
square root and the resolvent identity give ∥A−1/2 −B−1/2∥F ≤ 1

2∥A−B∥F. Moreover,

∥T0T⊤
0 − T1T⊤

1 ∥F ≤
(
∥T0∥op + ∥T1∥op

)
∥T0 − T1∥F ≤ ∥T0 − T1∥F.

Using these bounds and ∥T0∥op ∨ ∥T1∥op ≤ 1/2, we obtain

∥L0 −L1∥F ≤ 1

2
∥T0 − T1∥F,

∥R◦
T0

−R◦
T1
∥F ≤ 2∥T0 − T1∥F,

∥K0 −K1∥F ≤ 4∥T0 − T1∥F.

(161)

67



The last inequality follows by expandingK0−K1 and using that both R◦
T0

and R◦
T1

have orthonor-
mal columns.

The three terms in (160) belong respectively to the col(F )–col(F ), col(F )–col(H), and col(H)–
col(F ) matrix blocks. They are therefore pairwise orthogonal in the Frobenius inner product. Since
F and HZ0 have orthonormal columns,

∥Π0 −Π1∥2F = ρ4⊥∥K0 −K1∥2F + 2ρ2ρ2⊥∥R◦
T0

−R◦
T1
∥2F

≤ 24ρ2⊥∥T0 − T1∥2F. (162)

Completing the proof. Combining this projector bound with (159) and using ∥T0−T1∥F = 2δ
gives

TV2(Q0,Q1) ≲
γ22ρ

2
⊥δ

2

σ2
.

The assumption δ ≤ cσ/(γ2ρ⊥) therefore implies TV(Q0,Q1) ≤ 1/8 when the numerical constant c
is sufficiently small. Returning to the conditioning bound,

TV(PT0 ,PT1) ≤
1

16
+

1

8
+

1

16
=

1

4
.

This proves Lemma 28.

G.5.2 Proof of Lemma 29

Remove the conditioning. Let Qi denote the unconditioned View-2 law corresponding to Ti,
for i ∈ {0, 1}. By Lemma 22,

TV(PT0 ,PT1) ≤
1

16
+ TV(Q0,Q1) +

1

16
.

It is therefore enough to prove TV(Q0,Q1) ≤ 1/8. We reduce these unconditioned laws to an
(M + 2)-dimensional covariance mixture and compare the resulting laws along a Hellinger path.

The second-view covariance mixtures. For T ∈ {T0,T1} and Z ∈ St(m, q), define

ΠT ,Z := Pcol[UT ,V2,T ,Z ].

After integrating out the Gaussian loading, the d2 columns of View 2 are conditionally independent
centered Gaussian vectors. Thus

Qi =

∫ [
N
(
0, σ2{In + βΠTi,Z}

)]⊗d2 dµHaar(Z), (163)

where β is defined in (158) and satisfies β ≤ 1 in the low-loading regime. We next use Haar right
invariance to give the directions that agree under T0 and T1 the same coordinates.

Reduction to an (M + 2)-dimensional covariance mixture. Because ω and ω′ are neigh-
boring vertices,

T1 − T0 = κab⊤, ∥a∥2 = ∥b∥2 = 1. (164)

Choose A⊥ ∈ St(q, q−1) and B⊥ ∈ St(r, r−1) whose columns span a⊥ and b⊥, respectively. Then[
Ir
T0

]
B⊥ =

[
Ir
T1

]
B⊥,

[
−T⊤

0

Iq

]
A⊥ =

[
−T⊤

1

Iq

]
A⊥. (165)
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Choose orthonormal matrices U∗ ∈ St(r + q, r − 1) and R∗ ∈ St(r + q, q − 1) with column spaces
equal to the two column spaces in (165). For each i ∈ {0, 1}, choose unit vectors ui, ri ∈ Rr+q so
that

col(U◦
Ti
) = col[U∗,ui], col(R◦

Ti
) = col[R∗, ri]. (166)

The matrix [U∗,ui,R∗, ri] is orthogonal. Its first r − 1 and next q − 1 columns do not depend on
i, and hence col[u0, r0] = col[u1, r1].

For each i, define the change-of-basis matrix

Qi := [R∗, ri]
⊤R◦

Ti
∈ O(q), R◦

Ti
Q⊤

i = [R∗, ri]. (167)

Right multiplication by Q⊤
i does not change a column projector, and Haar right invariance gives

ZQ⊤
i

d
= Z. Therefore the mixture in (163) is unchanged if ΠTi,Z is replaced by

Π̃i,Z := FU∗U
⊤
∗ F

⊤ + (Fui)(Fui)
⊤

+
(
ρF [R∗, ri] + ρ⊥HZ

)(
ρF [R∗, ri] + ρ⊥HZ

)⊤
+D2D

⊤
2 . (168)

Write Z = [Z−, z], where Z− ∈ St(m, q − 1). Conditional on Z−, choose O = O(Z−) ∈
St(m,M) by a fixed measurable rule so that col(O) = col(Z−)

⊥. Then

z = Oζ, ζ ∼ Unif(SM−1). (169)

Define

Πfix(Z−) := FU∗U
⊤
∗ F

⊤ + (ρFR∗ + ρ⊥HZ−)(ρFR∗ + ρ⊥HZ−)
⊤ +D2D

⊤
2 . (170)

Substitution in (168) gives

Π̃i,Z = Πfix(Z−) + (Fui)(Fui)
⊤

+ (ρFri + ρ⊥HOζ)(ρFri + ρ⊥HOζ)
⊤. (171)

The last two terms in (171) lie in the column space of the following isometry. Define their
coordinates by

J := [Fu0,Fr0,HO] ∈ St(n,M + 2),

ai := J
⊤Fui, bi := J

⊤Fri, z̃ :=
[
0 0 ζ⊤

]⊤
.

(172)

By construction, Πfix(Z−)J = 0. Moreover, Jai = Fui, Jbi = Fri, and Jz̃ = HOζ. Hence,
with

Γi(z̃) := aia
⊤
i + (ρbi + ρ⊥z̃)(ρbi + ρ⊥z̃)

⊤, (173)

the projector in (171) satisfies

Π̃i,Z = Πfix(Z−) + JΓi(z̃)J
⊤. (174)

The relation Πfix(Z−)J = 0 makes the Gaussian coordinates in col(J) independent of those in
its orthogonal complement. Define Wj := J

⊤y2,j ∈ RM+2. Conditional on ζ,

Wj
iid∼ N

(
0, σ2{IM+2 + βΓi(z̃)}

)
, j = 1, . . . , d2. (175)

Let Qi denote the law obtained by first drawing ζ ∼ Unif(SM−1) and then drawing the vec-
tors in (175). After revealing (Z−,O), the remaining Gaussian coordinates are independent of
W1, . . . ,Wd2 and have the same law for i = 0, 1. Therefore

TV(Q0,Q1) ≤ TV(Q0,Q1). (176)
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Hellinger comparison and conclusion. The two orthonormal bases (a0, b0) and (a1, b1) span
the same two-dimensional subspace. After choosing their signs consistently, there is an angle
φ ∈ [0, π/2] such that

a1 = cos(φ)a0 + sin(φ)b0,

b1 = − sin(φ)a0 + cos(φ)b0.
(177)

Because u0 ∈ col(U◦
T0
), there is x ∈ Rr with ∥x∥2 ≤ 1 such that u0 = [Ir;T0]x. Since [Ir;T1]x

belongs to col(U◦
T1
),

sinφ = dist
(
u0, col(U

◦
T1
)
)
≤ ∥(T0 − T1)x∥2 ≤ 2δ. (178)

It follows that
φ ≤ 2 sinφ ≤ 4δ. (179)

For t ∈ [0, φ], set
at := cos(t)a0 + sin(t)b0,

bt := − sin(t)a0 + cos(t)b0,

Γt(z̃) := ata
⊤
t + (ρbt + ρ⊥z̃)(ρbt + ρ⊥z̃)

⊤.

(180)

Let Qt be the law obtained by drawing ζ ∼ Unif(SM−1), forming z̃ as in (172), and then drawing

Wj
iid∼ N

(
0, σ2{IM+2 + βΓt(z̃)}

)
, j = 1, . . . , d2. (181)

Then Qt=0 = Q0 and Qt=φ = Q1.
Let qt be the density of Qt, and define

St(W ) := ∂t log qt(W ), Jt := EQtSt(W )2. (182)

By Lemma 25,

TV(Q0,Q1) ≤
1

2

∫ φ

0

√
Jt dt ≤

φ

2
sup

0≤t≤φ

√
Jt. (183)

It remains to bound Jt uniformly over the path. The coefficient that appears in this bound satisfies

I :=
d2β

2

1 + β
=

s42
cBσ2(s22 + cBd2σ2)

≍ γ22
σ2

. (184)

Since β ≤ 1, we have I ≤ d2. The signal-strength assumption and M ≍ n also give

d2 ≥ I ≥ c1ν
2M. (185)

The law Qt is a mixture over z̃, so the score cannot be computed as if z̃ were observed. The
following lemma controls the mixture score. Its proof follows the three neighboring-law proofs.

Lemma 31. Under (185), uniformly for t ∈ [0, φ],

Jt ≤ C

(
Iρ4⊥ +

I2ρ4⊥
M

+ Iρ2⊥e
−c2d2

)
. (186)

Combining (183) and (186) yields

TV2(Q0,Q1) ≤ Cφ2

(
Iρ4⊥ +

I2ρ4⊥
M

+ Iρ2⊥e
−c2d2

)
. (187)
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By the assumed bound on δ, (179) and (184) imply

φ ≤ Cc

√
M

Iρ2⊥
. (188)

Consequently,

φ2 I
2ρ4⊥
M

≤ Cc2, φ2Iρ4⊥ ≤ Cc2
M

I
≤ Cc2ν−2.

Also, φ ≤ 2, I ≤ d2, and ρ⊥ ≤ 1 give φ2Iρ2⊥e
−c2d2 ≤ 4d2e

−c2d2 . Since d2 ≥ c1ν
2M , the last

quantity is sufficiently small for sufficiently large ν. Choosing the numerical constant c in the
edge assumption sufficiently small now gives TV(Q0,Q1) ≤ 1/8. Hence (176) and the conditioning
bound at the start of the proof yield

TV(PT0 ,PT1) ≤
1

16
+

1

8
+

1

16
=

1

4
.

This proves Lemma 29.

G.5.3 Proof of Lemma 30

Let P
(2)
i denote the View-2 law under Ti, for i ∈ {0, 1}. The loading is deterministic in this

construction, so there is no conditioning error. By the common reduction above,

TV
(
PT0 ,PT1

)
= TV

(
P
(2)
0 ,P

(2)
1

)
.

We reduce the View-2 laws to an (M +2)× 2 Gaussian mean model and then compare the reduced
laws along a Hellinger path.

The second-view mean mixtures. Write

MT ,Z := [UT , ρFR
◦
T + ρ⊥HZ] [U◦

T ,R
◦
T ]

⊤.

Conditional on Z ∈ St(m, q), View 2 has entrywise noise variance σ2 and the mean appearing
below. Consequently,

P
(2)
i =

∫
N
(
vec
{
s2MTi,ZW

⊤
2,0 + s2D2W

⊤
2,1

}
, σ2Ind2

)
dµHaar(Z). (189)

It remains to express the two mixtures in coordinates in which all terms that depend on i appear
in one Gaussian block.

Reduction to the Gaussian mean model. Use the matrices and vectors in (166) and (167).
The identities in those displays give

FU◦
Ti
(U◦

Ti
)⊤ = F [U∗,ui][U∗,ui]

⊤,

(ρFR◦
Ti

+ ρ⊥HZ)(R◦
Ti
)⊤

= (ρF [R∗, ri] + ρ⊥HZQ
⊤
i )[R∗, ri]

⊤.

(190)

Since ZQ⊤
i

d
= Z, the mixture in (189) is unchanged if MTi,Z is replaced by

M̃i,Z := F [U∗,ui][U∗,ui]
⊤ + (ρF [R∗, ri] + ρ⊥HZ)[R∗, ri]

⊤. (191)
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Write Z = [Z−, z] and condition on Z−. Choose O ∈ St(m,M) with col(O) = col(Z−)
⊥ as in

(169), so that z = Oζ for ζ ∼ Unif(SM−1). Expanding (191) gives

M̃i,Z = FU∗U
⊤
∗ + (ρFR∗ + ρ⊥HZ−)R

⊤
∗

+ (Fui)u
⊤
i + (ρFri + ρ⊥HOζ)r

⊤
i . (192)

The first line is independent of i. We now isolate the last two terms by defining

JL := [Fu0,Fr0,HO] ∈ St(n,M + 2), JR := [u0, r0] ∈ St(r + q, 2),

ai := J
⊤
L Fui, bi := J

⊤
L Fri,

ai := J
⊤
Rui, bi := J

⊤
R ri, z̃ :=

[
0 0 ζ⊤

]⊤
.
(193)

With these coordinates, the second line of (192) equals JLMi(z̃)J
⊤
R , where

Mi(z̃) := aia
⊤
i + (ρbi + ρ⊥z̃)b

⊤
i . (194)

Conditional on (Z−,O), apply orthogonal changes of coordinates whose first left and right
blocks are JL andW2,0JR, respectively. The corresponding block of the mean is exactly s2Mi(z̃);
all other mean blocks are independent of i, and the Gaussian noise blocks are independent. Let Qi

denote the law of
W = s2Mi(z̃) + σG, G ∈ R(M+2)×2, (195)

where G has independent standard Gaussian entries and ζ is uniform on SM−1. Revealing (Z−,O)
can only increase total variation, and the resulting conditional distance does not depend on the
revealed variables. Therefore

TV(P
(2)
0 ,P

(2)
1 ) ≤ TV(Q0,Q1). (196)

Hellinger comparison and conclusion. The rotation in (177) acts on both the left and right
coordinates in (194). For t ∈ [0, φ], define

at := cos(t)a0 + sin(t)b0, bt := − sin(t)a0 + cos(t)b0,

at := cos(t)a0 + sin(t)b0, bt := − sin(t)a0 + cos(t)b0.
(197)

Set
Mt(z̃) := ata

⊤
t + (ρbt + ρ⊥z̃)b

⊤
t , (198)

and let Qt be the law obtained by drawing ζ uniformly on SM−1 and observing

W = s2Mt(z̃) + σG. (199)

Then Qt=0 = Q0, Qt=φ = Q1, and (179) gives φ ≤ 4δ.
Let qt be the density of Qt, and define

St(W ) := ∂t log qt(W ), Jt := EQtSt(W )2. (200)

By Lemma 25,

TV(Q0,Q1) ≤
1

2

∫ φ

0

√
Jt dt. (201)

The following lemma supplies the uniform bound needed in this inequality; its proof is given below
with the proof of the covariance-mixture information bound.
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Lemma 32. Uniformly for t ∈ [0, φ],

Jt ≤ 8
s22θ

2

σ2
+ 144

s42θ
2

Mσ4
. (202)

Combining (201) and (202) gives

TV2(Q0,Q1) ≤ Cφ2

(
s22θ

2

σ2
+

s42θ
2

Mσ4

)
. (203)

The definition of γ2 and the high-loading condition imply

cB
1 + cB

s22 ≤ γ22 ≤ s22. (204)

The signal-strength assumption and M ≍ n then give Mσ2/s22 ≤ Cν−2. The assumed bound on δ,
(179) and (204), and ρ2⊥ ≥ 2θ yield

φ ≤ Cc
σ2

√
M

s22θ
. (205)

Substitution in (203) gives

TV2(Q0,Q1) ≤ Cc2
(
1 +

Mσ2

s22

)
≤ Cc2(1 + ν−2). (206)

Choosing the numerical constant c sufficiently small gives TV(Q0,Q1) ≤ 1/4. Combining (196)
with the equality between the joint and View-2 distances at the start of the proof proves

TV(PT0 ,PT1) ≤
1

4
.

This proves Lemma 30.

G.6 Information bounds for the hidden constructions

G.6.1 Proof of Lemma 31

Let qt,z̃ denote the conditional density of the observations in (181) for fixed z̃, and define its score
by

St,z̃(W ) := ∂t log qt,z̃(W ). (207)

Because the conditional law is a product of centered Gaussian laws, differentiating its covariance
gives

St,z̃(W ) =
βρ⊥

σ2(1 + β)

d2∑
j=1

(a⊤t Wj) ⟨ρ⊥bt − ρz̃,Wj⟩ . (208)

Define ẑt := E[z̃ |W ]. Fisher’s identity and (208) yield

St(W ) =
βρ⊥

σ2(1 + β)

d2∑
j=1

(a⊤t Wj) ⟨ρ⊥bt − ρẑt,Wj⟩ . (209)

To compute its second moment, set

Xj := a
⊤
t Wj , Rj :=Wj −Xjat.
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Conditional on z̃, the variables Xj are independent N (0, σ2(1 + β)) variables whose joint law does
not depend on z̃, and they are independent of (R1, . . . ,Rd2). These independence statements
remain true after integrating over z̃, and

ẑt = E[z̃ |R1, . . . ,Rd2 ] . (210)

Moreover, ρ⊥bt − ρẑt is orthogonal to at. Thus, if

cj := ⟨ρ⊥bt − ρẑt,Wj⟩ = ⟨ρ⊥bt − ρẑt,Rj⟩ , (211)

then c1, . . . , cd2 are fixed conditional on (R1, . . . ,Rd2). The independence and centering of the Xj

therefore give

E
[
St(W )2

∣∣R1, . . . ,Rd2

]
=

β2ρ2⊥
σ4(1 + β)2

E

 d2∑
j=1

Xjcj

2 ∣∣∣∣∣∣R1, . . . ,Rd2

 =
β2ρ2⊥

σ2(1 + β)

d2∑
j=1

c2j . (212)

After taking expectation and using (x+ y)2 ≤ 2x2 + 2y2, we obtain

Jt ≤
2β2ρ4⊥

σ2(1 + β)
E

d2∑
j=1

⟨bt,Wj⟩2 +
2β2ρ2⊥

σ2(1 + β)
E

d2∑
j=1

⟨ẑt,Wj⟩2. (213)

Since b⊤t Wj has variance σ2(1 + βρ2), the first term in (213) is at most CIρ4⊥.
We next bound the second term. The identity

d2∑
j=1

⟨ẑt,Wj⟩2 = ẑ⊤t

 d2∑
j=1

WjW
⊤
j

 ẑt (214)

requires an operator-norm bound for the sample covariance. Define

Et :=


∥∥∥∥∥∥

d2∑
j=1

WjW
⊤
j

∥∥∥∥∥∥
op

≤ Cd2σ
2

 . (215)

We prove below that, uniformly in t,

P(Ec
t ) ≤ Ce−c2d2 , E

∥∥∥∥∥∥
d2∑
j=1

WjW
⊤
j

∥∥∥∥∥∥
op

1Ec
t

 ≤ Cd2σ
2e−c2d2 . (216)

It remains to control E∥ẑt∥22. For fixed z̃, z̃′, the corresponding conditional Gaussian laws satisfy

KL
(
Qt,z̃ ∥Qt,z̃′

)
≤

Iρ2⊥
2

∥z̃ − z̃′∥22. (217)

Indeed, the covariance projectors share ata
⊤
t and differ only in the projectors onto ρbt + ρ⊥z̃ and

ρbt + ρ⊥z̃
′, so (137) gives this bound. Averaging over an independent copy z̃′ and using convexity

of relative entropy in its second argument yield I(z̃;W ) ≤ CIρ2⊥. Therefore Lemma 26 gives

E∥ẑt∥22 ≤ C
Iρ2⊥
M

. (218)
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On Et, combine (214) and (218); on Ec
t , use ∥ẑt∥2 ≤ 1 and (216). This gives

E
d2∑
j=1

⟨ẑt,Wj⟩2 ≤ Cd2σ
2 Iρ

2
⊥

M
+ Cd2σ

2e−c2d2 . (219)

Substituting this estimate into (213) and using I = d2β
2/(1 + β) gives the bound in (186). This

proves Lemma 31.

Proof of (216). Conditional on z̃, the vectors W1, . . . ,Wd2 are independent centered Gaussian
vectors with covariance

Σt,z̃ := σ2{IM+2 + βΓt(z̃)}, ∥Σt,z̃∥op ≤ 2σ2. (220)

The norm bound follows because Γt(z̃) is an orthogonal projector and β ≤ 1. If G ∈ R(M+2)×d2

has independent N (0, d−1
2 ) entries, then, conditionally on z̃,

[W1, . . . ,Wd2 ]
d
=
√

d2Σ
1/2
t,z̃ G,

∥∥∥∥∥∥
d2∑
j=1

WjW
⊤
j

∥∥∥∥∥∥
op

≤ 2d2σ
2
∥∥∥GG⊤

∥∥∥
op

. (221)

By (185), d2 ≥ I ≥ c1ν
2M . Applying (52) with u = M + 2 and b = d2 therefore yields,

uniformly in z̃,

P

∥∥∥∥∥∥
d2∑
j=1

WjW
⊤
j

∥∥∥∥∥∥
op

> Cd2σ
2

∣∣∣∣∣∣ z̃
 ≤ Ce−c2d2 . (222)

Averaging over z̃ proves the first inequality in (216). For the second, combine (221), Cauchy–
Schwarz, and (54) to obtain, uniformly in z̃,

E

∥∥∥∥∥∥
d2∑
j=1

WjW
⊤
j

∥∥∥∥∥∥
op

1Ec
t

∣∣∣∣∣∣ z̃
 ≤ Cd2σ

2∥GG⊤∥L2P(Ec
t | z̃)1/2 ≤ Cd2σ

2e−c2d2 .

Averaging over z̃ proves the second inequality in (216).

G.6.2 Proof of Lemma 32

For fixed z̃, the law in (199) is a Gaussian location model with covariance σ2I. Since ȧt = bt and
ḃt = −at, with the same identities for the barred vectors, differentiating (198) gives

Ṁt(z̃) = {(1− ρ)bt − ρ⊥z̃}a⊤t + (1− ρ)atb
⊤
t . (223)

The terms independent of ρ cancel because the left and right coordinates undergo the same rotation.
The remaining terms are proportional to 1− ρ = 2θ or ρ⊥.

Let St,z̃ denote the score conditional on z̃. The Gaussian location score is

St,z̃(W ) =
s2
σ2

〈
W − s2Mt(z̃),Ṁt(z̃)

〉
F
.

Define
εt :=Wat − s2at, ξt := ⟨Wbt,at⟩. (224)
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Using (223) and the orthogonality of at to bt and z̃ gives

St,z̃(W ) =
s2
σ2

[⟨εt, (1− ρ)bt − ρ⊥z̃⟩+ (1− ρ)ξt] . (225)

Set ẑt := E[z̃ |W ]. Fisher’s identity averages (225) over the conditional distribution of z̃, so

St(W ) =
s2
σ2

[⟨εt, (1− ρ)bt − ρ⊥ẑt⟩+ (1− ρ)ξt] . (226)

Rotating the observed columns by (at, bt) gives, conditionally on z̃,

Wat = s2at + σga, Wbt = s2(ρbt + ρ⊥z̃) + σgb, (227)

where ga and gb are independent standard Gaussian vectors. Only the last M coordinates of the
second vector in (227) depend on z̃; they have the Gaussian mean-channel form with signal strength
s2ρ⊥ and noise level σ. Thus Lemma 26 gives

E∥ẑt∥22 ≤ 9
s22ρ

2
⊥

Mσ2
. (228)

Conditional on these lastM coordinates, ẑt is fixed, εt = σga, and ξt = σ⟨gb,at⟩. The latter two
Gaussian quantities are centered and independent of one another and of the conditioning variables.
Since ẑt is orthogonal to bt, taking the conditional second moment in (226), then averaging and
applying (228), gives

Jt =
s22
σ2

{
2(1− ρ)2 + ρ2⊥E∥ẑt∥22

}
≤ 8

s22θ
2

σ2
+ 144

s42θ
2

Mσ4
,

where we used 1− ρ = 2θ and ρ2⊥ ≤ 4θ. This is (202) and completes the proof.
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