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Abstract

Estimating a low-dimensional subspace shared across noisy data matrices is a fundamen-
tal problem in multi-view matrix estimation. We study this problem under the two-view
JIVE model, where each data matrix contains shared and view-specific low-rank components.
We demonstrate that standard plug-in subspace intersection, including AJIVE, suffers from a
second-order bias caused by direction-dependent leakage of the empirical singular vectors. We
propose bias-corrected subspace intersection (BCSI), which removes this bias before estimat-
ing the shared subspace. We establish finite-sample risk bounds for BCSI that accommodate
unequal view dimensions, signal strengths, and view-specific ranks and require no condition-
number assumptions on the signal matrices. When the shared and view-specific ranks are com-
parable, these bounds match our minimax lower bounds up to universal constants. The resulting
minimax rate contains a new second-order term, arising from quadratic leakage perturbations
relative to the shrinking spectral gap when the view-specific subspaces are nearly aligned. This
term is absent from previous JIVE minimax lower bounds. Numerical experiments demonstrate
the advantage of BCSI over AJIVE when the leakage bias is pronounced. Along the way, we
establish a nonasymptotic concentration result for the bias-corrected leakage Gram matrix of a
rectangular spiked matrix, which may be of independent interest.

1 Introduction

Modern data sets often measure the same collection of samples through multiple data modalities,
including different genomic assays (Lock et al., 2013]), imaging technologies (Zhao et al. [2021), and
other heterogeneous sources (Shi et al.l 2023). A central goal of multi-view data integration is to
separate variation that is shared across views from variation that is specific to an individual view
(Lock et al., [2013; |[Feng et al., 2018; |Gaynanova and Li, [2019; [Prothero et al. 2024; |Gui et al.
2025)).
In this paper, we study the statistical problem of estimating the shared subspace in the two-view
setting. For k = 1,2, we observe
Y, = Xj, + Ej, € R™%%, (1)

The upper- and lower-bound proofs have also been formally verified in Lean 4; see https://github.com/
congmal028/bcsi-lean-verification.


https://github.com/congma1028/bcsi-lean-verification
https://github.com/congma1028/bcsi-lean-verification

where X, is a rank-p; signal matrix and the entries of Ej are independent A(0,02) random
variables. Let My, := col(X}) denote the population signal space of view k. Our goal is to estimate
the rank-r shared subspace

U=MnNM;= COl(Xl) N COI(X2) (2)

from the observations (Y7, Y2). This is the two-view shared-subspace estimation problem underlying
the joint and individual variation explained (JIVE) framework (Lock et al., |2013).

1.1 Bias of plug-in subspace intersection

A natural plug-in strategy is to estimate the two signal spaces separately and then look for directions
that are approximately shared by the two estimated spaces. Let </I\>k € R™*Pk contain the leading py
left singular vectors of Y}, so that colA(:I\)k) estimates M. The right singular vectors associated with
the smallest singular values of [®1, ®9] identify pairs of directions, one from each estimated signal
space, that are nearly the same up to sign. These directions therefore approximate the intersection
of the two estimated signal spaces. In the two-view setting, this procedure is equivalent to AJIVE
(Feng et al., [2018; [Yang and Ma, [2025; Sergazinov et al.l 2026)); see for a proof.

The problem with this plug-in estimator is that the empirical singular vectors leak outside their
population signal spaces. This leakage creates a systematic second-order bias and can make the
estimator suboptimal for shared subspace estimation. To see this, for any subspace S C R", let Ps
denote the orthogonal projector onto S, and decompose

$k = §k + ik, where §k = PMk(/I\)kv ik = PMkL(/I;k

The approximate intersection is determined by the bottom eigenspace of the Gram matrix of the
concatenated empirical bases [®1,®2]. With S := [S1,S2] and L = [Ly, Lo], this Gram matrix
decomposes as

[(/I\)l,gI\)g]T[;I\)l,(/I\)z] = §T§+ §TE+ET§+ETE. (3)

If there were no leakage and col(gk) = My for k = 1,2, then STS would have an r-dimensional
kernel consisting exactly of the linear relations that produce directions in the shared subspace U.
In the noisy case, the two cross terms in are linear in the leakage, while L'Lis quadratic.
Crumally, this quadratic term has a dlrectlon—dependent bias and can therefore perturb the nullspace
of STS. To sce why the bias is direction dependent, consider the diagonal entries of LTLk Let

(Sk,i q’)kﬂ, U’k,z) be the ith empirical singular triplet and set ar = n — pp and by = di — pr. The
singular-vector relation Yy ; = 5 i@y i, together with PMth = 0, implies

PR N P,, Ek{b\k ? 2
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The last relation is heuristic because 12;;{;1 depends on the noise. It nevertheless shows that singular
directions associated with smaller empirical singular values have larger leakage. Thus the leakage
Gram is generally anisotropic, and this anisotropy biases the estimated intersection.

1.2 Bias correction and main results

The heuristic calculation in suggests a natural bias correction: rescale the empirical singular
directions within each view so that their leakage Gram is approximately isotropic. Specifically,



replace o, by o, diag(wp,1, ..., Wkyp,). At the heuristic level, this would give weights roughly
proportional to 5 ;. However, the empirical singular vectors themselves depend on the noise, so
this heuristic does not give the correct weight. Rectangular spiked-matrix theory gives a more
accurate expression for the leakage.

Let s ; denote the ith population singular value in view k. Classical rectangular spiked-matrix
theory (Benaych-Georges and Nadakuditi, [2012; |Gavish and Donohol 2017)) predicts

I Ll S
My PRl = si’i(si7i+ak02)'

()

If si; were known, multiplying $;“ by {s%l(s%Z + akO'Q)/(Siﬂ- + bro?)}/? would make its squared
leakage approximately ajo? for every i.

This oracle rescaling is not directly implementable because the population singular value sy ;
is unknown. The same spiked-matrix theory provides the missing link between the population and
empirical singular values:

(s%ﬂ- + ak02)(s%7i + bpo?)

~9 ~

Ski =~

(6)

Si,i
We therefore invert|(6)|to estimate s2 ; from 3, ; and substitute this estimate into the oracle rescaling
above. 7

This leads to our proposed estimator, bias-corrected subspace intersection (BCSI). BCSI modifies
plug-in subspace intersection in three steps. First, it reweights the empirical singular directions
within each view so that their leakage Gram is approximately CLkU2ka. Second, it subtracts this
common leakage level from the corresponding diagonal block of the Gram matrix. Finally, it
extracts the near-zero eigenspace of the corrected Gram matrix and uses it to reconstruct the shared
subspace. We denote the corresponding projector by 13]3@51 and give the complete construction in
Section 2.9

Our main results show that BCSI achieves the minimax rate for shared-subspace estimation
over a broad range of signal strengths and subspace geometries. For k = 1,2, let s; be a known
lower bound on the smallest nonzero singular value of X and define the corresponding effective

signal strength by
2

S
\/ Si + dkaz

Also let Ymax = max{7y1,72}, and Ymin = min{y1,v2}. The effective strength -, accounts for
the column dimension di. For column-space estimation, the raw singular value s; alone does not
capture the effect of the di noisy columns, so signals with the same s can have different estimation
accuracy when their aspect ratios differ (Cai and Zhang, 2018; (Cai et al., 2021). In particular, v
is of order sy, for a strong signal and of order s /(c+/dy) for a weaker one.

Suppose that the shared and view-specific subspaces all have rank of order r. Let 6 € (0,1/2]
measure the separation between two view-specific subspaces, with smaller 6 corresponding to more
closely aligned subspaces. Under the signal strength assumption Ymin = o+/n, BCSI satisfies

<1n {a\/ﬁ N a\/T N 02\/nr}
op ~ “Ymax ’Ymin\/a 7r21rlin9

A matching minimax lower bound shows that all three terms in are unavoidable up to universal
constants.

E HﬁBCSI Y (8)




The first term is the usual cost of estimating the shared subspace when the view-specific direc-
tions are known. Since both views contain information about the shared directions, their effective
strengths combine, yielding /7% + 73 X< Ymax. The remaining two terms reflect the additional
difficulty of identifying which directions are shared when the view-specific subspaces are unknown.
This identification becomes harder as the two view-specific subspaces approach one another, lead-
ing to the factors #~/2 and #~!. Moreover, these terms are governed by Ymin: even if the stronger
view accurately localizes the relevant signal space, the weaker view is still needed to distinguish the
shared directions from the view-specific ones. The final ! term is one of our main contributions.
It is second order in the noise level and shows that nearly aligned view-specific subspaces create
an additional statistical difficulty beyond the usual first-order subspace estimation error. In the
balanced-rank regime, the corresponding quadratic term in the existing AJIVE bound is of order
o?n/(v2;,0), whereas BCSI improves it to o?y/nr/(v2;,0), a factor \/n/r smaller. Our minimax
lower bound further shows that the latter ~! term is unavoidable, and hence is intrinsic to shared-
subspace estimation rather than an artifact of the analysis of BCSI. The general results, allowing

unequal shared and view-specific ranks, are stated in and

1.3 Related work

Joint and individual variation. The JIVE framework (Lock et al., 2013; Zhou et al., 2015)
models multi-view data through shared and view-specific low-rank components, and has various
variants including AJIVE (Feng et al 2018)), CJIVE (Murden et al., 2022), and the probabilistic
formulation ProJIVE (Murden et al. 2026). Related multiblock decompositions such as SLIDE
(Gaynanova and Li, 2019), hierarchical nuclear-norm penalization (Yi et al., |2023), and DIVAS
(Prothero et al.,[2024) also accommodate partially shared structure. Among these methods, AJIVE
is most closely related to the present work: it first estimates the signal space of each view and then
identifies shared directions through the approximate intersection of the estimated spaces. Similarly,
Sergazinov et al.| (2026)) use the product-of-projections method to combine the estimates across
different views.

Theory for JIVE. The closest statistical analyses are Yang and Ma (2025) and Li and Lyu
(2025)). The former establishes finite-sample guarantees and minimax lower bounds for AJIVE
in a homogeneous multi-view model, while the latter allows heterogeneous dimensions and signal
strengths and studies strength-aware aggregation of the estimated view projectors. Our results
allow unequal view dimensions, strengths, and view-specific ranks, impose no condition-number
restriction on the loading matrices, and identify an additional #~! term in the minimax rate arising
from the interaction between estimation error and the geometry of the intersection.

Shared-subspace estimation. Related work considers shared-subspace estimation under alter-
native multi-matrix models. Ma and Ma, (2026]) analyze complete and partial sharing when the
shared and unshared directions are themselves singular vectors of the individual signal matrices,
while the partially shared subspace model (Yoon et al.,[2026) assumes that the shared directions are
eigenvectors of each population covariance. MOP-UP (Tang et al, [2025) considers a decomposition
in which one component has a column subspace shared across observations and the other has a
shared row subspace. In the fully shared setting, Baharav et al.| (2025|) derive strength-dependent
aggregation rules, while |Agterberg (2026) studies estimation and adaptive inference for shared
subspaces across symmetric low-rank matrices. Unlike these constructions, our model allows the
loading matrices to arbitrarily mix the shared and view-specific coordinates. Consequently, the



shared directions need not be singular vectors of any individual view and are instead identified
through the intersection of the two population signal spaces.

Spiked random matrix theory. Our bias correction is motivated by classical results for spiked
covariance and rectangular low-rank models, including the phase transition and eigenvector be-
havior studied in Johnstone, (2001), Baik et al.| (2005)), and Paull (2007)), and the singular-value
and singular-vector asymptotics for rectangular perturbations developed by [Benaych-Georges and
Nadakuditi| (2012). These results underlie later work on data-dependent spectral shrinkage and op-
timal singular-value transformations (Nadakuditi, 2014} |Gavish and Donoho, 2017)). BCSI uses the
corresponding spike-location and singular-vector formulas to construct direction-dependent weights
that equalize the leading leakage of the empirical singular vectors.

Finite-sample subspace estimation and spectral debiasing. Our analysis is also related
to finite-sample singular-subspace perturbation theory for rectangular matrices (Cai and Zhang),
2018; |Cai et al., [2021)) and to spectral debiasing methods such as HeteroPCA (Zhang et al., 2022).
HeteroPCA removes a diagonal bias due to heteroskedastic noise. The bias considered here arises
instead after estimating the signal space of each view: different empirical singular directions leak
outside their population signal spaces by different amounts. BCSI reweights these directions to
make the leakage approximately isotropic and then removes the resulting common shift before
estimating the intersection.

1.4 Notation

All matrices and vectors are set in bold. For A € R™9 ||A|,, is the spectral norm, A' the
Moore-Penrose pseudoinverse, o;(A) the j-th largest singular value, and o, (A) the smallest
nonzero singular value. For symmetric A we write Amin(A) and A (A) for the smallest and the
smallest positive eigenvalue. We set St(n,k) = {W € R™* : WW = I}, write col(A) for
the column space of A, and write Py, for the orthogonal projector onto a subspace V. We write
a A'b:=min{a,b} and a V b := max{a,b}. For nonnegative quantities x and y, the relation x <y
means that © < Cy for a universal constant C' > 0, and = 2 y denotes the reverse inequality. We
write 2 < y when both # < y and x > y hold. For a matrix Z, set || Z||zs == (E||Z]|%)Y/9. For an

event £, let 1¢ denote its indicator.

2 Model and bias-corrected subspace intersection

2.1 Model and problem parameters

We now give a concrete parametrization of the two-view JIVE model introduced in The

parametrization separates the shared and view-specific components and makes explicit the signal

strengths and subspace separation that govern the difficulty of estimating the shared subspace.
Recall that M, = col(X},) and U = M; N My. For k = 1,2, we observe

Y. = X + Ep, X, = [U,Vi|B) € R, (9)

Here U € St(n,r), Vi € St(n,ry), and [U,Vy] € St(n,px), where py = r + rg. The matrix
B;, € R%*Pk contains the right loadings. The entries of E; and Es are mutually independent
N(0,0?) random variables.



We assume op, (By) > s > 0. Since [U, V;] has orthonormal columns, the nonzero singular
values of X and By coincide. In particular, By has full column rank and

My, = col(Xy) = col(U) @ col(Vy).

Apart from the lower bound on its smallest singular value, we impose no restriction on Bj. Thus
the right loadings may arbitrarily mix the shared and view-specific coordinates. We use the corre-
sponding effective strength ~; defined in

It remains to ensure that the common block U spans the entire intersection of the two signal
spaces. For a separation parameter 6 € (0,1/2], assume

VAT Vallop < 1 26. (10)

The left-hand side is the cosine of the smallest principal angle between the two view-specific sub-
spaces. Hence any 6 > 0 implies col(V7) Ncol(Va) = {0}. Consequently, U = M; N My = col(U).
Smaller 6 allows the two view-specific subspaces to be more closely aligned.

Our target is the shared projector Py = UU'. For an estimator 13, we measure error by
E[I|P — Puop)-

2.2 The BCSI estimator

We now give the formal construction of the bias-corrected subspace intersection estimator (BCSI).
It is also summarized in Algorithm |1l For each view, recall that ap = n — p; and by = d — pi. Let
Sk1 > -+ > Skp, be the leading py singular values of Y, with corresponding left singular vectors

Ok.1,-- s Php,, and write @y = [@r.1,. .., Prp, ] € RWPE.

Leakage bias correction. The directionwise correction motivated in depends on
the unknown population singular values. We therefore estimate them from the empirical singular
values using the spike-location relation in @ For an empirical singular value y above the spectral
edge, solving this relation for the squared population singular value gives the upper root

y? — (a + bp)o” + \/{92 — (ag + by)o?}? — dagbyo
Tk(y) = 2
o?\/aby, otherwise.

.y >o(yar+ Vo), (1)

At the spectral edge, the two roots coincide at 02v/agby, and we keep 74 (y) at this boundary value
below the edge.

Substituting 7% (y) into the oracle rescaling from [Section 1.2 gives the weight

w(y) = {Tk(y) (mk(y) + aro?) }1/2 , (12)

Tk (y) + bro?

We then form the bias-corrected empirical factor
Cy == @ diag{wy,(5.1), . . ., wi(5rp, )} € RV<PE, (13)

The columns of C}, span the same empirical signal space as @k, but the rescaling is chosen so that
the leakage Gram of C} is approximately akUQka.



Algorithm 1 Bias-corrected subspace intersection (BCSI)

Input: Data matrices Y7, Ys; ranks 7,71, ro; noise level o; signal strength lower bounds s1, so.

o Reweight the empirical signal directions. For each k = 1, 2, let px, = r+7ry, ar = n—pg, and
b = di — pr. Compute the leading p;. left singular vectors ‘/ﬁk and singular values sy, 1, ..., 5k p,
of Yy, and set R

Cy, = @, diag{wy,(5x,1), - - -, Wk (Skpy )}

where wy(+) is defined in (12)).
e Form the corrected intersection. Construct the centered Gram matrix

G — Cil—Cl — CL102Ip1 CICQ
CQTCl C;CQ — a2021p2 ’

Let Q1 and Q2 denote the two row blocks of an orthonormal basis for the invariant subspace
associated with the r eigenvalues of G nearest zero.

e Combine the two views. With oy, = 72 /(¥? +13), form

M = 01C1Q1 — a2C2Qs.

e Output. Return the projector Ppegt = Peoi(ary-

We therefore subtract this common leakage contribution from the within-view Gram blocks and

define
G — (C’lTCl — (I10'2Ip1 CFCQ >

C;Cl C;—CQ — a202Ip2 <14)

After this correction, G is intended to approximate the Gram matrix obtained by retaining only the
components of C; and C5 inside their population signal spaces. The latter has an r-dimensional
nullspace corresponding to the shared subspace.

Let Q = (Q],Qq)" € R(P1+P2)%X" have orthonormal columns spanning the invariant subspace
associated with the r eigenvalues of G nearest zero, where Qp € RPxX",

Combining views of unequal strength. To account for unequal signal strengths, we follow
the weighted aggregation used in prior work on shared-subspace estimation (Baharav et al., [2025;
Li and Lyul 2025). Specifically, we set

2
M = CvlClQl — OéQCQQQ S Rnxr) where Q= Z’Yk 3 k= 1,2. (15)
"t

Thus the stronger view contributes more to the reconstruction. Define J := diag(a11l,,, —aalp,),
so that the BCSI reconstruction can be written as M = CJQ. Finally, define Pacst = Peoi(ar)-
3 Statistical guarantees

3.1 Upper bound
We first state the performance guarantee for BCSI.



Theorem 1. For k = 1,2, suppose that pr < (n A dk)/3. If Amin > voy/n for some sufficiently
large constant v, then the BCSI estimator obeys

EHﬁBCSI—PM
op
< Cmin {1, Y0 O/ ET oy (AT o?/elr (0 V) (16)
’Ymax “Ymin Ymin \/é ’ymin(9

for some universal constant C' > 0.

Comparison with AJIVE. Consider the homogeneous two-view regime with v, < v < v and
r < rq X ro. Specializing the recent high-probability bound for equal-weight AJIVE in [Li and Lyu
(2025)) to this setting and suppressing logarithmic factors gives

2 2
AJIVE: IV L an pest: IV ovr ovnr

and

¥ fy\f ' ¥ mf 726

The main difference is the quadratic term: bias correction improves this term by a factor \/T/T
This gain is most consequential when 6 is small, as the quadratic term can then dominate the
estimation error; we illustrate this regime in the numerical experiments. The BCSI bound also has
sharper rank dependence in the first-order terms.

Signal strength assumption. The condition v, 2 o+/n ensures that the population signal space

M, in each view can be estimated with nontrivial accuracy. The ratio ){—kf = U‘F + Usind is

also the minimax optimal rate for rectangular column-space estimation (Cai and Zhang, 2018 Cai
et al., 2021)). This condition is natural for BCSI, which first estimates each signal space before
estimating their intersection. It should not be interpreted as a necessary condition for estimating
the shared subspace; see

No condition-number dependence. An important feature of is that the bound
depends only on the smallest signal scale through ~; and 9. It imposes no upper bound on the
singular values of X1 or X5, and hence no condition-number assumption on either signal matrix.
This differs from existing analyses of AJIVE (Yang and Mal 2025; [Li and Lyu, 2025) that require
the signal matrices to be well-conditioned.

3.2 Lower bound and minimax optimality

To determine whether the dependence in |(16)|is unavoidable, we consider the full class of signals
satisfying the same rank, strength, and separation conditions. For fixed s1,s80 > 0, r,7r1,70 > 1,
and 0 € (0,1/2], define
P = {(U,Vl,VQ,Bl,BQ) U eR™, Vj, € RV,
[Uv Vk’] € St(n7pk)> By € dexpkv Opy, (Bk) > sk, k=12,
IVi" Vallop <126} (17)



Theorem 2. For k = 1,2, suppose that pr < (n A dk)/3. If Amin > voy/n for some sufficiently
large constant v, then

inf sup IEH13—UUT
P (UVi,Vo,B1,B)cp

> cmin {17 ov/n N oy\/T+ (r1 Arg) N 02\/n{r+ (r1 /\rg)}} (18)

“max Ymin \/é 'anin 0

op

for some universal constant ¢ > 0.

When r < r < r2E| and |2| match up to numerical constants and yield the three-
term rate in Thus, in the signal-strength regime considered here, the #-independent term, the

6~1/2 term, and the ! second-order term are all intrinsic. For highly unbalanced view-specific
ranks, a gap remains in the rank dependence: the upper bound depends on the larger individual
rank, whereas the lower bound depends on the smaller one r; A rs.

Comparison with existing lower bounds. The closest prior information-theoretic result is
the refined minimax lower bound of Yang and Ma| (2025, Theorem 5). Their result considers a
homogeneous K-view model with a common column dimension and signal strength and with equal
shared and view-specific ranks. Specializing their bound to K = 2, and writing s for the common
signal strength and d for the common column dimension, gives, up to numerical constants,

ov/n N oy\r 52

where

v A ’Y:\/s2+d02'

Thus the prior lower bound captures the ambient and 8~1/2 difficulties, including the rectangular-
matrix effect encoded by the effective strength ~. Our result recovers these scales while allowing
unequal view dimensions, effective strengths, and view-specific ranks, and additionally identifies

the 6~ obstruction 02\2/57 in the balanced-rank regime.

The proof of is technically involved in general ranks, but the three statistical ob-
structions are already visible when r = r; = ro = 1. We therefore use the rank-one case to explain
where the three terms come from. The general principle behind the lower bound is to choose the
shared direction u, the individual directions v;, v2, and the right loadings so that two or more signal

instances have well-separated shared directions but nearly indistinguishable observation laws.

Understanding the #-independent term. For the first term, suppose that the individual
directions v1 and vy are fixed and are even revealed to the estimator. We then vary only the shared
direction u inside span{vy, vg}L, a space whose dimension is of order n. There is no difficulty here
in deciding which directions are shared and which are individual: the only task is to locate u from
two noisy views. Since both views change with w, their information adds, giving the combined
effective strength /77 + 75 X Ymax. Packing the possible shared directions over an n-dimensional

oy/n _ oyn

2,2
0% +’Y2 Ymax
the individual directions are already known. It represents the unavoidable cost of estimating the
shared direction itself. The proof follows a similar strategy in the single-matrix subspace estimation
literature (Cai et al., [2021)).

space therefore gives the lower-bound scale . This term is independent of # because

n fact, the upper and lower bounds match in a broader setting when 7 + (r1 V r2) < r 4 (r1 A 72).



Understanding the 1/ V0 term. The second construction isolates a different difficulty: even
if the signal space of one view is perfectly known, its decomposition into shared and individual
directions is not. Suppose without loss of generality that «; > 72, so that View 2 is the weaker
view. Fix orthonormal vectors ey, es, zg € R™. Take e to be the shared direction and es to be the
individual direction in View 1, so that its signal space is the fixed plane span{e;,es}.

To vary this decomposition without changing the first-view signal space, rotate the shared and
individual directions inside the same plane by an angle ¢:

u; = cos(t)e; + sin(t)es, v1 = —sin(t)e; + cos(t)es. (19)

Since [u¢,v1,] is merely a rotation of (e, es], the first-view signal matrix can be chosen to be
exactly the same for every ¢ and may therefore be revealed. For View 2, define

Vot = (1 — 29)’01,1& + 2 9(1 — 9) 20.

Then UI U2t = 1 —20, so every t satisfies the prescribed separation condition. Thus all information
about the unknown rotation ¢ must come from View 2.

When 0 is small, vy, is nearly aligned with vi;. As t changes, the shared direction u; and
the individual direction vy ; therefore rotate almost coherently. The component that distinguishes
different values of ¢ lies in the fixed direction 2o and has size of order v/#. Consequently, View 2

e . o _ _ o .
can distinguish rotations only at the scale b=y P~/ Thus the second term is the cost of

identifying which direction inside an otherwise known signal plane is shared.

Understanding the 1/6 term. The third construction starts from exactly the same family and
makes only one change: the fixed direction zg that helps View 2 resolve the rotation is now replaced
by an unknown direction z € span{ey,es}*:

vat, = (1 —20)v1 ¢ +2+/0(1 —0)z.

For each fixed ¢, we randomize z over an (n—2)-dimensional family. This changes only the individual
direction in View 2 and leaves the target usu, fixed. The unknown parameter of interest is still the
same scalar rotation ¢, but the reference direction that helped reveal this rotation in the preceding
construction is now itself hidden.

With the fixed zg, View 2 can compare the rotating signal plane against a known direction out-
side that plane. After zg is replaced by the hidden direction z, this reference must itself be learned
from the data. Averaging over the high-dimensional nuisance direction removes the first-order di-
rectional information available in the preceding construction. View 2 must now simultaneously infer
the hidden direction and determine the rotation ¢, leaving only a second-order amount of informa-

tion about the latter. Hiding z in a space whose dimension is of order n leads to indistinguishable
o’/n _ o?\/n
’Y%o o 7r2nin97

rotations of size which gives the third lower-bound term.

4 Numerical experiments

In this section, we use synthetic and real data to compare BCSI with AJIVE.

4.1 Synthetic data

Data-generating process. We consider the model with dy =ds =n,c =1, and r=ry =ry =
1. Thus each signal matrix has rank two, with one shared direction and one view-specific direction.

10



Let ey, ez, e3 be the first three standard basis vectors in R™. Set the signal strength s,, = n2/3 and

”_41/3. We take the shared direction to be u = e; and define

U1:\/1—9n€2+\/%63, 02:\/1—0n€2—me3.

Then the two signal matrices and observations are generated according to

the separation parameter 6,, =

B 1 (1 =1\ (sn O - B B
Xk_[uavk]\/i(l 1><0 2511) [61’62] ) Yk_Xk+Ek’ k_1727

where the entries of E;y and F» are mutually independent standard Gaussian random variables.
The 2 x 2 matrix in this display rotates w and vy by 45°. Consequently, the left singular vectors of
X, are (u+wv;)/v2 and (—u+wg)/+/2, with singular values s,, and 2s,,. Moreover, v{ vy = 1—26,,
so the two view-specific subspaces become more closely aligned as n increases. The rotation ensures
that the shared and view-specific directions are not themselves singular vectors, allowing unequal
leakage from the two empirical singular directions to bias the intersection estimated by AJIVE.
Under this scaling, the leading term in the BCSI rate decreases as n~!/%, whereas the quadratic
bias scale for AJIVE remains constant.

Estimators being compared. We compare four procedures. The first is AJIVE, obtained from
the leading rank-one eigenspace of the sum of the two empirical rank-two signal-space projectors.
The second is Expected AJIVE: at each value of n, we average the final rank-one AJIVE projectors
across Monte Carlo replications and take the leading eigenspace of this average. Expected AJIVE
is included as a diagnostic for systematic bias and is not an estimator computed from a single
dataset. The third procedure is oracle BCSI, which uses the true noise level and the true effective
signal strength v, = s2/+/s2 +n. The fourth is estimated-parameter BCSI, which estimates the
noise level from the pooled rank-two residual energy and estimates the smallest signal singular value
separately in each view. All data-dependent procedures use marginal rank two and joint rank one.

Experimental results. [Figure 1| shows that the errors of both AJIVE and Expected AJIVE
remain nearly constant as the dimension increases. The persistence of the Expected-AJIVE error
indicates that this behavior is caused by systematic bias rather than only by random fluctuations.
In contrast, the BCSI error decreases with the dimension and closely follows the predicted n—1/6
behavior. The oracle and estimated-parameter BCSI curves are nearly indistinguishable, indicating
that estimating the required parameters has little effect in this experiment. The results therefore
support the claim that correcting the direction-dependent leakage removes the persistent error
suffered by AJIVE in this regime.

4.2 Real data

Data and scientific question. We apply AJIVE and BCSI to the Nutrimouse data (Martin
et al.l 2007). The data contain gene-expression measurements for 120 genes and concentrations
of 21 liver fatty acids from the same 40 mice. The mice belong to two genotypes and five diet
groups, with four mice in each genotype-by-diet group. Previous analyses of these data suggest
that genotype is represented in the variation shared by the gene-expression and lipid views, whereas
diet is primarily represented in the lipid-specific variation (Yuan et al., [2022; Sergazinov et al.,
2026). We therefore examine whether the estimated joint subspace retains variation associated
with genotype while excluding variation associated with diet.
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Figure 1: Comparison of AJIVE and BCSI as the dimension increases. The points for AJIVE and
BCSI are mean projector errors, and the error bars are +2 Monte Carlo standard errors. Expected
AJIVE is the leading eigenspace of the Monte Carlo mean of the final AJIVE projectors. Oracle
BCSI uses the true noise level and effective signal strength, whereas estimated-parameter BCSI

estimates them from the data. The dashed line is an n~1/6 reference.

Estimators and rank selection. We center and standardize every feature and then normalize
each view by its estimated residual noise level. We use marginal rank p; = 3 for gene expression and
p2 = 4 for lipids. These ranks were used in the earlier Nutrimouse analysis of |[Yuan et al.| (2022]).
Sergazinov et al.| (2026) observed that they agree with the elbows of the two scree plots and give
clearer spectral separation than the larger ranks selected by an automatic singular-value threshold.
With these marginal ranks, AJIVE selects joint rank » = 2. We supply the same marginal and
joint ranks to AJIVE and BCSI, so the comparison concerns the estimated joint subspaces rather
than differences in rank selection. AJIVE is computed from the two empirical marginal subspaces.
BCSI uses the same empirical marginal subspaces but applies the proposed leakage correction, with
the noise level and signal strengths estimated from the data.

Evaluation and uncertainty. For each estimated joint subspace, we measure the fraction of its
score variation explained by genotype and by diet. This quantity is one minus the SWISS criterion
of (Cabanski et al.|(2010). A larger genotype association indicates that the joint scores retain more
of the factor expected to be shared, whereas a smaller diet association indicates that they retain
less of the factor expected to be view-specific. The genotype and diet labels are used only for this
evaluation and do not enter either estimator. To assess uncertainty, we use 2,000 paired bootstrap
refits. Within each bootstrap replication, we sample four mice with replacement from each of the
ten genotype-by-diet groups. Each mouse is resampled together with both of its data views, and
AJIVE and BCSI are fitted to the same resampled dataset. This preserves the paired multi-view
structure and the size of every experimental group. We form 95% percentile intervals from the
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Figure 2: Matched-rank AJIVE and BCSI on the Nutrimouse data. Panel (a) reports the association
of the estimated joint scores with genotype and diet. The error bars are 95% percentile intervals
from 2,000 paired bootstrap refits. Panel (b) reports the paired differences, with positive values
favoring BCSI. For genotype, the difference is BCSI minus AJIVE; for diet, it is AJIVE minus
BCSI.

bootstrap distributions of the individual metrics and their paired differences.

Interpretation of the results. shows that the joint scores estimated by AJIVE and
BCSI have essentially the same association with genotype, and the paired bootstrap interval does
not indicate a meaningful difference between the methods. In contrast, the BCSI joint scores have
a weaker association with diet, and the paired bootstrap interval favors BCSI. This suggests that
BCSI removes more variation associated with the view-specific factor without a corresponding loss
of variation associated with the shared factor.

5 Analysis of BCSI

We now develop the main ingredients for analyzing BCSI. Throughout this section, we view the
corrected Gram matrix as a perturbation of a signal-only Gram matrix that encodes the shared
subspace.

For each view k = 1,2, decompose the bias-corrected empirical factor into its component inside
the corresponding signal space and its orthogonal leakage:

Cy =S+ Ly, S, = PMka, L, = PMIJJCk (20)

Here S} is the part of the bias-corrected empirical factor that remains inside the population signal
space, whereas Ly records its leakage into the orthogonal complement.

With C = [Cy,C3), S = [S1,S2], L == [L1, Ls], and D, := diag(a10°I,,,a20?1I,,), the bias-
corrected Gram matrix in admits the exact decomposition

G=S'S+S'L+L'S+(L'L-D,). (21)
—— ~
= GO = A
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Thus the natural oracle matrix is Go = ST S. The first two terms in A are linear in the leakage,
while LT L — D, is the centered quadratic leakage. This decomposition makes precise the role of
the bias correction: the weighting makes L' L close to the common leakage level D, which is then
subtracted so that G is close to the signal-only Gram matrix Gy.

Proof roadmap. The proof proceeds in four steps. First, we show that the oracle matrix Gy =
ST S has an r-dimensional nullspace that exactly encodes the shared subspace, and that its positive
spectrum is separated from zero by a gap of order yfnm& Second, we develop a relative perturbation
bound showing that the r eigenvectors Q of G = Gy + A nearest zero approximately satisfy the
oracle nullspace relation, i.e., ||SQ]| op is small. Third, we translate this approximate relation into
an error bound for the reconstructed shared subspace and decompose the error into a leading term
linear in the leakage and a higher-order remainder. Finally, the stochastic analysis controls these
leakage terms, verifies the relative perturbation condition, and yields the rate in The
first three steps are developed in and the final step in proofs of the main

auxiliary results are deferred to the appendix.

5.1 Deterministic analysis
Fix a sufficiently small numerical constant cepp, > 0 and define

2

Eemb = m {Umin(sk) > Cemb’)/k} . (22)
k=1

On this event, each Sy has full column rank and therefore col(Sy) = My. We work under this
deterministic condition throughout the next several arguments; its probability is controlled later.
5.1.1 Oracle geometry

Since BCSI selects the eigenvectors of G nearest zero, we first understand the nullspace of the
oracle matrix Gy = ST S. This oracle matrix should have an r-dimensional nullspace encoding the
coefficient relations that produce the shared subspace. To exhibit these relations, define

Siu
L= e RP1tp2)xr
o~ ()

Lemma 1. On Epp,
ker(Go) = ker(.S), dimker(Gp) = r.

Moreowver,
5Q. =0, SJQ,.=U, (23)
and
Mrin(Go) > 265, Vminf. (24)

Thus the nullspace of G consists exactly of the coefficient relations that reconstruct the shared
subspace, while |(24)| separates this nullspace from the positive spectrum. These are the two prop-
erties needed to analyze the perturbed near-zero eigenspace of G.
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5.1.2 Perturbation of the nullspace

The standard Davis—Kahan argument tells us that if the perturbation size ||Al| op 18 small, then
the near-zero eigenspace of G = Gy + A stays close to the oracle nullspace ker(Gy). However,
this does not suffice for two reasons. First, by the oracle nullspace ker(Gy) = ker(S)
exactly encodes the coefficient relations that produce the shared subspace. Thus what matters
for reconstruction is not the Euclidean distance between the two coefficient spaces, but how well
the empirical eigenspace continues to satisfy the oracle relation, as measured by ||SQ|| op- Second,
a perturbation bound based only on [|A[,, is too crude. Indeed, the linear part of A contains
STL + L"S, whose operator norm can scale with the largest singular value of S. Such a bound
would therefore introduce an unnecessary upper signal scale, even though perturbations along
stronger signal directions are accompanied by correspondingly larger eigenvalues of Gy.

To address these two issues, we use the following self-contained deterministic perturbation result.
Let d > 2, let Gy € R¥ 4 be symmetric and positive semidefinite, and let A € R*? be symmetric.
Set G = Gy + A and define

Ago = Pker(Go)APker(G’o)a

Aso = (G)V2APeiay, (25)
A= (G$)1/2A(GJ(F))1/2-

These three matrices describe the perturbation relative to the decomposition ker(Go) @ ker(Gp)*,
after scaling the positive-eigenvalue directions by (G(T))l/ 2. Specifically, Ago acts within the oracle
nullspace, Ao maps the oracle nullspace into its orthogonal complement, and A, acts within
that orthogonal complement.

Define the perturbation size ea = [|Aqol|,,, + 2 ”A+0||(2)p.

Lemma 2. Assume that dimker(Go) = r for some 1 <r <d, and G = Gy + A with

1 1
||A++Hop S Z7 EA S EA$1n(GO)

Then G has exactly r eigenvalues in [—ea,ea], while all remaining eigenvalues exceed 4en. If
Q € St(d,r) spans the invariant subspace associated with these r eigenvalues, then

|ei*Q| <2lal,. (26)

In our application, d = p; + pp and Gy = S'TS. Hence SQ and G(l]/2Q have the same Gram
matrix, so gives
1/2
5@l = [&5"@| < 2l1a.l.,. (27)

Moreover, S PG, = 0. Consequently, the linear leakage terms in A vanish from Agp, leaving
only the centered quadratic leakage.
We therefore define the good event

1 1
ggood = gemb N {”A++Hop < Z? ||A00”0p +2 HAJrOH(Q)p < 8cgmb712nin0} : (28)

By |Lemma 1| and |(24)| the conditions of hold on &g0q. Therefore, the invariant subspace
of G identified in is precisely the near-zero eigenspace selected by BCSI and satisfies
Since the oracle relation is SQ, = 0, this bound shows that the empirical eigenvectors
approximately satisfy the same nullspace relation.
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5.1.3 From the near-zero eigenspace perturbation to subspace error

We now translate the bound on [|SQ||op into a bound on the error of the estimated shared subspace.
The orthonormal normalization of @ is natural for the eigenspace problem, whereas Qy is a basis
of the oracle nullspace normalized so that SJQ, = U. Even when @ spans the exact oracle kernel,
SJQ need only equal U up to an invertible right factor. We remove this arbitrary factor before
measuring subspace error.

Recall that M = CJQ. On &Eguoa, U'M is invertible (see . Define M =
M (U T M)~'. This right transformation does not change the estimated column space, while U T M =
I,.. Consequently,

HﬁBCSI - Py

< HPMLM (29)
op

op
We next decompose the right-hand side into its leading and higher-order terms. To state the

decomposition, define the following linear map. Every & € M + Ms has a unique representation
x =Ua+ Viby + Voby. Define T : R® — R” by

Tz = a1 Viby — asVoby for @ € My + Mo, Tz =0 forxec (M;+ MQ)J_. (30)
Lemma 3. On Eyo0q, the error has the decomposition
P, M = (LJ — TL)Q, + Rem, (31)

where the higher-order remainder satisfies

1
Rem <
IRem,, <

min

[HLT L-D,| +{VO L]y, +||Peois)Ell,, + [1A10,, } ||A+ouop} (32)

op

The two leading terms in|(31)|are linear in the leakage L, while Rem contains only second- and
higher-order terms. The stochastic analysis controls these terms separately.

5.2 Stochastic analysis

The deterministic analysis reduces the proof to controlling the first-order term in the remainder
in and the probability of Egpoa-

The main probabilistic input is the following one-view result, which quantifies both the size and
the centered quadratic fluctuation of the weighted leakageE]

Lemma 4. Fiz k € {1,2}. Suppose that p < (n Adg)/3 and that v, > voy/n for a sufficiently
large constant v. Then there exists an event &y such that owmin(Sk) > Cembyie 0on & and P(EF) <

o2 /mpr/vi. Moreover,

T 2
HLk Ly — ayo®l,,

o SOVaRDE Lk o S 0/ (33)

The lemma can be viewed as a nonasymptotic counterpart of singular-vector overlap results
from spiked random matrix theory. Classical rectangular spiked-matrix theory characterizes outlier
singular values and singular-vector overlaps in the fixed-rank asymptotic regime (Benaych-Georges
and Nadakuditi, [2012; |Gavish and Donoho, |2017; |Bao et al., [2021). More recent work permits the
signal rank to grow with the matrix dimensions, including sublinear- and proportional-rank regimes
(Liu et al., |2025; Landau et al., 2023; |Shmalo|, [2026). These results are mainly asymptotic. The

2The results hold for general moments. We use ¢ = 32 throughout for concreteness and to simplify notation.

16



purpose of is different. It gives finite-sample moment control of the full, data-dependently
weighted leakage Gram that enters the analysis of BCSI. This conclusion is obtained under the
comparatively strong signal-strength condition 75 > voy/n. Thus the lemma is complementary to
the existing asymptotic theory. To our knowledge, this particular finite-sample estimate has not
appeared previously.

For BCSI, this result provides the finite-sample justification for subtracting akangk from the
within-view Gram blocks. Together with the rotational invariance of Gaussian noise, it also supplies
the probabilistic input needed to control the linear and higher-order leakage terms. We defer these
probabilistic calculations to the appendix and record their consequences below.

Lemma 5. Under the assumptions of [Theorem 1|, suppose in addition that the sum of the four
rate terms on the right-hand side of |(16), before truncation at 1, is at most a sufficiently small
numerical constant. Then

oyn  oyritry | o\/r+(rnAr)
Bl [T = TE)Qu[ ] 747 + P2 4 S s, (34)
o?y/n{r +(r1 Vr)}
B [16,. [Remi, | £ TV 0l 34b)
\/— 2
P(Eg) § TV 4 P ECLAT) L) gy
“Ymin Ymin Yinin

Completing the proof of Combining |(29)| and |(31)| with and using

that the distance between two orthogonal projectors is at most one on Egcood, proves when the
untruncated rate is sufficiently small. The remaining case follows from the same trivial bound after
enlarging the universal constant.

6 Discussion

We propose a bias-corrected subspace intersection estimator (BCSI) for the shared subspace in
the two-view JIVE model with Gaussian noise and establish its statistical theory. In the regime
Ymin 2, 04/n and with comparable shared and view-specific ranks, BCSI attains the minimax rate
and identifies the distinct first- and second-order difficulties in estimating the shared subspace. The
theory also points to several unresolved questions, which we discuss below.

What happens when the ranks are unbalanced? The upper and lower bounds match when
r+ (r1 Vre) < r+ (r1 Ara), but a gap remains when the two individual ranks are substantially
different. The upper bound contains terms that depend on the larger individual rank, whereas the
corresponding terms in the lower bound depend only on the smaller individual rank. The principal-
angle decomposition suggests that the rank dependence in the upper bound may not be sharp: the
blocks for the r1 A ro paired directions can have smallest eigenvalues of order 6, while each of the
remaining |r; — 72| unpaired directions has eigenvalue 1. The dependence on the larger rank may
come from controlling the leakage globally rather than separately over these two types of directions.
An upper-bound proof that controls the two types of principal-angle blocks separately, or a lower-
bound construction that captures the second-order contribution of the unpaired directions, may
sharpen the rank dependence.
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How strong must the weaker view be? The condition vy = o4/n is natural for BCSI
because its construction requires the empirical factor in each view to retain all population signal
directions. Thus the signal strength must be large enough for both empirical factors to be reliable.
The rate itself suggests that the two views play different roles: the stronger view estimates the
shared subspace in R", as reflected by the term involving ymax, whereas the weaker view determines
which directions within the stronger signal space are shared, as reflected by the terms involving
Ymin- LThe weaker view might identify the shared subspace through part of its signal even when it
cannot recover its entire signal space. The present parameter class does not cover this possibility,
but the rate still distinguishes between estimating the shared subspace in R"™ and separating the
shared directions from the individual directions. A full characterization below the current signal
threshold would be an interesting next step.

Beyond Gaussian noise. The present finite-sample analysis uses the Gaussian model in two
essential ways. First, the one-view leakage isometry relies on the precise behavior of rectangular
Gaussian spiked matrices. Second, rotational invariance allows the leakage directions to be sym-
metrized by an independent Haar rotation, which converts operator-norm bounds that depend on n
into bounds that depend on the ranks for the linear leakage terms. The basic bias-correction prin-
ciple may extend beyond Gaussian noise, but the appropriate correction need not remain a scalar
multiple of the identity. Under heteroskedastic, correlated, or anisotropic noise, different directions
can have different population leakage even after singular-value rescaling. In such settings, one may
need to estimate and subtract a non-scalar leakage operator.

More than two views. With multiple views, the oracle coefficient relations form a higher-
dimensional nullspace of a block Gram matrix, and the optimal reconstruction must account for
both the signal strengths of the views and the geometry of their individual subspaces. Additional
views may improve estimation of the shared subspace in R"™, but it is less clear how they change
the error from separating shared and individual directions or the second-order term caused by the
individual subspaces. Determining the minimax rate as a function of the number of views, their
strengths, and the alignment of their individual subspaces would provide a more complete theory
for heterogeneous multi-view integration.

Use of AI

During the preparation of this manuscript, the authors used GPT 5.6 Sol to assist with paper
editing, formatting, code writing, and proof writing. All its suggestions were reviewed and re-
vised by the authors, who take full responsibility for the manuscript. The authors have also used
GPT 5.6 Sol to formalize the theoretical results in this paper using Lean 4.
Acknowledgement

C.M. was partially supported by the National Science Foundation via the CAREER Award DMS-
2443867.

References

Joshua Agterberg. Statistically and computationally optimal estimation and inference of common
subspaces. arXiv preprint arXiv:2606.06483, 2026. URL https://arxiv.org/abs/2606.06483.

18


https://arxiv.org/abs/2606.06483

Tavor Z Baharav, Phillip B Nicol, Rafael A Irizarry, and Rong Ma. Stacked SVD or SVD stacked?
A random matrix theory perspective on data integration. arXiv preprint arXiv:2507.22170, 2025.

Jinho Baik, Gérard Ben Arous, and Sandrine Péché. Phase transition of the largest eigenvalue for
nonnull complex sample covariance matrices. The Annals of Probability, 33(5):1643-1697, 2005.
ISSN 00911798. URL http://www.jstor.org/stable/3481698.

Zhigang Bao, Xiucai Ding, and Ke Wang. Singular vector and singular subspace distribution
for the matrix denoising model. The Annals of Statistics, 49(1):370-392, 2021. doi: 10.1214/
20- A0S1960.

Florent Benaych-Georges and Raj Rao Nadakuditi. The singular values and vectors of low rank
perturbations of large rectangular random matrices. Journal of Multivariate Analysis, 111:120—
135, 2012.

Christopher R. Cabanski, Yuan Qi, Xiaoying Yin, Eric Bair, Michele C. Hayward, Cheng Fan,
Jianying Li, Matthew D. Wilkerson, J. S. Marron, Charles M. Perou, and D. Neil Hayes. SWISS

MADE: Standardized Withln class sum of squares to evaluate methodologies and dataset ele-
ments. PLOS ONE, 5(3):¢9905, 2010. doi: 10.1371/journal.pone.0009905.

Changxiao Cai, Gen Li, Yuejie Chi, H. Vincent Poor, and Yuxin Chen. Subspace estimation from
unbalanced and incomplete data matrices: /5 statistical guarantees. The Annals of Statistics,
49(2):944-967, 2021. ISSN 0090-5364. doi: 10.1214/20-20s1986.

T. Tony Cai and Anru Zhang. Rate-optimal perturbation bounds for singular subspaces with
applications to high-dimensional statistics. The Annals of Statistics, 46(1):60-89, 2018. ISSN
0090-5364. doi: 10.1214/17-A0S1541. URL https://doi.org/10.1214/17-A0S1541.

Qing Feng, Meilei Jiang, Jan Hannig, and JS Marron. Angle-based joint and individual variation
explained. Journal of Multivariate Analysis, 166:241-265, 2018.

Matan Gavish and David L Donoho. Optimal shrinkage of singular values. IEEE Transactions on
Information Theory, 63(4):2137-2152, 2017.

Irina Gaynanova and Gen Li. Structural learning and integrative decomposition of multi-view data.
Biometrics, 75(4):1121-1132, 2019.

Yu Gui, Cong Ma, and Zongming Ma. Indiseek learns information-guided disentangled representa-
tions. arXiw preprint arXiw:2509.21584, 2025.

Tain M Johnstone. On the distribution of the largest eigenvalue in principal components analysis.
The Annals of Statistics, 29(2):295-327, 2001.

Itamar D. Landau, Gabriel C. Mel, and Surya Ganguli. Singular vectors of sums of rectangular
random matrices and optimal estimators of high-rank signals: The extensive spike model. Physical
Review E, 108:054129, 2023. doi: 10.1103/PhysRevE.108.054129.

Jingyang Li and Zhongyuan Lyu. Spectral joint subspace estimation for heterogeneous multi-view
data: Geometry and reweighting. arXiv preprint arXiv:2512.02866, 2025.

Xiaoyu Liu, Yiming Liu, Guangming Pan, Lingyue Zhang, and Zhixiang Zhang. Asymptotic lim-
its of spiked eigenvalues and eigenvectors of signal-plus-noise matrices with weak signals and
heteroskedastic noise. Bernoulli, 31(3):2351-2376, 2025. doi: 10.3150/24-BEJ1808.

19


http://www.jstor.org/stable/3481698
https://doi.org/10.1214/17-AOS1541

Eric F Lock, Katherine A Hoadley, James Stephen Marron, and Andrew B Nobel. Joint and
individual variation explained (JIVE) for integrated analysis of multiple data types. The Annals
of Applied Statistics, 7(1):523-542, 2013.

Zhengchi Ma and Rong Ma. Optimal estimation of shared singular subspaces across multiple noisy
matrices. IEEE Transactions on Information Theory, 2026.

Olivier Marchal and Julyan Arbel. On the sub-gaussianity of the beta and dirichlet distributions.
Electronic Communications in Probability, 22(54):1-14, 2017. doi: 10.1214/17-ECP92.

Pascal G. P. Martin, Hervé Guillou, Frédéric Lasserre, Sébastien Déjean, Annaig Lan, Jean-Marc
Pascussi, Magali SanCristobal, Philippe Legrand, Philippe Besse, and Thierry Pineau. Novel
aspects of PPARa-mediated regulation of lipid and xenobiotic metabolism revealed through a
nutrigenomic study. Hepatology, 45(3):767-777, 2007. doi: 10.1002/hep.21510.

Raphiel J. Murden, Zhengwu Zhang, Ying Guo, and Benjamin B. Risk. Interpretive JIVE: Connec-
tions with CCA and an application to brain connectivity. Frontiers in Neuroscience, 16:969510,
2022. doi: 10.3389/fnins.2022.969510.

Raphiel J. Murden, Ganzhong Tian, Deqgiang Qiu, Benjamin B. Risk, and Alzheimer’s Disease
Neuroimaging Initiative. Probabilistic joint and individual variation explained (ProJIVE) for data
integration. Journal of Computational and Graphical Statistics, 2026. doi: 10.1080/10618600.
2026.2639081. Advance online publication.

Raj Rao Nadakuditi. Optshrink: An algorithm for improved low-rank signal matrix denoising by
optimal, data-driven singular value shrinkage. IEEE Transactions on Information Theory, 60(5):
3002-3018, 2014.

Debashis Paul. Asymptotics of sample eigenstructure for a large dimensional spiked covariance
model. Statistica Sinica, 17(4):1617-1642, 2007.

Jack Prothero, Meilei Jiang, Jan Hannig, Quoc Tran-Dinh, Andrew Ackerman, and JS Mar-
ron. Data integration via analysis of subspaces (DIVAS). TEST, 33:1-42, 2024. doi:
10.1007 /s11749-024-00923-z.

R Sergazinov, A Taeb, and I Gaynanova. A spectral framework for multi-view subspace learning
using the product of projections. Biometrika, 113(2):asaf088, 2026.

Naichen Shi, Raed Al Kontar, and Salar Fattahi. Heterogeneous matrix factorization: When
features differ by datasets. arXiv preprint arXiv:2305.177/4, 2023.

Yitzchak Shmalo. Mesoscopic rectangular spikes under subspace local laws: Outlier values and
singular subspaces. arXiv preprint arXiv:2608.19594, 2026.

Runshi Tang, Ming Yuan, and Anru R. Zhang. Mode-wise principal subspace pursuit and matrix
spiked covariance model. Journal of the Royal Statistical Society Series B: Statistical Methodology,
87(1):232-255, 2025. doi: 10.1093/jrsssb/qkae088. URL https://doi.org/10.1093/jrsssb/
qkae088|

Joel A. Tropp. A comparison principle for functions of a uniformly random subspace. Probability
Theory and Related Fields, 153(3-4):759-769, 2012. doi: 10.1007/s00440-011-0360-9.

20


https://doi.org/10.1093/jrsssb/qkae088
https://doi.org/10.1093/jrsssb/qkae088

Roman Vershynin. Introduction to the non-asymptotic analysis of random matrices. arXiv preprint
arXi:1011.3027, 2010.

Roman Vershynin. High-dimensional probability: An introduction with applications in data science,
volume 47. Cambridge University Press, 2018.

Yuepeng Yang and Cong Ma. Estimating shared subspace with AJIVE: the power and limitation
of multiple data matrices. arXiv preprint arXiw:2501.09336, 2025.

Sangyoon Yi, Raymond Ka Wai Wong, and Irina Gaynanova. Hierarchical nuclear norm penal-
ization for multi-view data integration. Biometrics, 79(4):2933-2946, 2023. doi: 10.1111/biom.
13893.

Changwon Yoon, Minwoo Kim, Sungkyu Jung, and Jeongyoun Ahn. Joint estimation of
high-dimensional spiked covariance matrices via a partially shared subspace. arXiv preprint
arXw:2607.08123, 2026. URL https://arxiv.org/abs/2607.08123.

Dongbang Yuan, Yunfeng Zhang, Shuai Guo, Wenyi Wang, and Irina Gaynanova. Exponential
canonical correlation analysis with orthogonal variation. arXiv preprint arXiv:2208.00048, 2022.

Anru R. Zhang, T. Tony Cai, and Yihong Wu. Heteroskedastic PCA: Algorithm, optimality, and
applications. The Annals of Statistics, 50(1):53-80, 2022. ISSN 00905364, 21688966. URL
https://www. jstor.org/stable/27171694.

Yi Zhao, Lexin Li, and Brian S Caffo. Multimodal neuroimaging data integration and pathway
analysis. Biometrics, 77(3):879-889, 2021.

Guoxu Zhou, Andrzej Cichocki, Yu Zhang, and Danilo P Mandic. Group component analysis
for multiblock data: Common and individual feature extraction. IEEE Transactions on Neural
Networks and Learning Systems, 27(11):2426-2439, 2015.

21


https://arxiv.org/abs/2607.08123
https://www.jstor.org/stable/27171694

A Equivalence of plug-in subspace intersection with AJIVE
Lemma 6. Let &), € St(n, px) for k =1,2, and set q :== p1 N\ p2. Write
&\)I&’Q:Oldiag(gla-'qu)O;? Cl > ZCq ZO,

where Oy € St(p1,q) and Oz € St(p2,q). Suppose (r > Gri1, with (441 = 0.
Let A = [</I\>1,<i>2] € RXitp2) gnd let Q = (Q],QJ)" span its r smallest right singular
directions. Then R R
col(®1Q1 — P2Q2)

1s exactly the leading r-dimensional eigenspace of '/I\)lff';r + @2&’; Hence the empirical subspace-
intersection procedure used in the main text returns the same subspace as two-view AJIVE.

Proof. We first identify the reconstruction from the r smallest right singular directions of A\, and
then show that the resulting directions are exactly the leading AJIVE directions.

Let 01; and 03; denote the ith columns of O; and Os, and set a@; = <I>101 4 and bZ = @2021
Then both vectors have unit norm and ainz = (.

ATA (I o/ b, ’
oD, I,

The Gram matrix of A is

and, for every i < g,

~r ~ 1 01 1 01
ATAi 1,2 > —(1— ) — ( 1,0 > )
V2 <_02,i ( <)\/5 —02;

Since (1 > - -+ > (g and ¢ > (41, these vectors span the r smallest right singular directions of A.
Since only the reconstructed column space matters, we may therefore take Q1 = 21/ 2[0171, e, 01]
and Qo = —2_1/2[02,1, ..., 02|, which gives

CO](&)lQl — $2Q2) — span {&Z +i)\l e=1,... ,7’} .

It remains to identify this span with the leading AJIVE eigenspace. Since @]—E = (;01,; and
@, a; = G0z,
(818 + ®:8] ) (@ +b) = (1+G)(@ +b).

Any unpaired directions have eigenvalue 1. Hence (3 > --- > (; and ¢, > (41 imply that the
leading r-dimensional eigenspace is precisely span{a; + b; : i = 1,...,7}. Thus the two procedures
return the same r-dimensional subspace. ]

B Deterministic ingredients for the upper bound

The deterministic argument proceeds in four stages. We first use the population geometry to
establish curvature of the oracle Gram matrix and to construct the transfer operator that describes
how individual signal directions enter the reconstructed shared subspace. We then apply a relative
perturbation argument to isolate the r-dimensional near-zero eigenspace without imposing an upper
bound on the signal strengths. Since an orthonormal basis of this eigenspace is determined only up
to a right orthogonal factor, the calibration step aligns it with the oracle normalization. Finally,
the calibrated eigenvalue equation separates the subspace error into its linear leakage contribution
and four higher-order remainder terms.
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B.1 Population and oracle geometry
B.1.1 Geometry of the joint signal spaces

The oracle bounds below require a lower bound on the nonzero spectrum of Py, + Parg, and an
upper bound on the trace of its pseudoinverse. Both follow from the principal-angle decomposition
of the two individual signal spaces. Let x; = aj(VlTVg) for j = 1,...,r1 Ary. These singular values
satisfy 1 > x; > 0, and gives x1 <1 —26.

Lemma 7. The operator Py, + Pn, has support My + Mgy and rank v + r1 + ro. Its nonzero
etgenvalues are

2.....2, 145 1—x; 1...,1 . (35)
r times j=1,...,r1Ary |ri—r2| times
Consequently,
/\mm(PM1 + PMQ) > 20, (36)
and riTAT
tr{(PM1+PM2)*},§r+m+r2+ 19 2 (37)
Proof. Define q := 1 A ro. Choose orthonormal principal-vector pairs v11,...,v1,4 € col(V7) and

Va21,...,V2,4 € col(V3) such that
0] 0,5 = x;1{i = j}.
These vectors are obtained from the left and right singular vectors of ‘/IT‘/Q and may be completed

to orthonormal bases of the two individual subspaces.
Since My =U @ col(Vy),

Py, + Py, = 2P+ ViV, + BV,

The operator therefore has eigenvalue 2 on U. For each j < ¢, the principal plane span{v ;,v2;}
is invariant, and
(P, + Py ) (01, £ D2,5) = (14 x5) (91, + D2,5)-

If r{ # ro, the remaining |r; — r3| basis vectors in the larger individual subspace are orthogonal to
the other individual subspace, so each has eigenvalue 1. All the displayed eigenvalues are positive
because y; < 1 —26 < 1 for every j, while the operator vanishes on (Mj + Maz)*. This proves|(35)
and shows that the support is M7 + May. Its rank is therefore r + r1 4+ ro = p1 +p2 — 7.

By X;j < 1—26 for every j. Hence 1 — x; > 26, while 1 > 20 and 2 > 26 because 0 < 1/2.

This proves [(36)]
Finally, summing the reciprocals of the eigenvalues in |(35)| gives

1
tr{(PM1+PM2)T}:;+|r1—r2|+z<1+x : )
J

r1 AT
§*+|r1—r2|—|—q+—,§r+r1+r2+
20 0
Here we used 14 x; > 1,1 — x; > 260, and ¢ = 7 A ro. This proves ]

B.1.2 Geometry of the oracle Gram matrix

Proof of[Lemma 1 The proof has three parts. We first identify the nullspace of the oracle Gram
matrix, then verify the normalization identities for Q,, and finally establish the curvature bound
on the orthogonal complement of the nullspace.
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Nullspace of the oracle Gram. Since Gy = S'S, we have 2"Gyz = ||Sz|3, and hence
ker(Gp) = ker(S). On Egmp, col(S) = My + Ma. Since M1 N Mao = U, we have rank(S) =
dim(M; + Msg) = p1 + p2 —r. As S has p; + p2 columns, rank—nullity gives dimker(Gy) =
dimker(S) =r.

Proof of Next consider Q.. Since U C col(S)), we have SkS;LU = U for k =
Therefore SQ, = 0 and SJQ, = (a1 + a2)U = U, proving |(23)|

Proof of [(24)l It remains to lower-bound the positive spectrum of Gy. On Eepy,, col(Sk) = My
and omin(Sk) > CembYk = CembYmin- Lhus, for every & € R™,

z' SpSi @ = Sk Prall3 > (CombVmin) | Pag 3,

and hence
SST (Cemb'}/mln) (P./\/ll + PMg)' (38)

Since Go = S'S and SST have the same nonzero eigenvalues, and yield

A$III(G0) = AIIIH(SST) > 2Cemb7m1n9
which proves [(24)|
The nullspace calculation, and the curvature bound therefore establish all three claims in
This completes the proof. O

B.1.3 Population norm bounds

We collect several consequences of the oracle geometry that will be used repeatedly in the proba-
bilistic analysis. Write

Pmin = p1 Ap2 =1+ (11 A1T2), Pmax =Dp1 VP2 =71+ (r; Vra).

Lemma 8. For k=1,2, define Ry == SZU € RPeXT . On Eemp, the following bounds hold.

1 N
R —, Ry Y, k=12 39a
I Rillop <~ I Rille < 2 (392)
Hs((;g)l/2 LSt HS(GI))”QHF = Vp1+ P2 — 7 < /P (39D)
T 1/2 < 1 -i- 1/2 pmln
[CE (s — l@h| < — ( Y ) (39¢)

Proof. For on Eemp we have col(Sy) = Mg, U C My, and opin(Sk) > Cembyk. Hence
IR llop < [IS}]lop S 74 'y and the Frobenius bound follows from rank(Ry) < 7.

For |(39b)| observe that
(S(G1)'?) ' S(G)'* = (G))/*Go(GY* = I - Priay.

By [Lemma, 1|7 rank(Per(g,)) = 7, and therefore rank(I— Pier(Gy)) = P1+p2— 7. This proves (39b )l
For (G’g)l/2 in|(39¢), we have H GJf 1/2H A (Gy). This together with [Lemma 1|yields

min

~

the operator norm bound. To control the Frobenlus norm, observe that, on Egmp, both SST and
Py, + Py, have support My + Msy. We may therefore restrict |(38) to this common support,
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where both operators are positive definite, and invert the inequality. Extending the inverses by
zero on (My + Ms)t gives

1
(SST)T = ﬁ(PMl + PMz)T'

Comb Tmin

Since Gg = STS and SST have the same nonzero eigenvalues, now yields

|| = weh) = wissh

1 A 1 '
< <r+r1+r2+” Tz)g : (r1+r2+pmm>.
. 7 . 7
min min

The last inequality uses pmin = 7+ (r1 Arg) and 6 < 1/2. Taking square roots and using \/z + y <
VZ 4+ /y proves the Frobenius bound in |(39c) O
B.2 Relative perturbation of the nullspace

Proof of[Lemma 3. The proof has three parts. We first obtain a lower bound for the entire spectrum
of G. We then use the min—max principle to separate the r eigenvalues near zero from the remaining
spectrum. Finally, we project the invariant-subspace equation onto ker(Gg)* to control the relative
residual.

Choose orthonormal bases Qg € St(d,r) and Q. € St(d,d — r) for ker(Gy) and ker(Go)™,
respectively, and define the positive spectral block K = QIGOQJF. Then K > 0 and Ayin (K) =
)\:Irlin(Go). We identify the relative perturbation operators with their nonzero coordinate blocks,

Aw=QiAQo, A=K '?Q[AQo, A=K '?QIAQ.K V%

This identification preserves their operator norms. The assumptions of imply

1 1
[A4+op < vk ea < E)‘I—;in(GO)' (40)

Lower bound for the spectrum. Write any w € R? uniquely as w = Qou + Q, v, and set
t .= K1/29. In these coordinates,

w Gw = t|3+t" A t+2tT A gu+u Agu. (41)

By [(40)| the first two terms are at least 1[[t[|3. Young’s inequality gives 2[tT A ou| < L[|t]|3 +
2[|ALoI2,]lul3. Consequently,

w Gw > (|l + 2014 4012, )l > —<a ]}
It follows that Apmin(G) > —eAa.

Separation of the near-zero spectrum. Order the eigenvalues as A\ (G) > --- > A\g(G). On
ker(Gy) = col(Qy), the quadratic form of G is u' Agyu. Courant-Fischer therefore gives

)‘d*TJrl(G) < HAOOHOp < ea.

Thus at least r eigenvalues are at most ea.
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To control the remaining spectrum, apply Courant-Fischer on ker(Go)t = col(Q4). In this

case u = 0, and gives
’lUTG’UJ > )‘+ (GO)(l - HA-F-i-”op)Hng

min

By the coefficient on the right is at least 12, which is strictly larger than 4en. Hence
Ad—r(G) > 4ea. Combining this separation with the preceding lower bound shows that exactly r
eigenvalues lie in [—ea,ea], while all remaining eigenvalues exceed 4ep.

Bound for G(l]/ 2Q. Let Q € St(d, r) span the invariant subspace associated with the r eigenvalues
in [—ea,eal, and set A :== QTGQ. Then GQ = QA and ||Alop < .

To express the desired residual in the positive spectral coordinates, define H = K/ 2QIQ
Projecting the invariant-subspace equation onto col(Q+) and multiplying by K —1/2 gives

H=-A0QQ—-A, . H+ K 'HA. (42)

Taking operator norms, using ||QJ Q|lop < 1, and recalling that | K ||, = 1/AL. (Gp), we obtain

Al
o) 1l

Since [|Allop < ea, the factor multiplying ||[H||op is at most 1/2 by Therefore || H ||op <
2HA-i-OHOp- Finally,

|, < A, + (||A++||op n

1/2
|ei Q|| =[x Qe = IH]., <2lawl.,.
This is exactly the bound in so the result follows. O

B.3 Calibration and deterministic error decomposition
B.3.1 Calibration

The relative perturbation argument controls the residual SQ. To calibrate Q, we first show that
this residual controls the coefficient error once the shared component has been fixed.

Lemma 9. On Eeny, let Z be any matriz satisfying U SJZ = 0. Then

12, < — 22N (43)
P Cemb’)/min\/@

Proof. 1t suffices to prove the corresponding vector inequality. Let z = (le, zZT )T satisfy UTSJz =
0. Since col(Sk) = My on Eepyy, write Sipzr = Uay + Vibi. The constraint implies aja1 = azas,
so there is a vector a such that a; = aza and ay = aja. Consequently, ||a; + as||3 = ||a||3 and,
since af + a3 <1 and 20 < 1,

las + a2l > 20(||as 3 + [laz]3).

Restricting [(36)| to 4+ gives the same coercive principal-angle bound on the two individual signal
spaces. Applied to the coordinate pair (by, bo), it yields ||[Viby + Vaba||2 > 20(||b1]|3 + ||b2]3).
Because U is orthogonal to Vi and Vb, it follows that

1523 = [las + a2[|3 + [ Vib1 + Vabs[3
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(llaxll3 + l1bxl3)

\/
MEMM

1Sk 13 > 20(cembymin)?[123-

Il
l\D
>

Thus [|z]|2 < ||Sz||2/(CombYminV26). Applying this inequality to z = Zx and taking the supremum
over |lz||2 = 1 proves[(43)] O

We now use this stability estimate to align the empirical near-zero eigenspace with the oracle
normalization. Define

E=U'M=U'SJQ.

This matrix is the change of basis required to impose the normalization SJQ, = U. Whenever E
is invertible, define

Q=QE!, Ag=Q-Q..

Lemma 10. On &gooa, the matriz E is invertible, and

H,:flu 1 HA"FOHOp

Aol
S 154qlly, S laglly, < ——7

op ™~ Ymin Q °op “Ymin ’ op ™~ ’Y2- \/5 .
Proof. Set Z = Q — Q,=. The identities SQ, = 0 and SJQ, = U imply U'SJZ = 0 and
SZ = 5Q. Hence and and the definition of £gq0q give
2 HA+0Hop 1

Z e
H Hop N CembYmin V 20 2

This bound implies that = is invertible. Indeed, if Ex = 0, then Qx = Zx. Since @ has

orthonormal columns, and | Z|[,, < %, we have ||z||2 < ||z, and therefore = = 0.

The identity Q = Q+E + Z now gives QE~! = Q, + ZE~!. Since Q is an isometry,

HEAH - HQ: 1Hop - ||Q*||0p H'_' 1Hop

By the block definition of @, and

1
1QuI5, = | R R+ RIR | < IRiE, + IR, <

op v
min

Thus HEiluo < 2 ”Q*”op ~ Fymln
Finally, Ag = ZE™". Since SZ = SQ, the relative nullspace bound yields

”A+0||op

1SAQll,, < 1SQllop 27, < -~

The first display in this proof already gives 1Z]]op < 1A+0llop / (YminV/0). Combining this estimate

with Ag = Z="! and HE_IHOP < ’ymm proves the final bound in This completes the
proof. O
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B.3.2 The transfer operator

Recall the transfer operator defined in|(30)} The next lemma records the identity that connects this
population operator to the coefficient reconstruction, together with the two norm bounds needed
in the probabilistic analysis.

Lemma 11. For every coefficient vector z,
P, SJz=T(Sz). (44)

Moreover,

1 NiEWAN &)
T| <-—, T SVri+ro+ —F——. 45
1Ty NGT ITp S V1 +72 N (45)
Proof. We first verify the identity from the coordinate definition of T'. We then factor T' through
the two individual signal spaces and use their principal-angle spectrum to obtain the norm bounds.
Write z = (le, z;—)T and decompose Spzp = Uay, + Vi.by, where a;. € R" and b, € R". Then
Sz =U(aj + a2) + Vi1b; + Vaby, whereas

P, SJz = a1 Viby — ayVaby = T(Sz).

The last equality is precisely the definition of T', and proves

For the norm bounds, set V' := [V}, Vo] and V,, = [a1 V], —aaV5]. The spectrum in
shows that V has full column rank. Thus VT recovers the unique individual-space coordinates of
every vector in col(V}) + col(V3) and vanishes on its orthogonal complement, which contains both
U and (M7 + ./\/lg)l. Comparing this action with shows that T = V., VT on all of R™.

For b = (b{,by)", the triangle and Cauchy-Schwarz inequalities give ||V,bll2 < ai1]|b1]l2 +
az||ball2 < [|b]]2. Hence [[Vul|,, < 1.

The same spectrum, together with x; < 1 — 26, shows that Apmin(V V) > 260. Therefore
[VHlop < (20)71/2, and hence ||T||op < (20)71/2.

For the Frobenius norm, the complete spectrum of V'V gives

712 < vl T 1 1 < AT
< = —_ .
I HF_H HF r1—ral + ) <1+Xj+1_Xj>NT1+T2+ ;

Indeed, each summand is 2/(1 — XJQ) < 1/6. Taking square roots and using \/z +y < /x + /y
proves [(45)] O

B.3.3 Deterministic error decomposition

The decomposition isolates the part of the subspace error that is linear in the leakage L. The direct
contribution is already visible in the reconstruction formula. The remaining linear contribution
comes from the displacement of the near-zero eigenspace and is contained in TSAg. We extract
this term using the eigenvalue equation for Q and then bound the resulting higher-order remainder.

Proof of[Lemma 3. Write Aguaa == L'L — D, and A = Q'GQ. Since Q has orthonormal
columns spanning an invariant subspace of G, we have GQ = QA. On Ego0q, gives

Q=Q="'=Q.+Aq.
Using the reconstruction identity preceding and SQ, = 0, we obtain

Py M =TSAq + LJQ, + LIAq. (46)
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The second term is linear in L, whereas the third is higher order. It remains to identify the linear
part of TSAq.

The relations GQ = QA and Q = QE"! imply GQ = QAZ"!. Substituting G = Gy + A
and é = Q. + Aq, and using GpQ, = 0, gives

GoAg + AQ, + AAg = QA= 47
Q Q

Since Gy = S'S, we have SGgGO = S and .S'G’EL)ST = P.y(s)- Moreover, TP, s) = T on
Eemb- Applying T'S G’g to [(47)}, expanding A = STL+L'S + A juad, and simplifying yields
TSAq = — TSGIAQ, — TSGiAAg + TSGIQAE™
= —TLQ, - TSG}A,.4Q, — TSG)AAg + TSGIQAE". (48)

For the second equality, LT SQ, = 0, while
TSGISTLQ, = TP.5LQ. = TLQ..

Thus —TLQ, is precisely the linear contribution caused by the displacement of the near-zero
eigenspace.

Substituting into proves The higher-order remainder in that decomposition is
the sum of the following four terms:

Rem = —TSG}Aqaa Q.+ LIAG + (—TSG(T)AAQ) +TSGIQAE .
_ ——

—_—— (49)
= A1 = A2 — A3 = A4

It remains to establish the bound in The four estimates repeatedly use

< 1

TSG! :
H 0 op 7m1n0

<ITly

s(@h)

(@)

o op

where the last inequality follows from |(39b)| and |(45)

Bound [|A;|,,- By submultiplicativity, the preceding estimate, and the block definition of Q.
together with (39a), we obtain [|A1[|,, S | Aquadll, J(V2:.0).

Bound |Asl|,,. Using |[J|,, < 1 and the coefficient bound in submultiplicativity
gives [ Azllo, < Lo [A+0llop /(Viin VO)-

Bound | Aj3|,,- Expanding A = STL+L"S + Aquaa gives

|4s].,, < | TSGISTLAG

+|TSGILTsAq
op

Wt HTSG(T)AquadAQ

op

For the first term, use SGEST = P.s) and T = T P,,(s) to obtain

HPcol(S)LHop 1A+ ollop
ryIQnine ‘

HTSGJJSTLAQHOP <1 Tllop | Peoiis) L, Al

Here the last inequality follows from ||T][op < 6072 and [|Agllop S 1A ollop/ (Vain VO)-
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For the second term, LTS = (Peox( S)L)TS , and therefore

HPcol(S)LHOp A +ollop

|TSGILsAq =5

op ~

< |7sGl|| [P, 15Aq]., <

op op

The last inequality uses ||T.S’G(T)Hop < (Ymind) 7 and ||[SAQG|lop < 1A +0lop/Vmin-
For the quadratic term,

18l 180y _ [ Aquaal,
op ~ ryr?;lineg/Q ~ ’yrQnine

HTSGBAquadAQ

The final inequality follows from ||A_o|lop < Ymin V0 on Egood-
Combining the three bounds gives

HP)col(S)LHOp ||A+0Hop HAquadHop
712nin9 ’)/12nin0 '

[Asllop <

op ~

Bound ||Ay4||... We first control SGTQ. Write the polar decomposition as S = USGl/ 2, where
op 0 0

Us is a partial isometry from ker(Gy)+ onto col(S). Since the range of (G8)1/2Q lies in ker(Go)™,
the map Ug preserves its norm. Therefore

|scla| =|uschza|, - |cha
op op op
+ 1/2 HA-FOHOp
< < - 2P
- HGO op ‘GO Q op ™ yl?ﬂinﬁ

The inequality uses (Gg)l/ 2= GgG(l]/ ?. The final bound follows from (24)[ and |(27)
Next, A = Q' GQ represents the restriction of G to the selected invariant subspace. The

eigenvalue localization in therefore gives

2
ALl < 1A00llep + 2 1AollG, -

Combining these estimates with ||T[|op < 672 and ||E7Y|op < vty vields

~

[A4llop < 1 T1[p

scie| Al =7,

2
~ (1Awllop + 1Aollop) [1A+0llop
~ 73_ 93/2
min

2
< HAquad”op HA"FOHOp.

For the last inequality, observe that Aoy = Pier(Go)Aquad Prer(Go)s 50 [|A00|lop < [|Aquad||op- More-
over, ||Aiollop S AYminV0 on Es00d- Consequently,

3 2
”AOOHOP ||A+0||op < ||Aquad”0p ||A+0||op < ||A+0Hop.
’ygrlin93/2 ~ 712nin9 /yr?;nneg/Q ~ ’yr2nin9
Combining the bounds for A;,..., A4 in proves [(32)| and completes the proof. O
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C Probabilistic tools for the upper bound

C.1 Gaussian concentration and matrix bounds

We begin with the standard Gaussian concentration inequality. It will be applied below to a
Lipschitz function of the bulk noise matrix.

Lemma 12 (Gaussian Lipschitz concentration). Let g ~ N(0,1Iy), and let f : RN — C be L-
Lipschitz with respect to the Fuclidean norm. Then, for every q > 2,

1£(g) —Ef(g)lle <CVqL. (50)

The following bounds are consequences of the standard extreme-singular-value estimates for
Gaussian matrices; see (Vershynin) 2010, Theorem 5.32 and Corollary 5.35). The moment bounds
follow by integrating the corresponding tail inequalities.

Lemma 13 (Gaussian matrix deviations and moments). Let G € RV have independent N'(0,b~1)
entries. Then, for every x > 0,

P {HGHOp > \/ﬂ}bﬁ + :1:} < 9e—ebe? (51)

If v =0, then, for every s > 0,

IP’{||GGT—IUHOP>C< “Z%“ZS)} < 2e°. (52)
Moreover, for every q > 2,
U v q
Gl <C{4/5+1/5+1/5 ) (53)
and, when v = b,
+ +
||GGT—Iu||Lq§C< “bq+“bq>. (54)

We next control the Gaussian coefficient matrices that arise in the one-view expansion. The
result covers both independent bilinear forms and centered same-sample quadratic forms.

Lemma 14 (Gaussian coefficient moments). Let ¢ > 2, and let G1 € R™*P and Ga € R™*P pe
independent matrices with independent N'(0,b~1) entries. For every deterministic A € RM*"2,

C
IGT AG2||Le < 5 {2+ VOl Allr + (p+ )| Allop}- (55)
Ifri =19 and A € R™ %" then

|67 A, v | < (Bt VDAl + 0+ 0)|Allop) (56)

Both conclusions remain valid conditionally when A is measurable with respect to a sigma-field
independent of the displayed Gaussian matrices.
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Proof. We first record the Gaussian matrix estimate used for both conclusions. Let H € RFxd
have independent standard Gaussian entries, and let B € R¥™ be deterministic. Apply Chevet’s
inequality (Vershynin, [2018, Section 8.7) with 7= BS™ ! and S = S*~!. Since

rad(T) = | Bllop, — w(T) =E|B gal2 < | B,
whereas rad(S) = 1 and w(S) = E||gx||2 < vk, we obtain
E|HBllop < | Bllr + V& | Bllop-

It remains to control the fluctuation around this mean. The map H — ||HBl||op is || B]|op-
Lipschitz with respect to the Frobenius norm, because

[ H1Bllop — [|HoBllop| < [[(H1 — Ho)Bllop < [[H1 — Hollr||Bllop-
Therefore, |(50)[ and the preceding expectation bound give

|HB|e < C{IBls + (Vi + @) [ Bllop } (57)

We now prove the bilinear estimate. Set Z; = vb G, so that Z; and Z, have independent
standard Gaussian entries. Conditional on Zs, apply |(57)| with H = Z{r and B = AZ,. Taking
the L? norm over Z5 then gives

12 AZ>| e < C{[|lAZ2]p]| 1, + (VP + V)|l AZ2op| 1, } - (58)

The two random norms on the right are controlled by the same two ingredients. First, the map
Zy — ||AZs||r is || Al|op-Lipschitz, and
1/2

E|AZ|lr < (E|AZ2]})"" = VPl Alr.

Gaussian concentration therefore gives
[IAZ: 8|, < VP I Allr + CVa || Allop-
Second, applying to ZQT AT yields
1A Z2lop|| o < C{lIAllF + (VP + VD) Allop} -
Substituting these two bounds into and using (/P + /9)* < 2(p + q) gives

12 AZs||10 < C{(vp+ VOl Allr + (0 + 0| Allop} -
Since G| AGy = b='Z AZ>, this proves
For the same-sample estimate, let Z’ be an independent copy of Z; and define
Z1+ 7' _Z, -7
V2 7
The matrices U and V are independent standard Gaussian matrices. By symmetrization and the
identity

U =

Z/AZ, - Z'TAZ' =UTAV + VT AU,
the bilinear estimate gives
HZITAZ1 - tr(A)IpHL < HUTAV + VTAU‘ ;
q q

< C{(Vp+ VOl Allr + (P + )l Allop} -

Rescaling by b~! proves The conditional versions follow by applying the deterministic bounds
conditionally on the sigma-field with respect to which A is measurable and then taking the outer
expectation. O]
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D One-view weighted leakage isometry

This section proves the one-view result used in Throughout the section, C, ¢ > 0 denote
numerical constants whose values may change from line to line.
D.1 Normalized model and theorem

The leakage of an empirical singular vector depends on the corresponding population singular
value. The purpose of the weighting is to remove this dependence: after weighting, the leakage
Gram matrix should be close to the same scalar matrix for every signal direction. We formulate
this statement first in normalized noise units.

Normalized observation. Let X € R"*? have rank p and compact SVD
X =UxX,V,/, 3, = diag(s], ..., s}),

where U, € St(n,p), Vi € St(d,p), and s7 > --+ > 55 > s, > 0. Set a :==n —p, b:=d—p, and
B = a/b. We observe

Y=X+2Z  Z;SN@Ob. (59)
Let UV be a leading rank-p SVD of Y, where
3 = diag(s1,...,5p), S§1> > Sp.

Choose an orthonormal complement U of U,. Then (U{)"U contains the components of the
empirical left singular vectors outside the population signal space.

Bias-correcting weights. As discussed in the Gram matrix of these components
has a diagonal bias that varies with the signal singular values. To correct it, define

L(+B+ VI -(+HP 48
ra(s) = 2 SR (60)

VB, s<1++/pB.

For each empirical singular value 5;, set

7i(75 + B)

p——— Wi, = diag(l1, ..., 4p).

Ti = 7-,3(:9\1)7 b =

<

When 7; > +/f, the first branch of is equivalent to

§§:1+6+n+£. (61)

Ti

Below the threshold 1 + /3, the definition fixes 7; = v/3 and hence E? =pf.
The weighted leakage matrix is

Ny = UHTUwWy,. (62)

The choice of W7, is designed so that NE—N 1, is centered at SI,. The theorem below makes this
statement quantitative.
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One-view theorem. The relevant signal scale is s2 A s. For s, < 1, this equals s}, while for
s, > 1, it equals s2. Thus the assumption below covers the two signal regimes without imposing
an upper bound on sj.

Theorem 3 (One-view weighted leakage isometry). Suppose that
1
p < 3 min{n, d}, 2 A st >028,
where v > 0 is a sufficiently large numerical constant. Then
T p
| NI - BIPHL32 < Cﬂ\/;, (63a)

INL gos < C/B- (63b)

Moreover, there is an event £y such that

2 4
P(€5,) < Cexp {—b(SCAS)} , (64)
and, on &1y,
W72 — B, = c(s2 A st (65)

Here C,c > 0 are numerical constants.

D.2 Proof of [Lemma 4

Proof. Fix k € {1,2}. The normalized theorem supplies both the moment bounds for Lj; and a
lower bound for the weighted empirical Gram matrix. We first return its conclusions to the original
noise units and then combine the latter lower bound with the centered leakage estimate to control
S;Sk.

Let X3 = U*JCZ]*,/CVJ€ be a compact SVD, and choose an orthonormal complement Uj,k of

U, . Applyto Y, = Y:/(ov/by), with a = ag, b = bg, B = ax /by, and s, = si/(0/bg).
The noise entries of k are independent N (0, b,;l), and its empirical left singular vectors are the
columns of '/I;k.

The signal assumption follows directly from the definition of 4. Indeed, by = di — pr and
pr < di/3 imply by < dp < 3by/2, so s2 A st < v2/(bro?). The standing condition v, > voy/n
therefore gives s2 A s? > v2ay, /by, because a, < n. Thus the signal condition in holds
after increasing the numerical constant v if necessary.

Let W, and Ny, be the matrices in the normalized theorem. Substitution into the definitions of
7 and wy, gives wy(S;) = ov/bi ¢;. Hence Cy, = o/by, &, W, and L;, = o\/by, UL Np. Rescaling
the two conclusions of gives ’

o SoVapE, Lkl S ovar. (66)

HLng — a0l ||

This proves |(33) R
Let & denote the event supplied by for the normalized kth view. Since ®; has
orthonormal columns, the lower bound for W7 — ‘g—’;ka and the preceding comparison of signal

scales imply, on 5~k,
C) Cy — ayo’I, = i1,
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Define

& =& N {HL,IL,C —apo?L, || < ;'yi} . (67)
op
Because Cy, = S). + L;. and S,;rLk =0, on &, we have
c
Si Sk = (C{ Cr — ay0’Iy,) — (Ly L — ayo’Ly,) = gﬁfm- (68)

Choosing Cemp < \/¢/2 proves omin(Sk) > CembYk o0 k-
Finally, the probability bound in and Markov’s inequality applied to |(66)| give

32
< i >+ (02\/%101@) R

P(£S)
g 2 2

2

The last inequality uses ar < n and ’yg 2 no=. This proves the asserted probability bound and

completes the proof. O

D.3 Proof of [Theorem 3

We first prove the result in the wide case a < b, so that § < 1. Afterwards, we derive a corresponding
right-leakage bound under the stronger signal condition s2 > v? and use it to handle the tall case
by transposition.

By rotational invariance of the Gaussian noise, we may work in the population singular-vector

coordinates, in which
Yo+ Zn Z12>
Y = : 69
( Zo1 Zo2 (69)

where the four noise blocks have independent N(0,b™1) entries and Zyy € R*?. Partition the
empirical singular vectors conformably as

U:GJ]D V:<“jl>. (70)

In these coordinates, N, = U Wp. Thus|(63a)| amounts to controlling
X1 =W, U U W — I, (71)

We first work on the localization event

: 57 T 51
Eloc = qminT; > 6 HZ22222 I < . (72)
(2

op 128

The signal condition implies s2/16 > /B for sufficiently large v. Thus the first condition in &
places every selected singular value on the upper branch, where|(61)| applies. The second condition
will make the singular-vector expansion contractive.

Lemma 15. Under s2 A st > 123,
P(&L.) S exp {—cb(sz A si)} : (73)
) S exp(—cbs?).

Under the stronger condition s2 > v?, P(Ef,
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Step 1: control X; on &,.. The main difficulty is that the left and right leakage Grams UIU n
and VI V, are coupled. The two leakage Grams satisfy a pair of approximate linear relations. To
state them, define the following three entrywise operators

57“1'?3‘
M i = MZ", 4
[Au (M) = - (74a)
p

B(M)];; = ———M;,, 74b
By = My (74D)
[Av (M)]i; = 55, (74c)

1% ij T _B K
where r; = T’i%gl) and we define Wy := diag(r1,...,7p). These operators are well defined on

Eloe because 7; > /B for every i. Define the residuals
ev =U[UL — Ay(V}'V)) - BU,U)), (75a)
ev =V VL -B(V|'V)) — A4y (U, U)). (75b)
Since the empirical singular-vector matrices have orthonormal columns, U, HTUH + UIU =1,
and similarly for V. Thus forms a linear system for the two leakage Grams. To solve it, define

Xpg = WRVIVLWR — I,. Fix i,j and abbreviate u = 77, { = lil;, r = rirj, x = (X);j, and
y = (XR)sj. Since ¢;r; = 7;, we have r = u, and the two equations reduce to

U 1624

e |ORl ) "

Direct inversion gives the cancellation identities

X =WreyWr — Bey,  Xp=WgreyWg—ey. (77)
The following lemma controls the two residuals in precisely the combinations appearing here.

Lemma 16. Under s2 A st > 128,

Vap
‘|15100WL€UWLHL32 + 6 H1810C€VHLB2 S b ° (78)
Under the stronger condition s2 > v?,
p
ew Waer Wil + 16,0l 5 12 (79)

By [T and [} |1, Xl = < v/ap/.
Step 2: control X on & . From the definition of Xz, | Xp|lop < |[ULWL|2, + 8. We use the
following radial estimate.

Lemma 17. In the wide case a < b,

U Wilpes S VB, [IVAWa][ s S 1. (80)

~

Holder’s inequality, |(73)| and |(80), and b(s2 A s%) > v2a give [1ee Xillps2 S Be™* S \/ap/b.
Together with the bound on &y, this proves [(63a)|in the wide case.

36



Completing the wide-case proof. The radial bound [(63b)| and the localization probability
follow directly from and [17. Finally, on &, 7; > s2/16 and

g?_ﬁ:’rlg_ﬁ>(52/16)2_/8>82/\84’
¢ +1 = s2/16+1 ~

where we used the monotonicity of t = (2 —)/(t+1) on [/B,00). This proves and completes
the wide-case proof.

A right-leakage bound for wide matrices. To pass to the tall case, we need the corresponding
control of the right leakage for a wide matrix. Choose an orthonormal complement V.- of V, and
define Ng := (V)T VWg. In the population coordinates, NENR —I,= Xg.

Suppose now that s2 > 2. On &, the second identity in and give ||1g, XR|132 <
v/p/b. On the complement, || X gllop < |[VLWa||2,+1, so and |17|and Holder’s inequality
give the same bound. Hence

T D
|NiNe -1, <)% |NR| o S 1,
P(E.) S e %, min(r? — 1) 2 s> on . (81)

)

For the last bound, use r? — 1 = (72 — 8)/(7; + ), 7 > s2/16, and s2 > v2.

The tall case. Suppose now that a > b, so § > 1, and consider the rescaled transpose
Y =3 V2y T,
This is a wide matrix with @ = b, b= a, B =41 and 5, =5V QSt The original signal condition
implies s2 > 23, and hence 52 = s2/8 > v2. Thus applies to Y.
It remains only to identify its right-leakage quantities with the original left-leakage quantities.

The empirical singular values satisfy 3; = §;/1/3, and the definition of the bias-correction map
gives 7; = 7;/5. Consequently,

Wi=p""2W,,  Np=p"'"2N,,  NgNp-1I,=p""(N/N,-BIL). (82)

Indeed, the right singular vectors of Y are the left singular vectors of Y, and 7:;2 = E? /B.
The centered right-leakage bound for Y therefore gives

N
32 ™ a b

while the radial bound gives | Nz | zes < v/B. Moreover, b32 = as?/8 = bs2. Since the tall-case
signal condition forces s2 > 1, we have s2 A 5% = 52, so the right-side localization bound gives
Finally, 72 — 1 = (¢2 — 3)/, and the right-side weight floor gives £? — 3 > s2 = s2 A s{. This proves
all the claims in the tall case and completes the proof.

HNLTNL - 5Ip‘

D.4 Proof of Lemma 15

We first prove the claim under the left signal condition s2 A s > 123. Introduce the auxiliary event

Sx 52
& = {]le”op < R HZ12Z1T2 -I| < §*7 HZQ?Z?TQ — I

st
< .
op op 128} (83)
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Step 1: show that & C &.. Consider the first p rows of Y, M = (X, + Z11, Z12). By the
definition of singular values, §12) > Amin(MMT). On &, Weyl’s inequality gives opmin(Zy + Z11) >
3s./4 and Z12Z], = (1 — s2/8)I,. Consequently, 52 > 1+ 7s2/16.

We next translate this bound to the 7-coordinate. The signal condition implies s2 > v+/j3, so for
sufficiently large v, §; > 5, > 14 +/f for every 7. Hence every §; lies on the upper branch of S0
7; >/ and applies. Moreover, the signal condition gives 1+ 34 s2/16+4163/s2 < 1+ 7s2/16.
Since t + 1+ 3+t + B/t is increasing on (y/B, o), we obtain 7; > s2/16 for every i.

The second condition defining &, is already part of &y, so & C Eioe.

Step 2: bound P(£5). Since p/b < /2, a/b = B, and s2 A st > 123, we have /p/bV \/a/b <
VB < (82 A s4)/v.

Apply to Z1; with u = v = p and x = s,/8. For sufficiently large v, 2\/]% < 54/8, and
hence P{||Z11||lop > sx/4} S exp{—cb(s2 A s})}.

The block dimensions in|(69)|are Z15 € RP*® and Zsy € R**?, and both matrices have indepen-
dent N(0,b~1) entries. Thus |(52)| applies with u = p and u = a, respectively, while v = b in both
cases. Choose the tail parameter in that inequality to be cob(s? A s}), where ¢ > 0 is a sufficiently
small numerical constant. For either u € {p,a}, the resulting deviation threshold satisfies

2
0|5 retnst+ g raltash] o\ ffvattas +§ratiash] <

The last inequality follows from the preceding bound \/m < (s2 A s,)/v, first by choosing cg
sufficiently small and then by choosing v sufficiently large. Therefore the failure probabilities for
the second and third conditions in are each bounded by 2 exp{—cb(s2 A s})}.

Therefore, a union bound and & C & give

P(Ee) S exp{—cb(si A s},

which proves the first claim.

The stronger right signal condition. Suppose now that s? > 2. Since v > 1 and 3 < 1,
the left signal condition also holds, so the inclusion & C & proved above remains valid. In the
preceding Gaussian estimates we may now use s2 A s, = 84, which gives P& S e~s%. This

proves the second claim.

D.5 Proof of [Lemma 16

On &, the proof proceeds in four stages. We first solve the lower singular-vector equations by
an absolutely convergent series and use that series to derive exact expansions for the left and
right leakage Gram matrices. We then condition on Zag, replace the Gaussian coefficient matrices
involving Z12 and Zs; by their conditional means, and collect the centered fluctuations. The
remaining random coefficients are normalized traces of functions of Zso; we replace them by the
deterministic Marchenko—Pastur transform. Finally, we control the centering and bulk-replacement
errors in a common balanced norm and convert that bound into the left and right conclusions of
Lemma. 16!
The lower block rows of the singular-vector equations are

ZnVj+ ZxV. =U.%,  ZLHUj+Z,U, =V,3. (84)
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Eliminating V| gives
U, (% —1,) = (22225, — 1)U, + Z0,\ V| S + Z0s Z),Uj. (85)
To simplify notation in this section, we write
Hy = Zy2Zyy — I, Dy =3’ 1,

On &y, we have
1

-1
[ Hbuiklop || D op < 3 (86)
Indeed, |(61) and the definition of & give fs? —1 > 7; > s2/16 for every i. Consequently, 32— I,
is positive definite and HDE1 Hop = m < i—g.

Thus, on &, can be solved by a convergent Neumann series:

UL =Y Hj \(ZaV|S + 22 2,U)) DS’ (87)
720

Taking the Gram of this expansion gives the four-term expansion

UlUL =Y Dy (B 2 Hi i 20 VT
78>0
+ 3V, Z) H 4 Z0y Z15U)
+U|| Z12ZpH i Z0) V)T
n UHTZmZzTQH]gjliZQQZszUH)Dis_l. (88)

Note that can be viewed as an equation linking the left leakage Gram matrix UIU 1 with
the two in-signal components U and V). While Dy, and 3 are simple diagonal matrices, it is the
terms like Z;nglJﬁf{Zgl that is problematic as they depend on the noise matrices in a complicated
way.

In what follows, we replace the terms like ZQTngjliZgl by simpler deterministic matrices in
two steps: in the first step, we remove the non-bulk noises Z12, Z5; by centering them, while in the
second step, we remove the bulk noise Zss.

D.5.1 Centering the non-bulk noise

The Gram expansion above contains four Gaussian coefficient matrices. The goal of this subsection
is to split each coefficient into its conditional mean given Zso and a centered fluctuation. The
conditional means will form the empirical Gram operators, while all centered fluctuations will be
collected into a remainder.

For m > 0, define the centered Gaussian coefficient matrices

tr(H*
Cl(fﬂ;)l = Zy H{}\y Zo1 — (bbulk)Ip, (89a)
tr(Z,H", Z
C((JTZQ = Z19Zgy H"\ Zoo Z), — (Z3 bbulk 22)Ip, (89b)
C((]Wi)Q = Zy Hi\y Z2s Z 15, (89c)
C((Jn;)l = Z2Zgy Hily Zoy. (89d)
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Conditional on Zss, all four matrices are centered. Collecting the corresponding conditional means
in motivates the empirical operators

n tr(Hpi)

Ap(M) =) TDg"*lzzMz:D;H, (90a)
r,5>0
A tr(Zyy Hyyy Z22) 1 1
B(M):= > - Dy 'MDg ! (90b)
r,5>0

With these definitions, the left leakage Gram admits the exact decomposition
UIUJ_ = JZl\U (‘/HT‘/H) + g(U”TUH) + RU,coefv (91)

where ) )
. —r— r+s r+s
RU,coef = Z DZ 1{2‘/”TCU711 ‘/HE + UIF—CU722 U”
7,520 (92)
T ~(r+s) T ~(r+s) —s—
TV Cppp U+ Uy Gy VHE}DE g

The right subspace leakage. We next carry out the same decomposition for VJ—VJ_. The only
additional bookkeeping comes from the base term ZlTQU”E_l in the expansion of V. We keep

this term separate and, for ¢ > 0, set G4 == Z;Qnglngg and E, == ng_lifl. Substituting the
convergent expansion of U into the second equation in gives

Vi=> ZhH W ZaViDS '+ ZLU7 + ) G ZLUE,. (93)
r>0 q>0

We now center the four families of quadratic coefficients arising when the Gram of|(93)|is expanded.
For r,s,q,u > 0, define four centered terms as

o {Hpu (Lo + Hou) Hyunc
Dy

C\(/?:isl) = Zgy Hi (Lo + Hown) Hiyy Zo1 — b (94a)
U tr(G Gu

Cyy) = 212G G Z], — (g)Ip, (94b)

CULY = 23 Hyyy Z0nGuZ)), (94c)

C\(g;l) = 212Gy Z3 Hiy Zon. (94d)

Again, these matrices are centered conditional on Zsy. Collecting their conditional means leads to
the remaining empirical operator

-~ tr(G
Ay(M) =2""ME" + ) r(bQ) (E,ME™! + 37 ME,)

920
(95)
tr(G,Gy
+Y r(bQ) E,ME,.
q,u=0
Expanding the Gram in |(93)[ and collecting the centered terms therefore gives
VJ_TVJ_ = B\(‘/HT‘/H) + -/Z{V (U‘TUH) + RV,coefv (96)
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where

Rycost = 3 Dg’”’lVHTC‘(,H)VHD RS of 71 U B,

r,s>0 q,u>0
T T t1(Gy) —1
+ PZOE(]UH <212Gq212 - L) Ujs
—1pT T tr(Gu)
+ Z =y, <Z12GUZ12 - — %I, | UE,
u>0

+=7yf (Zng - L) Uz

+ Z D " H C‘(/12)U”E +ZD = 1‘/“ ZQleulkZ22Z12UIIE 1

ru>0 r>0

+ Z E U\ CVqZSl VIID_S !
q,5>0

+Y 27U 21225 Hyy Zn Vi D5 (97)
s>0

D.5.2 Replacing the bulk traces

The preceding exact Gram equations have isolated the centered Gaussian coefficient fluctuations
in Ry coef and Ry coef. The remaining randomness in the empirical operators enters only through
normalized traces of functions of the bulk matrix Zss. The goal of this subsection is to replace
these random traces by their deterministic high-dimensional limits and to isolate the resulting
replacement error.

Instead of working with the trace of bulk noise such as tr(H}?,, ) in separately for each
order m, we rely on the following resolvent

~ 1 _
Mpulk(2) = o tr(I, — 2Hpuk) ',
which is defined on the contour
Co:={z€C:|z| =32/s%}.

Also set Ko(z) = Dg' (I, — 27 'Dg!) 7", and Ki(2) = (1+ 2")Ko(2). On e, |27 D5 lop <
1/2, so these matrices admit convergent geometric expansions. These matrices package the trace
coefficients appearing in the empirical operators. Cauchy’s coefficient formula yields the following
contour representations:

Ay (M) = % b WZKO(Z)MKO(Z)E dz, (98a)
B(M) = % C mbu;k("’)1r<1<,>,«)1\u<0(z) dz, (98b)
B mbulk( )

Ay (M) ="Mz~ + 2 =YK (2)M + MK, (2) + Ki(2) MK, (2)) 2" d.

2mi z

(98c)
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We next define the deterministic object that replaces these traces. Let mg be the unique solution
analytic at zero, with mg(0) = 1, of

ma(z) =1+ Bzmg(2){(1 + 2)mps(z) — 1}. (99)

Equivalently, mg is the moment transform of the centered Marchenko-Pastur law with aspect
ratio .

Replacing My by mg in the contour formulas above produces deterministic candidate oper-
ators. The next proposition identifies these operators with the population operators Ay, B, and

Ay defined earlier in |(74)|

Proposition 1. Recall the population operators defined in|(74) On the event &, we have

Ap(M) = 5 ]{ M5) 5 Ko () M Ko(2)S de, (100a)
ﬁ % ﬂ’L5 )MK()( )d (100b)

Ay(M) =3 'Mx~! + 25?{ ms(z) SHKi(2)M + MK (2) + Ki(2) MK, ()2 dz.
(100c)

Thus the difference between the exact empirical Gram operators and their population coun-
terparts is entirely due to the replacement myy — mg. We collect this difference in the bulk
remainders

Ry pux = (A\U AU)( I V||) (g— B) (UIITUH) (101a)
Rypui = (B—B)(V]"V]) + (Av — Ay) (U] U)). (101b)

Combining these bulk remainders with the exact coefficient-centered Gram equations above, and
recalling the definitions of ey and €y, we obtain the desired decomposition

ev = Ry coet + Ry pulk, ev = Ry coet + Ry pulk-

D.5.3 Bounding the two errors

It remains to control these two sources of error separately. We first bound the centered Gaussian
coefficient fluctuations, and then the error from replacing the empirical bulk traces by their high-
dimensional limits.

It is convenient to control both errors first in a common balanced norm. Introduce

Whal = diag(5/4y/7).

We will obtain bounds for Wiey Wi, and Wy ey Wha. At the end of the subsection, deterministic
comparisons between Wh,, Wi, and Wx will convert this balanced estimate into the two bounds

stated in [Lemma 16l

Step 1: Bound the centering error. We first control the remainders Ry coer and Ry coef,
which collect the centered Gaussian coefficient fluctuations from the exact Gram expansions.

Lemma 18. On &,

p
||]-SIOCWLRU,coefWL||L32 + ||]-SloCWbalR\ﬂcoebeal||L32 < Cﬁ\/; (102)
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Step 2: Bound the bulk replacement error We next control Ry puk and Ry puk, which arise
from replacing the empirical bulk transform M,k by its deterministic counterpart mg.

Lemma 19. Under the condition that s2 A s > V28,

~ C
sup [ Len,. (i (2) —mp(2)) || 22 < 7 (103)

We use this estimate to control the two bulk remainders in the same balanced norms as in the
preceding subsection.

Lemma 20 (Bulk replacement remainder). Under the condition that s2 A st > 1?3,
Va
11, WL Ry pbak WL 152 + [ 16, What Ry butk What|l 32 < CT' (104)

Step 3: Completing the Proof. We can now return to ey and ey. Since ey = Ry coet +
Ry bulk, ev = Rycoef + Rypuic, and /a/b < \/ap/b, |(102) and |(104)| yield the balanced

estimate

\ ap
|1 1e,. WreuWe|| 32 + ||1e, Whaiey What| 132 < CT' (105)

It remains only to translate this common balanced estimate into the two forms stated in
Lemma. 10l

Under the left signal condition, since (Wha1)?% = /87 > 3, we have Bllev |lop < || Whaiev Whal||op-

Together with |(105)], this proves |(78)]

Under the stronger right signal condition, 7; > s2/16 > v?/16. The definitions of the three

weights then give |W; |0, < C and HWRW];&}HEP < CB~Y/2. Consequently, we have

Va
e Wrev Wl 52 + [Le.eull o2 < 05—1/2779 =¢ %’
where the final step uses a = b. This proves|(79)

D.6 Proof of [Lemma 17
We first control ||{U; Wp||op. Partition the coordinates into
To:={i:1=+/B} (106a)
} : (106b)
op

Op} . (106¢)

For Z C [p], use the corresponding subscript to denote the associated column submatrices, and
write 37 = diag(s; : ¢ € Z) and Wy 7 = diag(¥; : i € 7).

T, = {z’:n> 3, §§—122HZQQZ;2—IG

I, = {z‘:n>\/§, §§—1<2H22222T2—Ia

Frozen coordinates. On Zy, ¢; = v/, and hence U 7, WL 1, |lop < VP
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High coordinates. Restrict m to Z,. By definition of this set, ||Z92Zqy — Ia||0p||(2%h -
™o < 1/2. Moreover,and the definition of ¢; give 8¢, /(52 —1) = (1;+8) /(1 +8+8/7) < 1,
and therefore also ¢;/(5? — 1) < 1. Multiplying the restricted equation by (Z%h —I)7'Wp 7, and
taking operator norms gives

025, Wi < 2 (1221l + |22 )
op

Low coordinates. Set Zjy, := [Z21, Z22]. Restricting the first equation in to Zy and using
the orthonormality of the stacked right singular vectors gives U 7, WL 7, |lop < || Ziow ||op maxiez, £i/S;.
The same identities give ¢;/5; = 1;/(1s + 1) < 713 < /5\12 — 1; therefore, the definition of Z;, yields

UL 2 Wiz, < 2| 22225, - I

op HZIOWHop .

Combining the three regimes. The preceding bounds give

U WLy S VB + 1221l + HZ22Z1T2

+ HZ22Z;—2 -1,
op

| Z1ow lop - (107)
op

By | Zo1l|pi2s < /B and || Ziow]|f25s < 1. Applying to the stacked Gaussian matrix
formed from Z13 and Zog also gives || Zo2 Z 15| p12s < /B and || Z2aZgy — Ly || 256 < +/B. Thus
and Holder’s inequality yield ||[U Wy pi2s < V5.

Right leakage. Let Z,, = {i: 7 > +/B}. OnZy, ;= 1,50 |V 2, Wr 1 llop < 1. On Ly, restrict
the second equation in By |(61)[ and the definition of r;, we have r;/s; = 7;/(7; + ) < 1, and
hence Vi 2, Wiz, lop < 1 Z12llop + | Zz2llop: Consequently, [Vi Wallop < 1+ [ Z1sop + | Z22op,
and |(53)| gives | VI Wg||p12s < 1.

D.7 Proofs of the Gram-approximation inputs

D.7.1 Proof of [Proposition 1]

Since ¥, K(z), and K;(z) are diagonal, it suffices to evaluate the contour formulas entrywise.

Pole locations and scalar identities. On &, we have 7; > 1/f3, so the upper-branch relation
gives 37 —1 =1, + B+ B/7. Set ¢; == (37 —1)~1. Then ¢; < 16/s2, so (; lies inside C,. The standing
signal condition also ensures that mg is analytic on and inside this contour.

Substituting z = (; into shows that the solution analytic at zero satisfies mg(¢;) = (57 —

1)/(1; + B). Thus, writing ko;(z) and ki ;(z) for the ith diagonal entries of Ky(z) and K;i(z),
respectively,

Gmp(Gi) = el (14 G)ma(G) = Ti: ;
g G+2) (108)
k‘ol'(z) = ! s k:li(z) = 17.
’ z =G ’ z =G

The operators Ay and B. Fix i,j € [p| and first suppose that ¢; # (;. The two integrands
below have poles only at (; and (;. Using the residue theorem gives
Gimgp(Gi) — ¢ima(G)

G—G

1
% i* mﬁz(z) k()’i(z)ko’j(z) dz = CZCJ
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_ TZ‘TJ‘
(i B) (1 + B) (i — B)’
! 1 i ) — (1 . .
% fé* mﬁz(z) kl,i(z)k‘o’j(Z) dz = <Z<]( + C )m,@(CC)Z — (Cj + Cj)mg(gj)
1

TiTj - B

The same identities hold when (; = (; by continuity, or equivalently by evaluating the resulting
double pole.

The (i, ) entry of the right-hand side of [(100a)|is therefore 35;5;7;7; M;; /{(7:+ 58) (15 + B) (ri7; —
B)}. Since the weight definitions give r;/s; = 7;/(m + ), this equals Bryr;M;;/(my7; — ), which
is [Ay(M)];;. The second residue identity immediately gives [B(M)];; = SM;;/(ritj — B). This
proves |(100a)| and |(100b)}

The operator Ay. The remaining integrand has poles at 0, (;, (. At zero, k1 ;(0) = k1;(0) = —1,

so the residue of
mg

{ku +k1(2) + kra(2)k;(2) }
is —1. Summing this residue with those at ¢; and (;, and again using gives

}d _7'1+7'J+B+1

mﬁ
F1i( k k1i(2)k
7{ { 1 + 13()"’ 1 ( 1] TiTj — B

As above, the identity extends to (; = (; by continuity. Consequently, the coefficient multiplying
M;; in the right-hand side of is

1 {1+B7'i+7'j+,3+1}: (i +B)(m5+8) Ll

20 7,7y — B 555 (i — B) - 71 — B

SiSj
where the last equality uses the direct identity 5;¢; = 7;+ (3. This is precisely [Ay (M)];; and proves
(100c)

D.7.2 Proof of Lemma 18
C(T+3)

Proof. We first bound the 11 contribution to Ry coef, namely the term containing Cy; ;7. The
remaining terms can be controlled similarly. Minkowski’s inequality and submultiplicativity give

1., W1 > Dy sV Cl Y visDswy,

r,5>0

1,32
< 3 [t W=D, o5 1 et
rs>0 Pl| 32
<C Y |1, |D IHHS CSﬁTf) .
r,5>0 PllLs2

Here we used ||V|[[op < 1 in the first inequality. For the second, and the definition of ¢; give
/S\Z&/(g? — 1) S 1 on 5100.
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We next bound the centered coefficient itself. Conditional on Z, apply |(55)| to Za; with
A = H, and ¢ = 32. Since ||H{}y |l < vVa || Hpux||oy, we obtain

E HCU’ll Hop

It remains to combine the coefficient estimate with the exterior powers of Dgl. For m = 0,
the preceding conditional estimate directly gives the required bound. Suppose that m > 1. If
| Houll,, = 0, then H, = 0 and hence C’[(Jni)l = 0, so the contribution vanishes. On the
complementary event {||Hpuxl|,, > 0}, the contraction bound gives

m
op’

32 o
p
Za]) < S (VB 1l +p VL) < O3y |2,

e D" ’C(M)H H < 5 | 1| Eoup. > 0} o Hlop
loc % op U111 op|| .32 - v °op ||Hbu1k||g;b>

132

< 05\/58—’”.
a

The second inequality follows by dividing the preceding conditional coefficient estimate by the
positive, Zso-measurable quantity ||Hbu1k||2; and then integrating over Zs. Thus the displayed
bound holds for every m > 0 without requiring a convention for division by zero.

All remaining contributions, except the explicitly displayed base—base term involving Zngir2 —
I, follow from the same argument, and we omit the repeated details. Indeed, conditional on Zsj,
each coefficient is a centered Gaussian quadratic or bilinear form whose middle matrix has rank
at most a. Its operator norm is bounded by C(1 + || Zaz|op)? times the corresponding power of
| Hpuik||op- The relevant powers are m for the remaining left-Gram coefficients, r+ s for C‘(}: ’151) , q+u

for C‘(/q’;;), q for either centered base—series coefficient in the V, 22 family, r 4+ u for C‘(/T ’1u2), q + s for

C‘(/qésl), and r or s for the two base cross terms. Thus|(55)} the exterior-factor bounds, and |(86)| give

the same geometrically summable bound as for the U, 11 contribution. Since ||(1+ || Zaz|lop)* || 132 <
C by |(53) their total contribution is at most Cﬁ\/%.

It remains to treat the base-base term. Using [|Ujllop < 1, [[WhaZ ™ lop < B4, and [(54)| its
weighted contribution is at most

—1112 T p p
Wous |2, | 21225 - 5, |, < Cﬂ\fb < Cﬁ\/;
where the last inequality uses a = fb. Combining these bounds proves |(102)} O

D.7.3 Proof of [Lemma 19

Fix z € Cx. The resolvent trace is well behaved on &, but need not be globally Lipschitz as a
function of the Gaussian matrix. We therefore introduce a cutoff that agrees with the resolvent
trace on &p.. Gaussian concentration will control the resulting statistic around its mean. We then
use Gaussian integration by parts to show that this mean satisfies the Marchenko—Pastur equation
up to an error of order o', after which stability of that equation completes the proof.
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A globally Lipschitz statistic. For D € R*** set Hp = DD' — I,. Choose a 4-Lipschitz
function ¢ : [0, 00) — [0, 1] that equals one on [0, 1/2] and vanishes on [3/4,00), and define

WD) = (5 1Dl ) (109

The cutoff restricts attention to matrices for which the resolvent is uniformly bounded. Indeed, if
x(D) > 0, then |[Hp||,, < 352/256. Since |z| = 32/s2, the matrix I, — zHp is invertible and

8

-1
|(fa = =Hp) ™|, < - (110)
We may therefore define a function on all of R**? by
x(D) —1
tr(I, — zH , D) > 0,
FD) =] a p)", x(D) (111)

0, x(D) = 0.

By |(72)} x(Z22) = 1 on Ee, and hence F(Z32) = Mpuk(z) on this event.
We next verify the Lipschitz estimate needed for Gaussian concentration. Take Dy, D; € Re*?
and interpolate along Dy = Dy + t(D1 — Dg). Where the cutoff changes, || D, S /1+ s

differentiating HDtDtT — IaHOp along this segment therefore gives

\/1—i-s2
IX(D1) = x(Do)| £ ~——5— D1 — Dol -

*

If both cutoffs are positive, the resolvent identity, together with |(110), gives the same bound for
the normalized traces:

1 B 1 B 1+ s2
—tr(l = zHp,) " = ~tr(Ily = 2Hp,) | $ ~—5— [ D1 = Doy

~
*

If exactly one cutoff vanishes, the first estimate and |[(110)| control the difference of the two values
of F'; if both vanish, the difference is zero. Thus

1+ s2
F(Dy) - F(Do)| 5 Y75 D, — Dy (112

*

for all Dy, D, € R**?,

Fluctuation around the mean. Set m :=EF(Zy). Since F(Z22) = Mpuk(2) on Ege,
| Lere (Mbui(2) = mp(2)) || 150 < NF(Z22) — |32 + [ — mga(2)]. (113)

It remains to bound these two terms.
Let G = Vb Zsy, so that the entries of G are independent standard Gaussian variables. By
the map G +— F(G/v/b) has Lipschitz constant at most

Cyi+s: C <B+B>1/2< 1

Vb s2 Va ~Va’

where the last inequality uses s2 A s* > v23. Applying Gaussian concentration to the real and
imaginary parts of F' gives

se 53

1F(Z22) = Ml S (114)

%\
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An approximate Marchenko—Pastur equation. We next show that m satisfies the equation
in up to an error of order a~!. In the remainder of the proof, D has the same distribution as
Zso, and we write

1
X = x(D), R, = (I, - ZHD)_l, m = 5tr(Rz)

on the support of x. Let dy denote the fth column of D, and set hy; == d;Rzei. The product xhy;,
extended by zero away from the support of x, is globally Lipschitz by the same argument used for
F. We may therefore apply Gaussian integration by parts to it.

The identity R;! = (1 + 2)I, — 2zDDT gives

a b
z
m:1—2m+a2;thﬁ. (115)
1= —

To evaluate the expectation of the last term, differentiate hy;. At every point of differentiability of

X
Diche; = (R.)is + zh%, + 2(d] R.dy)(R.)s;.

The three sums produced by this identity reduce to
Z(Rz)“ = abm,
il

%:hzi = a{m+ (1+2z)m'}, (116)

a2
> _(d] Redy)(R.)ii = —m{(1+2)m — 1},
it

where m’ = 9,m. For the second identity, use >, , hZ = tr(DD'R?), R2 — R, = zHpR?, and
m' = a~ ' tr(HpR?). The third follows from tr(DDTR,) = a{(1 + z)m — 1} /2.
Multiply [(115)| by x, take expectations, and apply

E[Dig(D)] = ; Eldug(D)

to g = xhe;. The product rule and [(116)| give
m = Ex + BzE [xm{(1 + z)m — 1}]
2 (117)

+ %E {m + (14 2)m’}] + % ;E [70iOiex] -

The term generated by the first line of [(116)| cancels the term —zm from |(115)l This cancellation
is why the remaining leading term has exactly the form of the Marchenko-Pastur equation.

The error in the fixed-point equation. Define

r(z) =m—1-Bzm{(1+2)m—1}.
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Comparing [(117)[ with|(99)|reduces the problem to bounding this residual. Rearranging|(117)|gives
the central decomposition

r(z) = Ex—l+ﬂzl+z{]Exm m*}

118
—|—FE[ {m+(1+z ZE hi O, ZZX ( )

We bound the four terms in this order.
First, x # 1 implies ||[Hzy,|,, > s2/128. The Gaussian Wishart deviation bound and b(s2 A

s4) > va therefore give
P{x(Z22) # 1} < Cexp{—ch(s> A s2)} < Ce™. (119)

In particular, [Ex — 1| <a™!
For the second term, the exact identity

E[xm®] —m?® = E[(F —m)*] + E[x(1 - x)m’]

is valid also for complex m. Using|(110)} |(114)} and [(119), we obtain

64 1
|E[ym?] — m? < E|F —m|* + %]P’{x £1} < =, (120)
a

Moreover, |z||1 + z| < B/s2 + B/s% < 1, so the second term in m (118)|is also of order a~!
It remains to bound the last two terms. On the support of x, m’ = a~ ! tr(HpR2), and hence

|m’| < s2. Where the cutoff changes, |Vpx|lp < v/1+ s2/s2, while HDTRZHF < Va(l + s2).
Since (h¢i)e;i = DT R,, these estimates give

2I* it 1B By 1
bE[X|m+(1+Z)m’]N bSi _(l + 2 ~ 9
2] ’ |Z\

% %E[h&azZX] < H

1 15} I} 1
< _

af( " )”a'

1
0

IVl ] (121)

Z/\

Combining [(119)| to |(121)|in |(118)| proves

Ir(z)| < (122)

Stability of the Marchenko Pastur equation. It remains to convert the residual bound into
a bound for m — mg(z). By [(110)| m |F(D)| < 8/5 for every D, and therefore |m| < 8/5. The
centered Marchenko— Pastur law is supported on [3 — 2/, 3 + Q\f B]. Since s2 > v+/B, the signal
condition gives, for sufficiently large v,

12](8 +2v/B) <C—2§i

The integral representation of mg consequently gives |mg(z)| < 4/3.
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Subtracting from the definition of r(z) gives
(m —mg(2)) [1 = Bz{(1 + z)(m + mp(2)) — 1}] =r(2). (123)

The bounds on m and mg(z) imply

‘ﬁz{ + z)(m + mga(z 71}}

For sufficiently large v, the bracket in |(123)| has modulus at least 1/2. Hence|(122)| and |[(123)| yield

1
_ < =
Im —mg(2)] < -

(124)

Finally, [(113) |(114), and |(124)| give

m 1
160 (Fvae(2) = m5(2) [ S 72

Every bound above is uniform over z € C,, because the argument uses z only through |z| = 32/s2.
Taking the supremum over the contour proves |(103)

D.7.4 Proof of [Lemma 20

Fach term in the two bulk remainders has the same structure: the contour integrand contains the
scalar difference mpyk(2) — mg(z) multiplied by a bounded matrix kernel. We give the complete
argument, for the Ay term and then record the kernel bounds needed for the other three terms.

By [(98a)| and |(100a)},

(A\U _ AU)(‘/HT‘/H) _ 2/87”% fﬁbulk(z)z_ mﬁ(z) EKO(Z)‘/HT‘/HKO(Z)E dz.

On &joc, the identities 57 —1 =7, + B+ /7 and 5;4; = 73+ 8 give |WL XK (2)|lop < C uniformly
over z € C,. Since [|V] Hop < 1, Minkowski’s integral inequality and m yield

H1aOCWL<ﬁU — A0 (V[ V)W |

1,32

P . 2
< e B o [ e) = ma IWLSE)IG |, b
< Cﬁ - C\[

N
where the last identity uses a = (5b.
The remaining three operator differences are controlled identically, so we omit the repeated

contour calculations. The only changes are the matrix kernels. On &£y, uniformly over z € C,, the
same scalar identities give

1+ 2" [WLKo(2) g, < C.
1+ 271 [WhaKo(2)||5, < C,

op

1+ 27 [[WoaE ™ Ko ()|, [[Wha ="', + 1427 P [ Wha = Ko (2)] |, < C.
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The first bound controls the B — B term in Ryj bulk, the second controls the corresponding term
in Ry puk, and the third controls .ZV — Ay. For the last difference, the base term X~ 'MX~!
cancels between the empirical and population operators. Using ||Uj|op, [|V]llop < 1, each of these
three terms is therefore bounded by the same contour argument by C8/y/a = C\/a/b.

Finally, apply the triangle inequality to the decompositions in |(101a)| and [(101b)l Combining
the four operator bounds gives |(104)]

E Completion of the upper-bound proof

We now prove [Lemma 5, We establish its three conclusions in order.

E.1 Proof of |(34a)

Recall that R; = S;iU. Using the two blocks of Q,, we obtain

(LJ — TL)Q* =a1L1R; + asLoRy — T(L1R1 — LQRQ). (125)

Step 1: Bound o L1 R 4+ asLoRs. The first two terms can be bounded directly. On Egpp,
(39a)| gives || Ry, < ;. b, while |(33)| gives || Lot S ov/ar S oy/n. Since Egood € Eemb, these
estimates imply

ey (1 B+ o) € s (25 22) £ 2

Y1 Y2/ " Ymax

The last inequality uses /71 + ag/v2 = (11 + 72)/(7% + 722) < Voo

Step 2: Bound T (L1R1 — LgRg). The same argument is too crude for the term multiplied
by T'. Submultiplicativity would bound || T'LyRy||,, by [|T'||op [ Lk llop [ BElop and would therefore
retain the factor \/ay from the bound for L. To obtain the rank dependence in we need to
leverage the rotational invariance of L.

For k € {1,2}, define

Hi =0 (Sla SQ,LB—k’LZLk> : (126)
The sigma-field Hj, records the quantities that remain unchanged when Ly is left multiplied by an

orthogonal transformation on Mé The following lemma uses this invariance to bound a product
in terms of the operator and Frobenius norms of the matrices on either side of Ly.

Lemma 21. Fiz k € {1,2} and ¢ > 2. Let £ € Hy, and let ¥ € R™™" and © € RPF*Y pe
Hi.-measurable. Then

T < g
|rewTrie| </

We defer the proof until after the proof of The lemma does not require ¥ and ©
to be independent of Lj; their Hy-measurability is sufficient. Taking ¢ = 32 in |(127)[ and using
| Ll o1 S oy/ay gives the form used below:

(127)

Le (1 2lly 101, + 12, 1)

L2’

|ewT e |, so|1e (Il 1O, + ¥, 1O )| (128)

64
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Since Eqmp and Ry, = SZU are Hy-measurable and T is deterministic, we may apply |[(128)| with
¥ =T" and © = R;,. Thus

2
nggoodT(LlRl - L2R2) HL32 < Z ngcmbTLkRkHLw
k=1
i

2
S0 (ITle 1 Rlop + 1Ty I Rl
k=1

—~
=

o

< o\/T1 + 12 N U\/pmin.
“Ymin ’Ymin\/é

Here (i) is|(128)l For (ii), we use |[(45)|in the forms HTHF < r1 4 1o+ /11 ATe/V/0 and 1Tlop <
6~1/2, together with |(39a)| in the forms | Ry|| Vand |Rillp < v/7/7vk- The last inequality

uses Yk > Ymin and /7 + (r1 A72) X \/Pmin-

Combining this estimate with the bound for the first two terms in m (125)| and using L' < L32
proves |(34a)

E.2 Proof of |(34b)
Write Aquad ‘= L'L-D,. By it is enough to bound Agyaa, Peoi(s)L; and A .

OpN

The matrix Ag,.q. The diagonal blocks of Aguaq are L;—Lk — akJQka and are controlled by

or the off-diagonal block, Loy is Hi-measurable, so applies wit = Lo an =1I,.
F he off-diagonal block, Lo is H bl li ith W =L de =1,
Hence

|z,

s H\|L2||F+\ﬁ|u>2uop .
(i)
< 0'(\/271‘1’ \/p2) ||L2||L64 ,S 0'2\/npmax-

Here (i) is|(128)} and (ii) uses and ag < n. The transpose block satisfies the same estimate, so
the diagonal and off-diagonal bounds give

[Aquadll 22 < o vV MPmax- (129)

The matrix Pg)L. On Eup, we have col(S) = M; + My and therefore rank{ Ps)} =
p1 + p2 — r. The event and the projection are Hj-measurable, so applies with ¥ = P (g)
and ©® = I, . Thus

2
| L&, Peot(s) L] 35 < Z | L, Peoi(s) L || 2
k=1

2
SoY (Vprtp2— 7T+ VPr) S 0/Dmax- (130)
k=1

52



The block Aiy. Set Py = Piey(g,)- Since SPy = 0, the definition of A gives
T
Ao = (S(G)'?) LPy+ (G)"* Aquaa P

For the first term, apply |(128) to each view with ¥ = S(G%)l/2 and © = (Pp)g, where (Pp)g
denotes the kth block rows of Py. Combining this estimate with [(39b)} [(39¢)| and |[(129)| gives

2
e Aol sz € D [ Lo (S(GH2) T LR(Po)]

+ H(GE)l/aHOP 1A quad |

— .32
gai{HS(G&)“QHFWPOM +[s@h ], nrde b+ %””jg
< /P + 2 7" P (131)

“Ymin \/é '

Here (i) uses |(39¢c)} |(128), and |(129)] For (ii), |(39b)| gives HS(G$)1/2

Frobenius bound, while |[(Py)kl|,, <1 and [[(Po)klp < \f
We now apply [(32)} The small rate assumption gives 02, /MpPmax/(72:,0) < 1 and, since ppax <

N, {0y/Pmax/ (YminV0) }? < 02, /npmax/(vrnln ) < 1. We also use the standing condition ov/n/Ymin <
1. Cauchy—Schwarz and |[(129) - )| to |(131)[ yield

~—

< 1 and the required

op

2 o f
E |:]-g'ood HRemHo :| S.z ? anmax + 0-\/> ( 0/ Pmax + npmaX>
& P 7m1n0 ’me\/g ’len\/é
0+/Pmax NPmax
e ey
min min

2

1 o? v/ MPmax o v/ MPmax

2 9(0\/pmax+ o \/é SJ ,)/2' 0

For the second term, the two summands are absorbed using respectively § < 1 and ov/n/¥min < 1.
For the third, use pmax < /APmax and o+/Pmax/(YminV0) < 1. The final term follows from the
same inequalities and the small-rate assumption. Since pmax = r + (11 V r2), this proves|(34b)|

E.3 Proof of [(34c)|
By the definition of Eggq,

1 1
]P)( good) < P( emb) +P {Eemba HA-I-'i‘”op > 4} +P {gemba ”AOOHOp +2 HA-‘rO”gp > SCgmbvgﬂne} :

Because E1NEy; C Semb,and a union bound give P(ES ;) S 02 /MPmax /712nin < 02 /MPmax / (fymm ).
It remains to bound Agy and Ay;; the bound for A,y is already given by - Since

SPy = 0, the two terms in A containing one factor L vanish after multiplication by P, on both
sides. Therefore

Ao = PopAguaaPo,  |1e.,, Aooll 52 S 02 /MPmax (132)
where the bound follows from |(129)
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For A4, expanding |(21)| gives
.
Ay = (S(GDHY?) LGHY? + (GHY2LTs(Gh)Y/?
+ (G2 A guaa (G /2.

The first two terms are transposes. Apply [(128)| to each view with ¥ = S(Gg)l/ 2and © =
((G$)1/2)k, and use |(39b)|7 |(390)L and |(129)l This gives

11e, 0 Aitllps So {HS(G‘T))WHF H(GS)W
op

< o/T1+ T2 + 0 +/Pmin + 0 y/Pmax 4 02\/ NPmax
~ Ymin “Ymin \/g “Ymin \/@ ’yr2nin 0

s

@2+ @D NAgaal

(133)
The last event in the initial union bound is contained in the union of {|[Agol|,, > 1720} and

{l|A+oll op > czfymin\/@} for sufficiently small numerical constants c¢1,co > 0. Markov’s inequality

with exponent 32, followed by |(131)| to |(133)} therefore gives

1 , 1
P { o 1814y > 1 b+ P { Eont 1Bl + 208002 > Gt

1¢ A()OH 32 52 ng A—i—OH 32 52
S 15 A 32 + <H emb L + emb L
H emb ++ ||L32 Iznine ")/min\/a
2
g i g n
S O’\/’I”l‘i‘?“Q + \/pmln + \/2 pmax' (134)
’)/min ’Ymin \/g ,.Ymin 9

For the last inequality, the small-rate assumption bounds the 32nd power of each displayed rate by
the rate itself. The only additional term is o/Pmax/ (YminV/8), whose 32nd power is bounded by its
square and hence by o VTPmax/ (72;,0) because pmax < n.

Combining this estimate with the bound for P(ES ) and using \/pmin < /7 + (r1 A T2) proves

Together with |(34a)| and |(34b)| this completes the proof of
E.4 Proof of [Lemma 21

Proof. The proof has two parts. We first use the rotational invariance of the Gaussian noise to
randomize the orientation of L while preserving every quantity in Hy. Conditional on the original
data, the resulting product is then controlled by a fixed-matrix Haar estimate.

Fix an orthonormal matrix Ny € St(n, a;) whose columns span ML and let O be an indepen-
dent Haar matrix in O(ax). The distributional identity used below is

(S1. 82, L4, L Ly, L) = (81,8, Ly, L] Ly, NyON{ Ly). (135)

We first derive the claimed moment bound from this identity and verify the identity at the end of
the proof.

Choose measurable representatives of 1¢, ¥, and © as functions of the tuple defining Hy. These
representatives are unchanged by the replacement of Ly in Define

H=N/¥ M :=N/L.0.

Since Lj = NkN,ij, the product obtained after the replacement in |(135)|is H ' OM.
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We next establish the fixed-matrix Haar estimate needed after conditioning. Let Hy € R*%
and My € R**? be deterministic, and let I' € R**® have independent standard Gaussian entries.
Chevet’s inequality (Vershynin, 2018, Section 8.7), applied with 7 = MS*~! and S = HpS* !,
gives

E[|Hg T Mo|lop < |[Hollr[|Mollop + || Hollop|| Mo]|r-

The map T' — ||HyJ T My||op is || Hollop||Mo|lop-Lipschitz with respect to the Frobenius norm,
because
|| HJ T4 Molop — |[Hy ToMollop| < || H{ (T1 = To) Mollop

< [ Hollopl|T'1 — Tol|r || Mo|lop-

Combining Gaussian concentration with the expectation bound therefore yields

1/q
(EIIHOTFMOHZp> < C{|[Holle[|Mollop + [[Hollop | Molle + /¢ [[Hollop || Mo|lop }
< CVa{llHol[r[[Mollop + [ Hollop||[ Mol[¥} -

The second inequality uses ¢ > 2 and bounds each operator norm by the corresponding Frobenius
norm.

Apply Tropp’s comparison principle (Tropp}, 2012, Theorem 1) to the seminorm X ~ || Hy X Mp||op
and the function ¢t — t9. Comparing a Haar matrix with T'/\/a gives

1/q q
(EollHT OMy,) ™ < c\/; {I1E 1| Mo lop + || Eollop Mol i} (136)

We apply [(136)| conditionally with a = ax, Hy = H, and My = M. The identity |(135)| and
Tonelli’s theorem give

E 16/ ®TL4®|3,] = EEo [1c|HTOM]4, .
Because NN has orthonormal columns,
1H |[g ][ Mlop + [ H [lopl[ M lr < ([ Lillop (1E[[e[[©]lop + [[¥llopl©]lr) -

Consequently, [(136)| followed by Hélder’s inequality gives
q
|rewTrio| </ InelLillop (121l ©lop + 12 op | ©1]e) ]

q
< \/; ”Lk||L2q IIls (H‘IlHFH@HOp + ||\I’||0p||®HF)||L2q :

This is the conclusion of subject only to the distributional identity.
It remains to prove|(135)l Fix o € O(ax) and define

R = Py, + NyoN} .

The matrix R is orthogonal, acts as the identity on M}, and acts as o on ./\/l,i Since col(Xj) C My,
we have RX}, = X. Left rotational invariance of the Gaussian noise and independence of the two
views therefore imply

(RY;, Y1) < (Y3, Y3 4).
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The bias-corrected empirical factor is left orthogonally equivariant:
Cr(RYy) = RCy(Y) almost surely.

Indeed, choose the right singular vectors measurably as functions of YkTYk. Left multiplication
by R preserves this Gram matrix and all singular values, while multiplying the corresponding left
singular vectors by R. The weights depend only on the singular values, so the displayed equivariance
follows.

Since R acts as the identity on My, this equivariance gives

Sk(RYy) = Sp(Yi),  Li(RY:) = NyoN, Li(Y3).
The other view is unchanged, and the transformed leakage has the same Gram matrix:
(NwoN| L;,) " (NwoN/ Li) = L] L.

Thus holds with O replaced by any fixed o. Averaging over an independent Haar matrix
proves the stated identity and completes the proof. O

F Probabilistic tools for the lower bound

Gaussian conditioning. The following lemma is a simple consequence of the tail bound for the
smallest singular value of a Gaussian random matrix.

Lemma 22. There exist numerical constants cg > 0 and dy > 1 such that, whenever d > dy and
1 < p<d/3, a matriz B € R>P with independent N'(0,d™1) entries satisfies

1
]P’{Uf,(B) <cp} < 16

Gaussian projector information. For an orthogonal projector P € R¥*N & >0, and 5 > 0,
define
Gop(P) =N (0,0’2(11\7 + BP)) .

The only covariance identity used later is the following standard specialization: if P and @ are
equal-rank orthogonal projectors, then
KL (Gos(P) | Gos(@Q)) = ——— P~ Q2. (137
} ) 4(1 +B)

For independent columns, we apply additivity of relative entropy directly at the point of use.

Fano. Below is a simple consequence of classical Fano’s inequality and the definition of the TV
distance.

Lemma 23 (Fano with proxy laws). Let I1,...,IIx be priors supported on a parameter class P,
with induced observation laws P, ..., Pn. Suppose that the target functional is constant under each
prior, with respective values ©1,...,0Oy, and that d(©;,©;) > 26 for all i # j. Let Q1,...,Qn be
proxy laws such that max; TV(P;, Q;) < e. Then, for every reference index iy € [N],

1_e_ N1 3 KL(Q)]1Qio) +log 2
log N )

inf sup Eyd(©, ©(9)) > §
© vep
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Assouad. We also need the Assouad lemma.

Lemma 24. Let Q,, = {-1,1}". For each w € Q,, let I, be a prior supported on P, with
induced observation law P,,. Suppose the target functional is constant under each prior:

O(¥) = O for I, -almost every 9.

Assume that, for some a > 0,

d(Oy,0.) > ay/Ham(w,w’) for all w,w’ € Q,,,

where Ham(w, w') denotes the Hamming distance. For j € [m], let w9) denote the vertex obtained
by flipping the jth coordinate of w. If

TV(P,,P. ;) <n<1
fé?f% (P, Pyiy) <m <1,
jE[m

then

inf sup Egd(@, 0(v)) >
O vep 4

Hellinger path.

Lemma 25 (Hellinger path bound). Let {P; : t € [0,T]} be probability measures dominated by f,
with strictly positive densities py. Suppose that t — /p; is absolutely continuous as an L?(p)-valued
map and that, for almost every t,

d 1 .

@\/pﬁ = §St\/17t in L*(p), Si(z) = 0y log pe(x).

Define J; = Ep,[S¢(X)?. Then, for the unnormalized Hellinger distance H(P,Q) = |\/p —
\/QHLQ(M)

TV(Py, Pr) < H(Py, Pr) < / \/Jy dt. (138)

Consequently,

V(P(), PT <

T
— sup +/J;. (139)
2 o<t<T

Proof. The standard inequality TV < H and the length bound for the absolutely continuous path

t— /Pt give
1 (T

=- v Jy dt.
2/0 Je

T
TV(Py, Pr) < VBT = Vil < |

N t
it L)

The final inequality in (138)) follows by taking the supremum of v/J; over [0, T]. O
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Bound posterior mean by mutual information.

Lemma 26. Let z be uniform on SM~1 and let Y be any observation jointly distributed with z.
Then

s C
E|E[z | Y]|| SMI(z;Y).

In the Gaussian mean channel Y = Az +og, where g ~ N (0, Iys) is independent of z, the sharper

bound E||E[z | Y]||” < 9522 holds.

Proof. Let vy denote the uniform probability measure on SM 1. Its one-dimensional marginals are
strictly 1/M-sub-Gaussian (Marchal and Arbel, 2017, Corollary 1). Thus, by rotational invariance,

¢ "
1 t du) < —— teR™.
og [expl(tu))vadu) < Ui te

Indeed, for M > 2 a rescaled spherical coordinate has the symmetric Beta((M — 1)/2,(M —1)/2)
distribution; for M = 1 this is the Rademacher bound.

For an observation value y, let IT, be the conditional law of z given Y = y, set m,, :== [ wII,(du),
and write D, := KL(II, || var). The Donsker—Varadhan variational inequality states that

/fdl'[y < Dy—i—log/efdyM.

Applying it with f(u) = M{my,u) gives M|m,|?> < D, + M|m,||?/2, and therefore |m,|? <
2D, /M; the inequality is automatic if D, = co. Averaging over Y and using EDy = I(2;Y)
proves the first assertion with C' = 2.

For the Gaussian channel, let Q,, = N(\u,0?I)), let Q be the marginal law of Y, and set
Qo = N(0,0%I)). The information-radius identity and the Gaussian shift formula give

2

1Y) + KLIQ | Qo) = [ KL(@u | Qo) vas(du) = 5.

Hence I(2;Y) < A2/(20?), so the first part yields the stronger bound

Bl | Y[ < 1oy

The stated bound follows. O
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G Proof of Theorem 2

To simplify notation, we use Ruminimax t0 denote the minimax risk. It suffices to prove the following
three separate lower bounds:

’Ymax

A
Ruminimax = cmin {17 G( Tt (Tl TQ)) } , (140b)

Ruminimax = cmin { O-f} (1403«)

'Ymin\/a
2\/>( r+(r1/\r2))}' (1406)

0

len

R minimax = cmin {

The first term is independent of € and captures the difficulty of estimating the shared subspace
even when the view-specific subspaces are fixed and known. The remaining two terms capture the
additional difficulty of distinguishing the shared directions from the view-specific directions when
the two view-specific subspaces are nearly aligned. We prove the three bounds in order.

G.1 Proof of |(140a)|

We restrict the parameter class to a family in which both view-specific subspaces and r — 1 shared
directions are fixed. Only the remaining shared direction varies. We construct exponentially many
such directions whose projectors are separated by order ¢, and then choose Gaussian loadings for
which the corresponding observation laws have relative entropy of order 6242, /0?. Fano’s lemma
will then give the claimed rate.

A packing of shared subspaces. Choose a fixed matrix with orthonormal columns:

[Uo Vi W uo]GSt(n,r+r1+T2).
—— O~~~

nx(r—1) nxry nxrz nx1

We use Uy to form the fixed part of the shared subspace, V; and V5 to form the fixed view-specific
subspaces, and ug as the baseline for the remaining shared direction.

The orthogonal complement of the displayed columns has dimension n —r —ry —ro < n. A
standard packing argument therefore gives unit vectors zi,...,zy in this orthogonal complement
such that

log N > cn, llzi — zjll2 > ¢ forall i # j. (141)

For 0 < 0 < 1/2, set uj == V1 —062ug + 0z;, U; = [Up,u;], and P; := UjU]T. The choice of
the z; ensures that every U; has orthonormal columns. Moreover, P; — P; = 'Ll,m;r — uju;.r and
1—z z; = 3||zi—2;||3 < 1. The formula for the distance between two rank-one projectors therefore
gives

1P = Py2, = 1 - (u] uy)?

(142)
=12 z){2-80-22)} <% IR~ P} =2|P- B,

Thus the targets are separated by order § in operator norm, while their squared Frobenius distance
is of order 62, as required for the information calculation below.
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Admissible priors and unconditioned comparison laws. The loadings are randomized so
that the unconditioned observation laws are centered Gaussian, while conditioning on their smallest
singular values ensures that every realization belongs to the parameter class. Independently for
k=1,2, let G € R%*Pr have independent N (O,d,;l) entries, and define

gload {Gk Gy = CBIp } , B = (]) [U], W]Bk

Sk
VeB
For the prior indexed by j, condition jointly on £}°#d N €2, On this event, o, (Bg) > sk In
addition, [Uj, Vi] € St(n, p) and V' Vo = 0, so the resulting prior is supported on P and its target
is the fixed projector Pj. Let P; denote the induced observation law.

Let Q; denote the observation law obtained from the same construction without conditioning

on &lead 0 gload The Gaussian smallest-singular-value bound and contraction of total variation
under the observation channel give

mas TV(P;,Q)) < P ((f;ioad)c U (géoad)c) < é (143)

It remains to control the relative entropy between the unconditioned laws.

Applying Fano’s bound. Under Qj, the columns in view £ are independent centered Gaussian
vectors with covariance ¥y ; = o{I,, + ﬁk(UjUj—r + Vi V.1)}, where By = s2/(cpdyo?). Since all
fixed directions cancel when comparing j with 1, |(137)[and [(142)| give

2
di 5} 2
Q1190 =2 57 gy Jusee] = wred
k=1
2
dy, 37 2
2 kP 27max
. 144

We now choose

0= ¢y (1/\0\/ﬁ>,
“Ymax

where ¢y > 0 is sufficiently small. Then [(144)[is at most a sufficiently small multiple of n, and
hence of log N by |(141)l Apply with the operator-norm distance, reference law Qg,
target separation ¢d from |(142), and comparison error at most 1/8 from |(143)l Fano’s lemma gives

a minimax risk lower bound in |[(140a)|

G.2 A common construction for the two #-dependent terms

We now construct a single family of target subspaces for the two lower bounds that depend on
f. By exchanging the labels of the views, we may assume that v = ypin. Put ¢ .= r1 Are. The
construction varies the decomposition of a fixed (r+¢)-dimensional subspace into r shared directions
and ¢ view-specific directions. View 1 will have the same distribution under every hypothesis, so
only View 2 can distinguish the resulting target projectors. The two subsequent proofs differ only
in whether certain view-specific directions in View 2 are fixed or randomized.
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The target subspaces. Set m := n—r—r;—ry+q. The rank assumptions imply r+r;+ry < 2n/3,
and hence m > q. We may therefore choose

[ F D, D, H | e€St(n,n),
~~ ~—~ ~— =
nx(r+q) nx(ri—q) nx(rg—q) "XM

where a block with zero columns is omitted. The shared subspace will vary inside col(F'). The
matrices D; and Dy supply the remaining 1 — ¢ and ry — g view-specific directions, while col(H)
contains the additional View-2 directions used to satisfy the separation condition.

For T € R?9*", the columns of [I,, TT]T span an r-dimensional subspace of R"*4. We orthonor-
malize these columns and map them into R™ by defining

U3 = [H (I, +T'T)"'?,  Up:=FUS;. (145)

The corresponding target is the orthogonal projector

I,

Pr =UrpUj = F [T

] (I +T'T)"'[1, TT|F'. (146)
Thus T is only a coordinate used to specify the shared subspace; Pr is the quantity being estimated.
To construct the associated view-specific directions, define

_TT
RS = [ 7 }(IquTTT)_l/Q. (147)
q

The columns of R form an orthonormal basis for the orthogonal complement of col(Ug.) in R" 4.
Indeed, the inverse-square-root factors orthonormalize the two matrices, and direct multiplication
shows that their column spaces are orthogonal. Consequently, Uz, Ry € O(r + q).

The Assouad family. We choose the matrices T so that the family has r V ¢ binary coordinates
and every nonzero difference has rank one. For w € {—1,1}"V4, define
serw’, r>q,
T, =
Swel, q>r,

where e; € R? in the first case and e; € R” in the second. Since every nonzero difference has rank
one, its operator and Frobenius norms agree. Therefore

”TwHop = 0+/7 Vg, T — Tw'Hop = Ty — T ||p = 20/ Ham(w, w’). (148)

The rank-one choice serves two purposes. It makes the operator-norm separation proportional to
the square root of the Hamming distance, and it ensures that neighboring hypotheses differ in only
one shared direction and one direction in its orthogonal complement.

The following deterministic estimate transfers separation between the coordinate matrices to
separation between the target projectors. We state it here because it is used by both #-dependent
lower bounds and defer its proof to the subsection containing the proofs of the auxiliary lemmas.
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Lemma 27. For T, S € RI*",
||T - SHop

H’IDT_‘F)S”OI)2 :
2 2
\/1 + HTHop\/l + ”SHop

In particular, if | T||op V ||S|lop < 1/2, then

4
||PT—PSHongHT_SHop'

We will choose d so that /7 V¢ < 1/2. Applying [Lemma 27| and |(148)| then gives

> 0y/Ham(w, o). (149)

The rank-one property will also be essential when comparing neighboring observation laws. For
neighboring vertices, T, — T, = kab' for some unit vectors @ and b. The difference vanishes on
b, so the corresponding shared subspaces have r — 1 directions in common. Its transpose vanishes
on a*, so their orthogonal complements in col(F') have g — 1 directions in common. Consequently,
only one shared direction and one orthogonal direction change, and the two pairs are related by a
rotation in a two-dimensional subspace. The neighboring-law lemmas use this reduction to remove

all directions whose distributions are identical under the two hypotheses.

HPTw - PTw/

View 1 is identical under all hypotheses. For each T', define
Vit = [FRy, Dy € St(n,r1). (150)

The matrices [Ur, Vi r] and [F, D] are orthonormal bases of the same subspace. We can therefore
choose a first-view signal matrix that is independent of T'. Fix W7 € St(dy, p1) and set

X, = s1[F, D, |W,". (151)

More precisely, there is an orthogonal matrix Or € O(p1) such that [Ur,Vir| = [F, D1]Or.
Taking By 1 := 51 W1Or represents in the model, and every singular value of B; r equals s1.
Hence the distribution of Y] is identical for every T and contains no information for distinguishing
the target projectors.

View 2 satisfies the separation condition. Let p:=1—20 and p; = /1 —p2. For Z €
St(m, q), define
Vor z = [pFRy + pi HZ, Ds) € St(n,r2). (152)

The matrices F'R7 and H Z have orthonormal columns and are mutually orthogonal. Since P+
pi = 1, the first ¢ columns of V5 1 7 are orthonormal. They are also orthogonal to Ur and Dj, so
[Ur, Va,1,z] has orthonormal columns.

The alignment with the first view is

I, O
ViVarz = [’)Oq O].

It follows that
(VirVerz| =p=1-2,
op

so the separation condition holds for every T and every Z. The target Pr does not depend on
Z. Thus Z may be fixed in one lower-bound construction and randomized in the other without
changing the target.
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Reduction to neighboring laws. For either of the second-view loading constructions below,
let P, denote the observation law associated with T,,. Suppose that the priors are supported on
B and that

1

TV (Pu,Pui) < 7,

el TV PurPuo) < 3
j€lrval

where w¥) is obtained by changing the jth coordinate of w. Then |(149)| and [Lemma 24| imply

lenlmax = v rVgq (153)

It therefore remains only to choose the second-view loading and d so that neighboring observation
laws have total variation at most 1/4. Fixing Z gives the 9—1/2
Haar-distributed Z gives the ! term.

term, whereas mixing over a

Proof of[Lemma 27. To verify this claim, consider two distinct vertices and write T := T, and
S :=T,,. Choose a unit vector € R" satisfying ||(T — S)z||2 = ||T — S||op, and consider the unit
vector

1

xXr
= € col(Up).
V1+ [ Tz|3 {Tw] 7)

Because F' has orthonormal columns, the distance between the target projectors equals the distance
between the corresponding projectors in R"t9. Moreover, R spans the orthogonal complement of
col(Ug). Applying the difference of the two projectors to v therefore gives

1Pr — Psll,,, > [|(R%) " v]l2
_ Uy + SST) AT — Sz

1+ || T3
IT = Sy 4

- )
w+wmw+wm

The penultimate inequality uses the smallest eigenvalue of (I, + S S’T)_l/ 2 and the choice of x.
The final inequality follows from ||T'||op V [|S]lop < 1/2. O

1T = Sl

G.3 Proof of |(140b)

For this bound, we fix the matrix Z in The additional View-2 directions therefore have a
known orientation, and the leading change in the second-view covariance is proportional to p,. We
construct an admissible Gaussian-loading prior and state the neighboring-law estimate at the scale
d < 0/(y2p1). The common Assouad reduction in will then give the result.

An admissible prior for View 2. Fix Z; € St(m,q). Let Go € R%*P2 have independent
N(0,d5") entries, and define

52

Elad — {G2 Gs ~ CBIPQ} B; = — Gs.
For each matrix T in the Assouad family, condition on Eload and set
Xy = [Ur,Var,2,|B; - (154)
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On é’%‘)ad, the loading satisfies oy, (B2) > so. Moreover, [Ur, Vo 1,7,] has orthonormal columns and
the separation condition was verified in the preceding subsection. Together with the fixed first-view
signal in this defines a prior supported on 8 whose target is Pr. Let Pz denote the induced
observation law.

It remains to show that the laws corresponding to neighboring matrices in the Assouad family
are difficult to distinguish. View 1 has the same distribution under every hypothesis, so only
View 2 contributes to their total variation distance. After removing the conditioning on 324, the
columns of View 2 are independent centered Gaussian vectors, and changing T changes only the
projector onto the complete second-view signal subspace. The following lemma gives the required
comparison. Its proof is deferred to the subsection containing the proofs of the neighboring-law
lemmas.

Lemma 28. There is a numerical constant ¢ > 0 such that the following holds. Let w and w’ be
neighboring vertices of the Assouad family, and suppose that

1 o
STV g < =, §<ec .
=3 Y2pL
Then )
TV (Pg,,Pr,) < T
Choose

=Co )
VTV g  vepL
where ¢g > 0 is sufficiently small. The first term ensures that d,/r V¢ < 1/2, while the second per-

mits the application of to every neighboring pair. Consequently, [(153)| gives a minimax
risk lower bound of order

siva=1n VIV, oW VD)

V2P L ’Ymin\/é '

The final comparison uses Y2 = Ymin, p7 = 46(1 —0) < 0, and /7 V¢ < /T +./q. Since ¢ = r1 A2,
this proves |(140b)|

G.4 Proof of |(140c)|

For the third term, we randomize the matrix Z in|(152)} Specifically, let
Z ~ Haar{St(m,q)},

independently of the loading and observation noise. This is a prior on the view-specific subspace
only: for each T, the target remains the fixed projector Pr. The purpose of the randomization is
to make the orientation of the additional View-2 directions unobserved. A comparison conditional
on the entire matrix Z would give only the §~1/2 rate obtained in the preceding subsection.
Set
M=m-qg+1l=n—r—ri—ry+1.

The rank assumptions imply M =< n. In the proof of the neighboring-law bounds, we condition
on ¢ — 1 columns of Z. The remaining column is then uniform on a sphere in an M-dimensional
subspace. The resulting factor M ~! in the information bound is the source of the factor /n in the
final rate.
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We use different loading distributions according to whether s2 < cgdao?. Below this threshold,
a conditioned Gaussian loading leads to a covariance model with a bounded covariance ratio. Above
the threshold, we instead use a deterministic loading with orthonormal columns. This distinction
is technical: both constructions give the same neighboring-law bound at the scale

The low-loading regime. Suppose first that s3 < cpdeo?. Independently of Z, let G5 € Rd2%p2
have independent A (0, d; ') entries, and define

52

NG

gload {G;G2 > cBIm}, By = —2_Gs.

For each T in the Assouad family, condition on £°*d and set
Xy = Ur,Var z]B; . (155)

Every realization satisfies o, (B2) > s2, and the separation condition holds for every realization of
Z. Together with the fixed first-view signal in this defines a prior supported on PB. Let Pp
denote the observation law after integrating over both the conditioned loading and Z.

The next lemma controls the total variation distance between neighboring laws. Its proof first
removes the conditioning on égoad and then compares the resulting Gaussian covariance mixtures
after integrating over the unobserved direction. We defer the proof to the subsection containing
the neighboring-law calculations.

Lemma 29. There is a numerical constant ¢ > 0 such that the following holds. Let w and w’ be
neighboring vertices of the Assouad family. Suppose that

2 2
s5 < cpdao”, 0VrVag< =, <c—55—

V2P .

N =

Then
TV(Pg,,Pr,) <

AN

The high-loading regime. Suppose now that s% > cpdso?. In this case, choose Wy € St(da, r+
q) and Wy 1 € St(da, 72 —q) such that W2T0W2,1 = 0, with the second matrix omitted when r = q.
For each T', define the deterministic loading

Bo1 = 59 [Wa|Ug, Ry], Wa| € R%2%P2, (156)
and set
X, = [Ur, Vor 2By p. (157)

The columns of Wy o[Ugz, RY| and Wy are orthonormal and mutually orthogonal. Hence every
singular value of By 1 equals s2, so every realization again belongs to the parameter class. Let Pp
now denote the observation law obtained after integrating over Z.

The factor [Ug, R in is essential. It rotates the right coordinates together with the
shared and view-specific directions on the left. To see the resulting cancellation, consider the
limiting case p =1 and p; = 0. Then

[Ur, FR}|[Ug. R}]" =F,
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so the part of X 7 involving W5 is independent of T'. For general 6, only terms proportional to
1—por p; remain when the signal is differentiated with respect to the rotation between neighboring
hypotheses.

The corresponding neighboring-law estimate has the same conclusion as in the low-loading case.

Lemma 30. There is a numerical constant ¢ > 0 such that the following holds. Let w and w' be
neighboring vertices of the Assouad family. Suppose that

DN |
|
[NV
%)

S% > CBdQO'2, 5\/7"\/ q <

Then

TV(Pr,,Pr,) <

-

Choosing the separation. In either loading regime, choose

1 o’V M
0 1= ¢o N335 (>
vTVaq o vapl

where ¢y > 0 is sufficiently small. The first term ensures that §,/r V¢ < 1/2, while the second
permits the application of the appropriate neighboring-law lemma. Therefore gives a minimax
risk lower bound of order
2/ M(rv a?y/n (Jr +
5\/7“\/qx1/\a—(q)v1/\ v (vr \/a)

et Vaint

The final comparison uses M < n, Y2 = Ymin, p2 = 40(1 — 0) < 0, and \/r V¢ < /7 + V4. Since

q = 71 A g, this proves |(140c)|

G.5 Proofs of the neighboring-law lemmas

Fix neighboring vertices w,w’ and write Ty := T, and T := T,,,. The construction of the Assouad
family gives

I Tollop = 1Tk lop = 637V q < 1/2,
||T0 - Tl”F = 20.

In all three constructions, View 1 has the same distribution under T and 77 and is independent
of View 2. The total variation distance between the joint observation laws therefore equals the
distance between their View-2 marginals, which we consider from now on.

For the regular and hidden low-loading constructions, we next replace the loading conditioned
on the loading-band event by its unconditioned Gaussian law and account for the resulting total
variation error; the high-loading construction uses a deterministic loading and requires no such
reduction. It remains to compare the two View-2 laws. The regular case involves product Gaussian
laws with different covariance projectors, the hidden low-loading case involves Haar mixtures of
Gaussian covariance laws, and the hidden high-loading case involves Haar mixtures of Gaussian
mean laws.

For the two Gaussian-loading constructions, write

2

_ 5
8= cndyo? (158)
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G.5.1 Proof of [Lemma 28

Remove the conditioning. Let Qp and Q; denote the unconditioned View-2 laws corresponding

to Ty and Ty. By we have

1

1
TV (P, Pry) < — +TV(Qo, Q1) + 6

— 16
It is therefore enough to prove TV(Qp, Q1) < 1/8.
The second-view Gaussian laws. After integrating out the unconditioned Gaussian loading,

the do columns of View 2 are independent centered Gaussian vectors. Under Q;, their common
covariance is o2 (I,, + BII;), where

Hi =

COI[UTZ"%,TZ',Z()]'

Pinsker’s inequality, additivity of relative entropy over the independent columns, and |(137)| give

1
TV3(Qo, Q1) < B KL(Qo || Q1)
do3? 5
- i I~ M < 2 - . (159)

For the last inequality, the definitions of 8 and o imply

2 4 4 2
dZ/B _ So < 59 _ Y72

14+ 8  cpo?(s+cpdac?) ~ 02(s3 +dyo?) o2’

Consequently, it remains only to bound the Frobenius distance between the two covariance projec-
tors.

Distance between the covariance projectors. Set K; = Ry, (R%)T. Because [Up,, Ry.] is
an orthogonal matrix, the projector onto col(Ur,) is Ir4q — K;. Expanding II; using and
cancelling the terms that do not depend on i therefore gives

Iy —II, = — p  F(Ky— K|)F"
+pp1 { F(R, - B,)Z] H' + HZo(Riy, — Ry,) F' | (160)

We next compare the two matrices Ry,. Define L; = (I, + T;T,")~'/2, so that Ry =
[—TZ-T7 Iq]TLi. For positive definite matrices A, B = I, the integral representation of the inverse
square root and the resolvent identity give |A~1/2 — B=1/2||p < +||A — B||r. Moreover,

IToTy =TTy [le < (|Tollop + [ Tillop) [To — Tille < [[To — T lr-
Using these bounds and || Tp|lop V || T1]lop < 1/2, we obtain

1
| Lo — Lir < §HT0 — T,

IRG, — Ry, |lp < 2||Th — Ti|r, (161)
Ko — Killp < 4[| To — Tilp-
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The last inequality follows by expanding Ko — K and using that both Ry, and Ry, have orthonor-
mal columns.

The three terms in [(160)| belong respectively to the col(F)—col(F), col(F)—col(H), and col(H )—
col(F') matrix blocks. They are therefore pairwise orthogonal in the Frobenius inner product. Since
F and H Z; have orthonormal columns,

1Ty — T, |7 = pi |1 Ko — K1l + 20°0% | R, — R, IIf
< 24p% | Ty — Tl (162)

Completing the proof. Combining this projector bound with |(159)| and using || Ty — Th||r = 20
gives

2 2 52
2 Y2p10
TVH(Qo, Q1) £ —5—

The assumption § < co/(y2p1 ) therefore implies TV(Qg, Q1) < 1/8 when the numerical constant c
is sufficiently small. Returning to the conditioning bound,

1 1 1 1
TV(Pr, ,Pr) < — + -+ — = —.

This proves |[Lemma 28

G.5.2 Proof of [Lemma 29|
Remove the conditioning. Let Q; denote the unconditioned View-2 law corresponding to Tj,

for i € {0,1}. By [Lomma 22

1 1
TV(PTO) PT1) S E + TV(QO) Ql)

+ 6
It is therefore enough to prove TV(Qp, Q1) < 1/8. We reduce these unconditioned laws to an

(M + 2)-dimensional covariance mixture and compare the resulting laws along a Hellinger path.

The second-view covariance mixtures. For T € {T,,T1} and Z € St(m, q), define

HT,Z = PCOI[UT7V2,T,Z]'

After integrating out the Gaussian loading, the d columns of View 2 are conditionally independent
centered Gaussian vectors. Thus

Q= / [V (0, 0*{T, + BT, 2})] ™ dptstaar(2), (163)

where [ is defined in and satisfies < 1 in the low-loading regime. We next use Haar right
invariance to give the directions that agree under Ty and T} the same coordinates.

Reduction to an (M + 2)-dimensional covariance mixture. Because w and w’ are neigh-
boring vertices,

T, —Ty=rab',  |a|2=]bl2=1. (164)

Choose A € St(q,q—1) and B, € St(r,r —1) whose columns span a* and b*, respectively. Then
I, [ ~T, [T

A L L A R DA A 1
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Choose orthonormal matrices U, € St(r + ¢, — 1) and R, € St(r + ¢,q — 1) with column spaces
equal to the two column spaces in For each i € {0,1}, choose unit vectors u;,r; € R""7 so
that

col(Ur,) = col[Us, u], col(Ry,) = col[Rx, 7). (166)

The matrix [Uy, u;, R, 7;] is orthogonal. Its first » — 1 and next ¢ — 1 columns do not depend on
i, and hence col[ug, 9] = col[u, r1].
For each i, define the change-of-basis matrix

Qi = [R..7] Ry, €0(q), R3.,Q! =[R.,mi. (167)

Right multiplication by Q;r does not change a column projector, and Haar right invariance gives
VA QZ—r 4 Z. Therefore the mixture in (163)|is unchanged if Iz, 7 is replaced by

IL; 7 == FU.U'F' + (Fu))(Fu;)'
+ (pF[Ru,mi) + pL HZ) (pF[R.,v] + p  HZ) ' + DyD). (168)

Write Z = [Z_, z|, where Z_ € St(m,q — 1). Conditional on Z_, choose O = O(Z_) €
St(m, M) by a fixed measurable rule so that col(O) = col(Z_)*. Then

z2=0¢ ¢~ Unif(S¥71), (169)
Define
Mg (Z_ )= FUU]F'" + (pFR. +p,HZ )(pFR. +p,HZ )" + D2D; . (170)
Substitution in gives
I, 7 = M (Z-) + (Fu;)(Fu;) "
+ (pFri+ pL HOC)(pFri + p HOC) " (171)

The last two terms in lie in the column space of the following isometry. Define their

coordinates by

J = [Fug, Fry, HO] € St(n, M + 2), (172)
172
a; = J ' Fu,, bi=J Fr;, 2=1[0 0 ¢'] .

By construction, g (Z_)J = 0. Moreover, Ja; = Fu;, Jb; = Fr;, and Jz = HO(. Hence,
with
Ti(2) = aia] + (pbi + pLZ)(pbi + p12) |, (173)

the projector in satisfies
L 7 = ey (Z-) + JTi(2) T (174)

The relation Iy (Z_)J = 0 makes the Gaussian coordinates in col(J) independent of those in
its orthogonal complement. Define W; := J Tyg,j € RM+2, Conditional on ¢,

w; SN (0, o*{Inrs2 + AT4(2)}),  j=1,....ds. (175)

Let Q; denote the law obtained by first drawing ¢ ~ Unif(S¥~!) and then drawing the vec-
tors in |(175)l After revealing (Z_,O), the remaining Gaussian coordinates are independent of
Wi, ..., Wy, and have the same law for ¢ = 0, 1. Therefore

TV(Qo, Q1) < TV(Qo, Q1) (176)
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Hellinger comparison and conclusion. The two orthonormal bases (ag, bg) and (aj, by) span
the same two-dimensional subspace. After choosing their signs consistently, there is an angle
¢ € [0,7/2] such that

a1 = cos(p)ag + sin(p)by,

177
b1 = —sin(¢)ap + cos(y)bo. (77

Because ug € col(Ug, ), there is * € R" with |[z|l2 < 1 such that ug = [I;; Tylx. Since [I,;Ti]z
belongs to col(Ug, ),

sin ¢ = dist (uo, col(Ug,)) < [[(To — T1)z||2 < 20. (178)
It follows that
© < 2sinp < 46. (179)

For ¢t € [0, ¢], set
a; = cos(t)ap + sin(t)by,

b, .= —sin(t)ag + cos(t)bo, (180)
T(2) = awa) + (pbi + p12)(pbs + p12) .
Let Q; be the law obtained by drawing ¢ ~ Unif(S™~1), forming Z as in and then drawing

W, N (0, o {Inrio + BT4(2)}),  j=1,...,ds (181)

Then Q;—¢ = Qo and Qi—, = Q.
Let ¢¢ be the density of Q;, and define

Sy (W) == 9;log ¢;(W), Jp = Eg,Si(W)>2. (182)
By [Lemma 25|
%)
TV(Qo, Q1) < 1/ VIidt < £ sup /7. (183)
2 Jo 2 o<t<y

It remains to bound J; uniformly over the path. The coefficient that appears in this bound satisfies

d 32 4 2
PR 2 =2 (184)
1+p 6302(82 +CBd202) o2

Since f < 1, we have I < dy. The signal-strength assumption and M < n also give
dy > 1> c1v?M. (185)

The law Q; is a mixture over Z, so the score cannot be computed as if z were observed. The
following lemma controls the mixture score. Its proof follows the three neighboring-law proofs.

Lemma 31. Under|(185), uniformly fort € [0, ¢],

IZp‘i
M

J, <C (Ip‘j + + Ipie—@d?) : (186)

Combining ((183)[ and |(186)| yields

12,03*_

M

TV, 01) < O (10 + T 1)) (187)
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By the assumed bound on 4, |(179)| and |(184)| imply

v <Cc (188)

Ipi '
Consequently,
I?pf M
wQ% < oe, P*Ip] <O < CePv?.

Also, ¢ < 2, I < do, and p; < 1 give <p2Ip2Le*CQd2 < 4dye=®%. Since dy > c1v2M, the last
quantity is sufficiently small for sufficiently large v. Choosing the numerical constant ¢ in the
edge assumption sufficiently small now gives TV (Qp, Q1) < 1/8. Hence and the conditioning
bound at the start of the proof yield

1 1 1 1
< — — _— = -,
TV(Pt,,Pr) < 16+8+16 1

This proves

G.5.3 Proof of [Lemma 30

Let PZ@) denote the View-2 law under T;, for i € {0,1}. The loading is deterministic in this
construction, so there is no conditioning error. By the common reduction above,

TV (Px, Pr,) = TV(PE, P)).

We reduce the View-2 laws to an (M 4 2) x 2 Gaussian mean model and then compare the reduced
laws along a Hellinger path.

The second-view mean mixtures. Write
My z = [Ur, pF Ry + pL HZ] U, R7] .

Conditional on Z € St(m,q), View 2 has entrywise noise variance o2 and the mean appearing
below. Consequently,

P§2) = //\/ <vec {SQMTi,ZWZT,O =+ 32D2W2—,r1} 702Ind2> duHaar(Z)' (189)

It remains to express the two mixtures in coordinates in which all terms that depend on ¢ appear
in one Gaussian block.

Reduction to the Gaussian mean model. Use the matrices and vectors in |(166)| and |(167)|
The identities in those displays give

FU4(Ug,)" = FlU. w][Us, i,
(PFRy, +p HZ)(RT)' (190)
= (pF[R., 7] + pL HZQ])[R., 7] .

Since ZQ, 4z , the mixture in [(189)|is unchanged if M z is replaced by

M; 7z = F[U.,w][U.,w;]" + (pF[Rs, 7] + pL HZ)[R., 7] (191)
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Write Z = [Z_, 2] and condition on Z_. Choose O € St(m, M) with col(O) = col(Z_)* as in

so that z = O(¢ for ¢ ~ Unif(S™~1). Expanding gives

M,z = FU,U, + (oFR.+p,HZ_)R]
+ (Fuy)u; + (pFr;+ p  HOC)r, . (192)

The first line is independent of 7. We now isolate the last two terms by defining

Ji, = [Fug, Fro, HO] € St(n, M + 2), Jg = [ug, o] € St(r + ¢, 2),

a; = JLTFui, b, = JITFri,
@ = JJ i, b; = Jir, z=1[0 o ¢’
(193)
With these coordinates, the second line of |(192)| equals Jy,M;(2)Jg , where
~ _ g T
M;(Z) = a;a; + (pb; + pL2)b; . (194)

Conditional on (Z_,0), apply orthogonal changes of coordinates whose first left and right
blocks are Ji, and W5 oJR, respectively. The corresponding block of the mean is exactly saM;(2);
all other mean blocks are independent of i, and the Gaussian noise blocks are independent. Let Q;

denote the law of
= 59M;(2) +0G, G e RM+2x2 (195)

where G has independent standard Gaussian entries and ¢ is uniform on SM~!. Revealing (Z_, O)
can only increase total variation, and the resulting conditional distance does not depend on the
revealed variables. Therefore

TV(P(()Q)a P@) < TV(Qo, Q1) (196)

Hellinger comparison and conclusion. The rotation in |(177)| acts on both the left and right

coordinates in [(194)] For ¢ € [0, ¢], define

a; = cos(t)ag + sin(t)bg, by = —sin(t)ag + cos(t)bo,

_ - P - (197)
a; = cos(t)ag + sin(t)by, by = —sin(t)ay + cos(t)by.
Set =
M, (Z) = as@] + (pb; + pL2)b, , (198)
and let Q; be the law obtained by drawing ¢ uniformly on S~ and observing
W = soM(2) + 0G. (199)
Then Qi—¢ = Qo, Qi=p = Q1, and gives o < 44.
Let ¢g; be the density of O, and define
Sy W) = O log (W),  J;:=Eg,S,(W)>. (200)

By
V(Qo, Q1) < / Vo dt. (201)

The following lemma supplies the uniform bound needed in this inequality; its proof is given below
with the proof of the covariance-mixture information bound.

72



Lemma 32. Uniformly fort € [0, ¢],

202 402

550 550
< 144 . 202
<8 o? + Mo* (202)

Combining ((201 )| and |(202)| gives
202 4p2
TV? <Cp? (224 22 ) 203
(QO:QI) s 0@ ( 0_2 + M0'4 ( )
The definition of v, and the high-loading condition imply

L3 <4} < (204)

The signal-strength assumption and M = n then give Mo?/s3 < Cv~2. The assumed bound on 6,
[(179)| and |(204)| and p? > 26 yield

2
M

p< Ol ;ﬁ (205)
550

Substitution in |(203)| gives

2 2 Mo® 2 2
TV#(Qo, Q1) < Cc (1 +— ) <Cc*(1+v77). (206)

52

Choosing the numerical constant ¢ sufficiently small gives TV(Qq, Q1) < 1/4. Combining |(196)]
with the equality between the joint and View-2 distances at the start of the proof proves

1
TV(Pz,, Pmy) < 7.
This proves

G.6 Information bounds for the hidden constructions

G.6.1 Proof of Lemma 31]

Let ¢, z denote the conditional density of the observations in for fixed 2z, and define its score
by
Stz(W) = 9¢log g z(W). (207)

Because the conditional law is a product of centered Gaussian laws, differentiating its covariance

gives
da

> (@l W)) (prby — pZ, W) . (208)
j=1

__Bpy
o?(1+B)

Define z; := E[z | W|. Fisher’s identity and |(208)| yield

S z(W)

d2
> (@[ W) (prbr — pZe, W) . (209)
j=1

BpL

Sy (W) = 21+ )

To compute its second moment, set

X;=a;/W;, R; =W, X;a.
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Conditional on z, the variables X; are independent N(0,02(1 + 3)) variables whose joint law does
not depend on z, and they are independent of (Rj,...,Rg,). These independence statements
remain true after integrating over z, and

zi=E[Z|Ri,...,Ry,]. (210)
Moreover, p, by — pz; is orthogonal to a;. Thus, if
cj = (prbe — pzt, Wj) = (p1by — pzi, Rj) (211)

then ci,...,cq, are fixed conditional on (R, ..., Rg,). The independence and centering of the X
therefore give

E[S:(W)? | Ry..... Ra,]
2

52P2L & 52PL & 2
:mﬂz ZXJC] Rl,...,Rd2 = Z J' (212)
j= =1

After taking expectation and using (z + y)? < 222 + 2y?, we obtain

25201‘_ 2, 252/01_
Jy < 7E2<bt,wj> 2L F EZ Z, W;)2. (213)

Since b W; has variance o2(1 + Bp?), the first term in |(213)|is at most CIp1.
We next bound the second term. The identity

do
Sz W) =2 ZW W, | 2 (214)

j=1 j=1

requires an operator-norm bound for the sample covariance. Define

2
E=1 DWW/ | <Cdyo® . (215)
op

We prove below that, uniformly in ¢,

da
P(&) < Ce 2, E||Y W;W]|| 1g| < Cdoo’e 2% (216)
op

It remains to control E||Z;||3. For fixed 2, 2’, the corresponding conditional Gaussian laws satisfy

Ip>
KL(Qz]1 Q) < 215 - 1B, (217)

Indeed, the covariance projectors share aza; and differ only in the projectors onto pb; + p, Z and
pb+p1 2, so gives this bound. Averaging over an independent copy 2z’ and using convexity
of relative entropy in its second argument yield I(2; W) < CIp%. Therefore gives

_ 1P
E|%]3 < cL. (218)
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On &, combine |(214)| and |(218); on &F, use ||Z||2 < 1 and [(216)] This gives

do 2

~ I e
E) 1<zt, W;)2 < CngQ% + Cdyo?ec2d2, (219)
]:

Substituting this estimate into and using I = d2/3%/(1 + ) gives the bound in This
proves

Proof of |(216)l Conditional on z, the vectors Wi, ..., Wy, are independent centered Gaussian

vectors with covariance
Bz =0 Iz + BTu(Z)}, 1Bezllop < 207 (220)
The norm bound follows because T'y(Z) is an orthogonal projector and § < 1. If G € R(M+2)xdz

has independent N(0,d, ') entries, then, conditionally on Z,

(221)

op

do
Wi, ..., Wy, L Vd 526, S WW]|| < 2dy0? HGGT
Jj=1 op
By dy > I > civ?M. Applying with u = M + 2 and b = ds therefore yields,

uniformly in Z,

da
P> W,W| >Cdyo?| Z| < Ce 2™ (222)

j=1 op

Averaging over z proves the first inequality in [(216)l For the second, combine [(221), Cauchy—
Schwarz, and |(54)| to obtain, uniformly in z,

da
E DWW 1g|Z| < Cdyo’ |GG 2P(Ef | 2)? < Cdao?e™ %,
7=1
op

Averaging over z proves the second inequality in |(216)]

G.6.2 Proof of Lemma 32

For fixed z, the law in is a Gaussian location model with covariance oI. Since a; = b; and
b; = —ay, with the same identities for the barred vectors, differentiating m gives

M(Z) = {(1— p)by — p 2@, + (1— p)ash, . (223)

The terms independent of p cancel because the left and right coordinates undergo the same rotation.
The remaining terms are proportional to 1 — p =26 or p .
Let S; z denote the score conditional on z. The Gaussian location score is

S ~ . ~
Stg(W) = ;22 <W - sth(z), Mt(z)>F
Define B
g == Wﬁt — 8204, ft = <Wbt, at>. (224)
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Using [(223)[ and the orthogonality of a; to b; and z gives

Stz (W) = 75 ller (1= p)be = p12) + (1= p)éi]. (225)

Set z; := E[z | W]. Fisher’s identity averages |(225)| over the conditional distribution of z, so

SiW) = 75 [{ew, (1= p)be — paZ) + (1= pE). (226)

Rotating the observed columns by (@, b;) gives, conditionally on Z,
Wa; = ssas + 0ga, Wb, = s5(pb; + pL2) + ogy, (227)

where g, and g, are independent standard Gaussian vectors. Only the last M coordinates of the
second vector in|(227)|depend on z; they have the Gaussian mean-channel form with signal strength
sop1 and noise level o. Thus gives

2 2
S2P1
Mo?’

E|z:3 <9 (228)

Conditional on these last M coordinates, 2 is fixed, &; = 0g,, and & = o{gp, a;). The latter two
Gaussian quantities are centered and independent of one another and of the conditioning variables.
Since z; is orthogonal to b, taking the conditional second moment in |(226) then averaging and
applying |(228)] gives

2
S ~
J=2 (20— p? + AE|ZI3) <8

292 402
527 4 q4a 2
o2 Mo

where we used 1 — p = 20 and p? < 46. This is|(202)|and completes the proof.
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