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Abstract

In this paper, we address the top-K ranking problem with a monotone adversary. We consider the
scenario where a comparison graph is randomly generated and the adversary is allowed to add arbitrary
edges. The statistician’s goal is then to accurately identify the top-K preferred items based on pairwise
comparisons derived from this semi-random comparison graph. The main contribution of this paper is to
develop a weighted maximum likelihood estimator (MLE) that achieves near-optimal sample complexity,
up to a logQ(n) factor, where n denotes the number of items under comparison. This is made possible
through a combination of analytical and algorithmic innovations. On the analytical front, we provide a
refined { error analysis of the weighted MLE that is more explicit and tighter than existing analyses.
It relates the o error with the spectral properties of the weighted comparison graph. Motivated by this,
our algorithmic innovation involves the development of an SDP-based approach to reweight the semi-
random graph and meet specified spectral properties. Additionally, we propose a first-order method
based on the Matrix Multiplicative Weight Update (MMWU) framework. This method efficiently solves
the resulting SDP in nearly-linear time relative to the size of the semi-random comparison graph.

1 Introduction

In this paper we consider the problem of ranking n items given pairwise comparisons among them. This

problem finds numerous applications in recommendation system [ ], rating players | ], web
search | ], etc. One widely adopted model for pairwise comparison data is the Bradley-Terry-Luce
(BTL) model | , ]. In this model, one assumes a latent score vector 8* € R™ and that the

Bernoulli outcome of the comparison between items ¢ and j follows

0
e’
P[ item i is preferred over item j | = ——.
0r . 0
e’i + e’
It is intuitive that under the BTL model, a higher score indicates a higher chance of winning a comparison.
In practice, the comparisons are often made for a subset of all possible pairs. A popular model to

accommodate this situation is the uniform sampling model | , ], i.e., each pair is compared
independently with probability p. Uniform sampling is quite convenient for theory. An an example, under
this sampling mechanism, | | shows that with high probability, the (regularized) maximum likelihood
estimator (MLE) [ | exactly identifies the top K preferred items with an optimal sample complexity:
np 2 8, (1)
K

where Ax measures the latent score difference between the K-th and the (K + 1)-th preferred items, and
n2p is the expected number of comparisons.

Uniform sampling, while convenient for theoretical purposes, is often too ideal to match practice. This
motivates a line of work | , , ] that goes beyond uniform sampling and focuses on general
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Figure 1: Adjacency matrix of semi-random Figure 2: Accuracy of top-K recovery for MLE
graph. Each non-white square corresponds to a under uniform sampling and weighted MLE un-
non-zero entry in the adjacency matrix. der semi-random sampling. See Section F for the

experiment setup.

Figure 3: Comparison graph and top-K recovery for weighted MLE under semi-random sampling. See
Section F for the experiment setup.

sampling mechanisms. However, the theoretical guarantees are far from satisfactory. Take the recent work
[LSR22] on the general sampling case as an example. The (regularized) MLE requires a sample complexity
of n?p > A;fp_ln log(n) when applied to the special case of uniform sampling. For a sparse random graph,
i.e., when p > log(n)/n, this sample complexity could be n times larger than the optimal one (1).

In this paper we aim to find a middle ground between uniform and general sampling mechanisms. Inspired
by a line of work [BS95, FIKO1, MMV12, MPW16, AVI18, CG18, KL 723, GC23], we consider the so-called
semi-random sampling where some benign adversary is allowed to make more comparisons in addition to
uniform sampling; see Figure 1. Given its monotone nature, this is sometimes also referred to as a monotone
adversary.' Intuitively, the monotone adversary should bring no harm to the ranking problem as it only
reveals more information about the underlying score vector 8*. However, it is well documented in the
literature that the monotone adversary poses serious algorithmic and analytical challenges for a variety of
problems. In community detection, [NMPW16] shows that the information-theoretic detection limit could
shift given a monotone adversary. In problems including sparse recovery [KI.I."23] and matrix completion
[CG18], methods and analyses that work well for uniform sampling can fail dramatically with a semi-random
adversary. In this paper, we investigate top-K ranking under semi-random sampling. Our goal is to address
the following question:

Can we identify the top-K items with minimal sample complezity, even under a monotone adversary?

1.1 Technical challenges

Top-K ranking under semi-random sampling brings some unique challenges. To begin with, it is worth noting
that bounding the 5 estimation error for the score vector 8* is not sufficient to guarantee exact recovery
of the top-K items with an optimal sample complexity; see [CS15, JKSO16, CEMW19]. Instead, one would
need a more fine-grained £, error bound.

To further complicate matters, even under uniform sampling, obtaining optimal control of the /., error—
thus ensuring optimal sample complexity for top-K ranking—poses a significant challenge. [CFMW19] and
its follow-up work [CGZ22, GSZ23] successfully characterize the optimal ¢, error of the MLE, leveraging
a powerful leave-one-out argument [FIK18; ZB18, AFWZ20, MWCC18, CCFM19]; see [CCEFT21] for more
references. However, a successful application of this argument relies crucially on the independence of the
edges and certain homogeneity (e.g., degree homogeneity) in the Erdés—Rényi random graphs—a model for
uniform sampling. These properties are easily violated for general comparison graphs, let alone the semi-
random model we consider herein. In fact, as a manifestation, [LSR22] recently applies the leave-one-out
technique to the BTL model in a general (deterministic) sampling mechanism, and obtains a somewhat loose

n this paper, we use the terms semi-random and monotone interchangeably.



control on the ¢, error of the MLE. Notably, even in the special case of uniform sampling, the required
sample complexity for MLE can be n times larger than the optimal one. As a result, to address the problem
of top-K ranking with a monotone adversary, one needs to develop a novel analysis that goes beyond uniform
sampling and the leave-one-out technique.

1.2 Main contributions

The key result of this paper is to answer the main question affirmatively: we show that the weighted
maximum likelihood estimator (MLE) with proper choices of weights is able to recover the top-K items
with near-optimal sample complexity, albeit under a semi-random adversary. Moreover, the weights can be
computed efficiently, in nearly-linear time in the size of the comparison graph. We achieve this through a
combination of analytical and algorithmic innovations, which we detail below.

Analytical contributions. We provide a novel /., error analysis of the weighted MLE with explicit
dependence on the spectral properties of the weighted comparison graph (e.g., the maximum degree, and the
spectral gap of the weighted graph Laplacian); see Theorem 3. While the dependence on spectral properties
has been characterized for the ¢ error of the MLE | , ], we remark again that the ¢y error
alone cannot guarantee top-K recovery with optimal sample complexity.

Inspired by the recent work [ ], we analyze the weighted MLE via a preconditioned gradient descent
method that iteratively approximates the weighted MLE. This analysis bypasses the use of the leave-one-out
argument. As opposed to two mysterious B, () factors appearing in the performance bound (cf. Theorem 1
in | ]), our characterization of the £, error of the weighted MLE depends explicitly on the spectral
properties of the weighted comparison graph. In particular, it is tight when applied to uniform sampling, in
stark contrast with the previously mentioned result in | ]. We expect this novel £, error analysis to
be broadly applicable to more general sampling mechanisms beyond the semi-random case.

Algorithmic contributions.  Motivated by the /., analysis of the weighted MLE, our goal boils down
to finding a reweighting of the semi-random comparison graph such that it satisfies the required spectral
properties. These amount to a constant lower bound on the spectral gap and upper bounds on the maximum
degree and maximum weight in the reweighting. Taking a convex optimization approach, we show that the
problem of finding such a reweighting can be cast exactly as a semi-definite program (SDP). We then develop
a fast first-order method—based on the Matrix Multiplicative Weight Update (MMWU) framework | ]
to approximately solve the resulting SDP; see Algorithm 2. We further show that such an approximate
solution yields a desired set of weights, and the solution can be found efficiently, in nearly-linear time in the
size of the semi-random graph. We believe that our SDP approach may find broader applications in learning
problems over semi-random graphs where we need to restore spectal properties that have been disrupted by
adversarial perturbations.

1.3 Related work

Ranking with the BTL model. The BTL model is a classic model for the ranking problem and has been
extensively studied in the literature. Various methods have been proposed to tackle this problem, including
Borda counting | ], the maximum likelihood estimator | ], and the spectral method | ], among
others. Since the conventional ¢y analysis | ] fails to capture the accuracy of top-K recovery, recent
advances [ , , ] focus on establishing the ¢, estimation error of the score
vector 8*. The story is rnostly successful under the uniform sampling model. For instance, | ] first
shows that both the spectral method and the (regularized) MLE achieve minimax optimal £, estimation
error, and recover exactly the top-K items under the minimal sample complexity. | ] further proves
that the vanilla MLE without regularization is optimal, and is superior to the spectral method in terms of
the leading constant in the sample complexity. As uniform sampling is often too ideal, several attempts have
been made to go beyond it. Most recently, | ] and [ | investigate the £, guarantee of the MLE
for general comparison graphs. As we mentioned, their analyses are loose, even when applied to the special
case of uniform sampling.



Semi-random adversary. Semi-random adversary has been examined in a number of settings. Early work
in this line studies problems related to semi-random graphs, including graph partitioning [ ], coloring
[ ) ], and finding independent sets | ]. In recent years, researchers have started to consider
semi-random adversary in non-graphical data structures such as sparse recovery | ], Gaussian mixture
model | ], matrix sensing | ], and dueling optimization | ]. While the exact definition of
semi-random varies, it usually involves some seemingly benign manipulation on top of random sampling.
For instance, | , , , | study stochastic block model, where the data is corrupted
by monotone adversary that can arbitrarily add edges within the clusters and remove edges between the
clusters. | ] considers the low-rank matrix completion problem where the adversary can only provide
additional observed entries.

Notation. For a positive integer k, we use the shorthand [k] := {1,2,...,k}. For any symmetric matrix
A, B € R"™" A < B means B — A is positive semidefinite, i.e., v (B — A)v > 0 for any v € R". For
any real symmetric matrix A, we use A\;(A) > A(A) > --- > \,(A) to denote its eigenvalues and AT its
Moore-Penrose pseudo-inverse. We use e; to denote the standard unit vector with 1 at i-th coordinate and
0 elsewhere. For any two real number a and b, a V b denotes the maximum of a,b and a A b denotes the
minimum of a,b. Additionally, the standard notation f(n) = O (g(n)) or f(n) < g(n) means that there
exists a constant ¢ > 0 such that |f(n)| < c|g(n)]; f(n) 2 g(n) means that there exists a constant ¢ > 0 such
that |f(n)| > clg(n)|. Also, f(n) > g(n) means that there exists some large enough constant ¢ > 0 such
that | f(n)| > clg(n)|; f(n) < g(n) means that there exists some sufficiently small constant ¢ > 0 such that

[f(n)| < clg(n)].

2 Main results

We begin with formally introducing the problem setup for top-K ranking with a monotone adversary.

2.1 Problem formulation

Semi-random comparison graph. Let G = (V,€) be a comparison graph over the n items of interest.
In other words, items i and j are compared if and only if (¢, j) € £. Prior work often assumes a homogeneous
random comparison graph, e.g., G is an Erdés—Rényi random graph where each pair (i,j) is an edge with
probability p independently. Our focus in this work is to investigate the ranking problem with a monotone
adversary described as follows. Let Ggr = (V, Egr) be the initial Erdés—Rényi random graph. An adversary
observes Ggr and is allowed to add edges to Egr arbitrarily. We denote the semi-random comparison graph
with added edges Gsr = (V,Esr). From now on, Gsg will be the comparison graph on which pairwise
comparisons are made.

Latent scores and pairwise comparisons. In the Bradley-Terry-Luce (BTL) model, each item i € [n]
is associated with a latent score 8 that represents the skill level of item ¢. Without loss of generality, we
assume that the scores are ordered, i.e., 87 > 605 > --- > 67.
For each pair (i,7) € Esgr with ¢ > j, we observe L outcomes {y%)}le[ 1], which are independent Bernoulli
random variables obeying
0*
M _qy_ _ ¢’
P(yij =1) = O 1o

Correspondingly, we define the average winning rate y;; == (1/L) Zlel yz(jl) A simple observation is that the
BTL model is shift invariant in 8* so we assume 1, * = 0 without loss of generality. Finally, we define a
sort of condition number & = €1 /e?n to characterize the range of 6*.

Top-K recovery. Our goal is to recover the top-K items. Clearly, the hardness of the problem relies on
the score difference between the K-th and the (K + 1)-th preferred items, which we denote by

0% *
AK .—QK_ K+1-



Algorithm 1 Weighted MLE for top-K recovery under the semi-random sampling

1. Observe Gsr = (V, Esr) and {¥i;} (i, j)essn,i>j-

2. Use Algorithm 2 with appropriate input to compute {w;; }. The input does not include {y;; } (i j)egsr,i>;-

3. Output 0 := arg ming.;1g—o Lw(0).

Throughout the paper, we assume Ax > 0 so that the top-K items are well defined, and are given by [K].
Now we turn to the main message of this paper: the weighted MLE, with proper weights, achieves exact
top-K recovery.

2.2 Weighted MLE achieves exact recovery

Under uniform sampling, it has been shown in the work [ ] that the MLE achieves exact recovery
of the top-K items with optimal sample complexity. This motivates us to consider a weighted MLE for
the semi-random graph Gsr that can approximate the vanilla MLE under the purely random sampling case
(i.e., with the comparison graph being Ggr). More formally, let {w;;};~; be a set of non-negative weights
supported on Egg, that is, w;; = 0 if (7,5) ¢ Esr. We define the weighted negative log-likelihood function

Low(+):

L
_ 1 w_ " my_ "

L,(0) = —fi;jl;wia‘ log (yji ¥ + ¢ +(1- Yji )m
= " wiy (—y5il0 — 0;) +log(1 + %)), (2)

0,7:1>]
where we recall y;; = (1/L) Zlel yj(li). We then define the weighted MLE to be

6= i L.,(8). 3
arg , min (6) (3)

The top-K items are identified by selecting the top-K entries in the estimate 0.

The key to the success of the weighted MLE lies in a proper construction of the set of weights {w;;}
that can mimic the vanilla MLE under an Erd6s—Rényi random graph. It turns out that such a goal can
be achieved, and we have the following guarantees for the estimation error as well as the top-K recovery
performance.

Theorem 1. Suppose that np > Cy log(n) and npL > Cyr*log®(n) for some large enough constants Cy,Co >
0. With probability at least 1 —n~'0, Algorithm 1 returns the weighted MLE 6 that obeys

~ log(n)
_ < oV
10 — 0|« < C3k oL (4)

for some constant C3 > 0. On this event, the top-K items are recovered exactly as long as

2
k*nlog(n)
n2pL > C4T
K
for some large enough constant Cy > 0. In addition, the reweighting algorithm (i.e., Algorithm 2) runs in
nearly-linear time in the size of Gsgr .

We defer the details on the construction of the weights to Section 3.2 and focus on interpreting the
performance of the weighted MLE now. Similar to the literature | , , ], we assume
k = O(1) when interpreting the results.
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Figure 4: Sample complexity required to exactly recover top-K items v.s. score gap Ag. The solid line
represent the required sample complexity of the weighted MLE as given in Theorem 1. The dashed line
represents the minimax lower bound given in Theorem 2.

Near-optimal sample complexity under monotone adversary. Under the uniform sampling, the
minimax sample complexity for top-K recovery has been identified in [ ]

Theorem 2 (Informal). Assume that k = O(1). If n®pL < cnlog(n)/A% for some small constant ¢ > 0,
then no method whatsoever can achieve exact recovery with constant probability.

Since uniform sampling is a special case of semi-random sampling (i.e., the adversary adds no edges at
all), Theorem 2 is also a valid lower bound for the semi-random case. Comparing the performance of the
weighted MLE (Theorem 1) and the lower bound (Theorem 2), we see that the weighted MLE achieves near-
optimal sample complexity for top-K recovery with a monotone adversary; see Figure 4. More precisely,
when Agx < 1/log(n), the weighted MLE requires n*pL < nlog(n)/A?% number of observations, which

is exactly the minimax limit. On the other hand, when 1/log(n) < Agx < 1, the weighted MLE needs
n?pL = nlog®(n) comparisons, which exceeds the minimax lower bound by at most a log?(n) factor.

Computational complexity. Compared to a vanilla MLE, Algorithm 1 requires an additional reweighting
step, which is performed by Algorithm 2. Crucially, we show that thsi step does not fundamentally alter
the complexity of the whole procedure, as Algorithm 2 runs in nearly-linear time in the size of the graph
Gsr. To ensure this fast running time, we combine the Matrix Multiplicative Weight Update (MMWTU)

framework [ | with a number of known approximation schemes, including fast computations of the
action of the matrix exponential | ], randomized dimensional reduction | | and fast solvers for
packing linear programs | ]. We also describe a simpler algorithm which does not require solving a

packing linear program as a subroutine but relies on an easy-to-compute greedy approximation. This is the
algorithm we implement in Section F.

Improved dependence on k. We remark in passing that compared to the ¢, bound Hé\f 0" S

2 [log(n)
K npL

bound (4) is tighter by a & factor.

provided in | ], which is based on a probabilistic leave-one-out argument, our £, error



3 Two algorithmic components

In this section we present the high-level analyses of the two algorithmic components in Algorithm 1, namely
the weighted MLE, and the SDP-based reweigting method.

3.1 Weighted MLE

As the selected weight can be dependent on all edges of the comparison graph, we cannot use the popular and
powerful leave-one-out technique in recent papers [ , ] to achieve entrywise control. Instead,
we rely on and refine a new analysis for MLE [ ] that is geared towards general graphs.

Recall that our estimator is a weighted MLE with weights {w;;} supported on the edges of the semi-
random graph Gsg. Let wmax = max;jw;; be the maximum weight, dmax = max;cpm) Zj:j# w;; be
the maximum (weighted) degree, and duyin = min;epm Zj: i Wi be the minimum (weighted) degree. In
addition, we define the weighted graph Laplacian of Gsg = (V, Esr, {wij}) to be

Lu, = Z wij(ei - ej)(ei - ej)T. (5)
(4,5):i>3
We have the following performance bounds for the weighted MLE whenever the weights are independent

with the observed comparisons {y;;}.

Theorem 3. Suppose that the weighted graph Gsgr = (V, Esr, {wi;}) is connected. Assume that wyax < n?

and duyin > 1. Further suppose that

H4wmax (dmax)4 10g2 (n)
()\nf 1 (Lw ) )5

10

for some large enough constant C7 > 0. Then with probability at least 1 —n™°, we have

Wmax log(n)

5ol <
160 — 0|0 < Cak o1 (L)L

where Cy > 0 is a constant. On this event, the top-K items are recovered exactly as long as

K2 Wiax log(n)

L>Cq————= = 7
= Cs An_1(Ly)AZ

for some large enough constant C's > 0.

See Section 4 for the proof of this theorem. Note that the assumptions on wpmax and dpyin are mild and stated
only to simplify the log factor.

Theorem 3 provides an {, error bound for the weighted MLE under general comparison graphs. The
bounds depend explicitly on the spectral properties of the weighted graph, including the maximum degree,
and the spectral gap of the graph Laplacian.

An important by-product of our novel analysis of the weighted MLE is to demonstrate the optimal /.,
estimation error of the vanilla MLE in the uniform sampling case.

Corollary 1. Consider the uniform sampling case, that is the comparison graph is an Erdés—Rényi graph.
Assume that Kk = O(1), and that p = log(n)/n. The vanilla MLE with high probability achieves

= log(n)
00" < |22,
I loe S/ 0

as long as npL > log®(n).



Proof. Observe that the vanilla MLE is equivalent to the weighted MLE with a uniform weight 1 on all the
edges. With this choice, it is easy to show (see Lemma 10) that with high probability,

Whax < 1, (6a)

dmax < 2np, (6b)

An—1(Ly) > np/2. (6¢)

Moreover by Lemma 14, \,,—1(L,,) > np/2 together with p 2 log(n)/n implies dyi, > 1. Apply Theorem 3
verbatim to arrive at the desired conclusion. O

3.2 An SDP-based reweighting

In view of the proof of Corollary 1, to mimic the vanilla MLE under uniform sampling, it is sufficient
to construct the weights {w;;} such that the weighted graph Gsr = (V,E&sr, {w;;}) satisfies the spectral
properties (6). In this section, we describe how to formulate this problem as a saddle-point semi-definite
program (SDP) and approximately solve it in nearly-linear time in the size of Gsg by designing a fast
first-order method.

We formulate our task in terms of a convex optimization problem with variables {w;; € R} j)egsn
representing our desired reweighting. The convex feasible set F for such weights is given by the rescaled
Equations (6b) and (6¢):

F={we R;SOR VieV, Z wij <2np A Y(i,7) € Esr,wij < 1} (7)
J:(i,§)€€sr

For a choice of weights w, we denote by L,, the corresponding weighted Laplacian as defined in (5). With
this notation, we consider the problem of maximizing the spectral gap A\,_1(L4) over w € F. It is a well-
known fact that this is a convex optimization problem in the variables w | ]. Indeed, we can write
An—1(Lq) as the minimum of the matrix inner product (L,,, X) over X in the set

A={XeS : X =0 A (IlL1, X) =1},

where SV is the set of symmetric linear operators over V and I, is the orthogonal projector over the or-
thogonal complement of the vector 1, which is the eigenvector of L,, with the smallest eigenvalue. Therefore,
our desired convex optimization problem can be recast as the following saddle point problem between an
SDP variable X and the weight w. This formulation will be crucial for the solvers designed in the later
section:

OPT :=max min (L, X). (Saddle-Point SDP)

weF XeEA

By considering the weighting w corresponding to the original graph in Ggr as a feasible reweighting
for Saddle-Point SDP, the proof of Corollary 1 immediately implies a lower bound on OPT: with probability

at least 1 — n =10,

OPT > %, (8)

as long as p > C'log(n)/n for some sufficiently large constant C' > 0.

While it is not always possible to recover the underlying graph Ggr, the lower bound (8) ensures that,
by approximately solving Saddle-Point SDP, we can find a reweighting of Gsg that satisfies the required
spectral properties (6). The next lemma, proved in Section 5, shows that this approximate solution can be
computed in nearly-linear time in the size of Gsg. The corresponding algorithm, Algorithm 2 to be detailed
in Section 5, is based on the Matrix Multiplicative Weight Update (MMWU) framework | ], a first-order
method for non-smooth convex SDP optimization.

Lemma 1. Given the observed comparison graph Gsgr, there is an algorithm that computes a set of non-
negative weights {w;; }Z.>j supported on Esr that satisfy the properties (6) with high probability. In addition,
the algorithm runs in nearly-linear time in the size of Gsg.

We finish this section by noting that once the spectral properties are met, repeating the proof of Corol-
lary 1 yields the desired results in Theorem 1 in the semi-random case.



4 Analysis of weighted MLE

In this section, we present detailed analysis of the weighted MLE with the aim of proving Theorem 3.
Given a set of weights {w;;}, the Hessian of the weighted loss at ground truth is given by

‘9* 9*

eie’d
= > wis gy (o el —e;)".
P4 efi)2
(7‘7]) i>7 %/_/
=Zij

This is exactly the graph Laplacian of the weighted graph Ggg with weights {w;;z;;}. Hence we denote this
by L,,.. We also define the effective resistance to be

(L) = (ex —e) Ll (e — 1),

where LI _ is the pseudo-inverse of L., .
Inspired by Theorem 1 in the paper | ], the first step of the proof relates the performance of the

weighted MLE with two crucial quantities { By} and {Qx}.

Lemma 2. Suppose that the weighted graph (V, Esr, {wsj}) is connected by edges of non-zero weight and the
weights {w;;} are independent with the observations {y;;}. For any (k,l) € [n]?,k # 1, let By and Qg be
some quantities obeying

2¥)

K
By > C\/L <ma_xw¢j> Qi (L) log(n); (9a)
Qu> Y wiB}|(ex—e) L, (e; —e;)]. (9b)
(2,5):5>3
Here C > 0 is some large enough constant. Suppose that Qp < 4By for any (k,1). Then with probability at
least 1 — n=1% we have that for any (k,l) € [n]?,
166"l < Bia.
On this event, the top-K items are recovered exactly as long as

I%%XBM < Ag/2.

Admittedly, the two quantities {By;} and {Qx} appearing in the performance bound of MLE is quite
mysterious. A key contribution of this paper is to further relate these two quantities to basic spectral
properties of the weighted graph (V,&sr,{w;;}). We start with the characterization of Bj;. Recall that
Wmax = MAax; ; w;; is the maximum weight.

Lemma 3. For any (k,1) € [n]?, the effective resistance Qi (L) satisfies

8K
Q sz < —
kl( ) )\n—l(Lw)

As a result, it is sufficient to take

Winax 10g(1)

=C
kl R L)\nfl(Lw)7

where C' > 0 is some large enough constant.

Now we move on to controlling the ) factors via spectral properties of the weighted graph. Recall dyax =
MAaX;e(m] ). j4; Wij i the maximum (weighted) degree and dmin = min;epm) > w;; is the minimum
(weighted) degree. We have the following bound.

J:gF



Lemma 4. Suppose that wmax < n? and that dyin > 1. Then for any (k,1) € [n]?, we have

(dmax)? log(n)

Z Wij |(ek - el)TLqu(ei - ej)‘ <Ck- m7

(4,9):1>3
where Cy > 0 is some constant. As a result, it is sufficient to take

dmax)? log” (n)
_ C Kg . wr[la.x ( max
Qi 2 L0 1(L))?

for some large enough constant Cy > 0.

Combining Lemmas 3-4, we see that Qx; < 4By; holds as long as

/€4wmax (dmax)4 10g2 (’I”L)
(>\n7 1 (Lw ))5

for some large enough constant C3 > 0. This together with Lemma 2 completes the proof of Theorem 3. In
what follows, we present the proofs of Lemmas 3-4, and defer the proof of Lemma 2 to Appendix B.

L > Cs

4.1 Proof of Lemma 3
Recall that Q;(L,.) = (ex, —e;) " L] _(ex — €;), which implies
Qu(Ly.) <20t || = ———.
ki(Lwz) < 2| Ly, || (L)
Regarding A,,—1 (L), by definition, one has

)\nfl(sz) = ’UTLwZ’U

in
vER,||v||=1,v11,

ven \|ui\|n:f1 " vl | Y wiziiei —ej)(ei—e;) | v

(3,3):3>3
1
— inf T e —e e —es)T
~ 4k UER,HUIHn:l,vJ_ln v Z _w” (ez e])(EZ e]) v
(4,5):>7
1
= EAn—l(Luz)v (10)

where the inequality follows from Lemma 9.

4.2 Proof of Lemma 4

For readers’ convenience, we copy the key quantity appearing in Lemma 4 below:
Trt
> wij|(ex —e) "L (ei — €))]. (11)
(4,5):>3

It turns out that this quantity is closely related to the so-called conductance of the weighted graph defined
as follows.

Definition 1 (Conductance). For a weighted graph G = (V,E,w), we define its conductance to be

. Zies,jev\s Wi
min ,
Scv min{vol(S),vol(V \ S)}

D(G) =

where the volume of a vertex set S C V is defined by

VOI(S) ZZZ Z Wij .

i€S jEV:jH#i

10



Algorithm 2 MMWU algorithm for Saddle-Point SDP

Input: Graph Gsg = (V,&sr), |V| = n, |Esr| = m, error parameter € € (0, 1/2].
1: w® = 0,7 = ¢/1pn, k = O (log(n)/e2) | T = 8log(n)/2
2: fort=20,...,7—1do

3. Sample R = {+1/v&}™** uniformly at random. // {£1} JL matrix with 1/v% scaling | ]
4: Compute U®) = exp{—n DijcEsn wg)Lij}R. // Use matrix exponentiation in | ]
5. Compute V) =UY/ /im [ v®@wm)T). // MMWU Normalization
6:  For each ij € &g, let ¢;; = (L;;, VO(VI)T), // Compute edge gains
7. Compute @) € F, an e or /2-approximate solution to max.,er(c, w). // Use Theorem 4 or 5
8. Update w't! = w® 4+ w®.

9: end for

Output: Edge weighting woy, = 1/7 - Z:ol w®),

The following lemma links the quantity in (11) with graph conductance. This lemma is modified from
Lemma 28 in | ]. The proof is deferred to Section C.

Lemma 5. Consider a graph G = (V,&) equipped with two set of weights {w;;} and {w;;} both supported
on €. Suppose that the minimum {w;;}-weighted degree is at least 1. Then one has

B 810g(§ w)
Tt Wij (1,4)i>5 U
i—e;) Lj_ — ‘ < —= 0 . 12
(6 e]) & (ek el) — (zrg)a'éig {wij } (I)(gw)Q ( )

E wij

(4,9):i>3

Set W;; = w;;z;;. We can apply Lemma 5 to obtain

w;; } ' 8log (Z(i,j):i>j wij)

Z wij|(ei—ej)TLLz(ek—el)|< max { 5(Go)?

(ii)ri> T (69)wig>0 | WijZig
)

8log (Z(i,j):i>j wij)

§4:‘€' (I)(gw)2 )

where the last inequality again follows from Lemma 9.

For the numerator, since wpax < n?, we have log(>_(; jyis; wij) < 3log(n). Now we focus on the
denominator, i.e., the graph conductance. It is well known that the graph conductance is controlled by the
eigenvalue of the normalized Laplacian (see Lemma 11), that is

1
s 2 —1/2 —1/2
(Gu) = A1 (DL 2 LuD, ),

where D,, is a diagonal matrix composed of the weighted degrees. By Sylvester’s law of inertia (Lemma 13),
we further have

Mt (DG 2LuD ) = A (D51 At (Bu) = () ™+ Auct (Bu)

Taking the above bounds collectively yields the desired claim in Lemma 4.

5 Analysis of SDP-based reweighting

In this section, we describe and analyze the MMWU algorithm for solving the reweighting SDP problem
Saddle-Point SDP in Section 3.2. We conclude by proving Lemma 1.

11



5.1 MMWU algorithm for Saddle-Point SDP

We present the pseudocode for the the MMWU Algorithm in Algorithm 2. Our algorithm instantiates the
MMWTU framework of Arora and Kale | ], where we avoid maintaining full |V| x |V| matrices by relying
on the Johnson-Lindestrauss Lemma | ] (see lines 3 and 4).

At every iteration, the MMWU algorithm produces a candidate solution X () € A to which we respond
with a loss matrix L®) = L ) = dijetsn wg)Lij with w® € F. In this way, the loss (L), X(®) incurred
by the MMWU algorithm at iteration ¢ equals the value of Saddle-Point SDP on the pair of solutions
(X(t) w t)) At every iteration ¢, given X®) our goal is then to choose w¥) € F to maximize the loss
<L(t), X (t)>. The regret minimization property of MMWU then allows us to turn this per-iteration guarantee
into a global guarantee on A, _1( tT;Ol LW).

To maximize the loss of the MMWU algorithm, we choose w*) € F to approximate the best response
maxye 7 {Lw, X ). We describe two algorithms (oracles in the language of [ ]) for approximately solving
this task. The first one is based on directly applying a nearly-linear-time packing LP solver. It is described
in Appendix D and yields the following theorem.

Theorem 4. Given X € A, one can (1 — €)-approximate ma;(Lw, X)) multiplicatively in time O(I€srl/e).
we

Our second oracle exploits the fact that maxyer(Lqy, X) = maxyer(c, w) is a LP relaxation of the
maximum weight b-matching problem over Gsr with edge weights ¢. We can approximate the maximum
weight b-matching by a greedy procedure: iterate through the edges of Esgr once in decreasing order of edge
gains ¢;; = (L;;, X), and add an edge so long as both adjacent vertices possess available demand. Though
this only achieves a 1/2-approximation [ ], the simplicity of the algorithm makes it extremely suitable
for implementation. We prove the following theorem in Appendix D.

Theorem 5. Given X € A, one can !/2-approzimate maxye (L, X) multiplicatively in time O(|Esgr)).

5.2 Analysis of Algorithm 2

We are now ready to prove Lemma 1. To analyze the correctness and running time of Algorithm 2, we first
recall the regret bound achieved by applying MMWU to the vector space RV L 1.

Theorem 6 (Theorem 3.1 | ]). Consider a sequence of loss matrices {L® € SV},c(r) with LW1 = 0
for allt. Let
t—1
w®
0 _ N () w__ WY
W —exp{ nsz:;)L }, and X M., W0y

Then, we have the regret bound:

min <Z L® X> TZ1<L<t>7X(t>> _nTZ_l«,—J(t))z’X(t)) _ log(n) (13)

XeA
€ t=0 s=0 n

Next, we use Lemma 6 to show that V®), produced by Algorithm 2, approximate the MMWU updates

X® in Theorem 6 when computing the squared distances (Lij, X (1)), This is proven in Appendix D.2.

Lemma 6. Let X®) = V(t)(V(t))T as defined in Algorithm 2. Then, X® e A. Moreover, for large
enough k € O(los(m)/e), for all pairs (i,7) € V x V, the squared distance (Lij, X®)) is an e-multiplicative

approrimation to the squared distance <L”,X( )> with high probability.

We can use the above to establish the algorithm’s correctness; we prove the following lemma in Section 5.3.

Lemma 7. With high probability, Algorithm 2 outputs a reweighting W,y € F of Gsr such that

min (Lo,

) > {(1 —O(e)) - OPT, if Theorem 4 is used in line 7,
XeA o

(1/2—0O(e)) - OPT, if Theorem 5 is used in line 7.

12



Finally, we can bound the running time of Algorithm 2 using known algorithms for computing the action
of the matrix exponential | , ]. The proof of the next lemma is also given in Appendix D.2.

Lemma 8. For a constant € > 0, Algorithm 2 runs in nearly-linear time in the size of Gsr.
Combining Lemmata 7 and 8 yields our main result on the reweighting of Ggg, i.e., Lemma 1.

Proof of Lemma 1. We claim that the output weyu of Algorithm 2 satisfies the required properties. The
conditions of (6b) and (6a) are immediately satisfied by the fact that weut € A, which is proved in Lemma 7.
The spectral condition in (6¢) follows from the approximation guarantee of Lemma 7 and the lower bound (8):

—_— . 1 > > .
A=t (Luwgy) = - Wik (L., X) 2 @ (OPT) 2 Q(np)

The nearly-linear running time is proved in Lemma 8. O

5.3 Proof of Lemma 7

Notice that we,, € F as it is the average of elements of F and F is convex. Moreover, we have L., , =
Y- tT:_Ol L, =1Yr- 31:_01 L®. By the regret bound in Equation (13), we then obtain:

T-1 T-1
. 1 log(n)
m x)> - (3 X)) = 2 (ST ((L )2, X0 ) — 280
X€11i<Lwout’ > - T (t_o <Lw(t>7 >> T <S_0<(L’UJ( )) ) > ?7T (14)

We can exploit the positive semi-definiteness of L, to bound the second term as a function of the first.
By the definition of F, the reweighting of G by w®) € F has maximum degree at most 2pn. Hence:

L,n =22-2pn-11,7 and <<Lw(t))2, X(t)> <4pn - <Lw(t) , X(t)>.
We can now rewrite Equation (14) as

1 4pn n = log(n)
i > 0, Xy | - :
i (Lug,,,, X) > (T ) (Z Ly, X ) T

t=0

For all iterations ¢, we have:
(LX) = (1= Lo, X0) = (120 32 0 (L. VOVO)T) = (1 - (L. X).
ij€Esrn ®

where the first inequality follows from Lemma 6 and the last equality follows from Lines 6 and 7 in Algo-
rithm 2. As X® € A, the maximum in the last expression has value at least OPT. Hence, for the two
oracles of Theorems 4 and 5, we have:

- OPT.

1—
Theorem 4 (L, X®) > (1 — €)2- OPT and Theorem 5 :(L, ), X)) > ( 5 J

Therefore:

min (L
XeA

Vs (1—4pn -n) - (1%) -OPT — 18
Woue? (1—4pn-n)- -OPT — log(”)

Substituting the definitions of 7 = ¢/4pn yields:

min (L., X

> (1—¢)®-OPT — znloaln)
XeA

1—e)? 4pn log(n
(T .OPT — PTg()

By the lower bound (8), the last term in both expressions can be upper bound by 80P T log(n)/c1. The statement
of the lemma follows from the definition 7" = 8log(n)/c2.
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6 Discussion

In this paper we consider top-K ranking with a monotone adversary. We carefully construct a weighted
MLE that achieves the optimal /., estimation error and top-K recovery sample complexity. This leaves
open quite a few interesting directions. We single out several of them below.

e Shaving the 1og2(n) factor. Compared to the results for uniform sampling, ours requires an extra
assumption that npL 2> log?’(n). While this is optimal for a wide range of A, it does incur an extra
log?(n) factor when 1/log(n) < Ax < 1. We do not expect this to be the fundamental gap between
uniform sampling and semi-random sampling. Successfully shaving this extra log factor will potentially
bring more insights to understanding the geometry of the comparison graph on the ranking problem.

o s weighted MLFE necessary? While our approach relies on the weighted MLE, it is not clear whether
the unweighted vanilla MLE succeeds or not with a monotone adversary. In fact, in Appendix E, we
present a specific example of semi-random sampling where the spectral properties of the semi-random
graph are drastically different from those of random graph, yet the vanilla MLE still succeeds.

e Extension to general graphs. Theorem 1 in | | and Theorem 2 in our paper both consider general
comparison graphs. Our analysis can recover a good rate with small sample complexity when the
spectrum of the comparison graph has small dynamic range, i.e. A;/A,—1 is small. Our reweight-
ing procedure indicates that any comparison graph which can be reweighted to match this spectral
condition will yield small sample complexity. It is an interesting question to explore the connection
between the reweighting SDP and similar SDPs used in the approximation of general partitioning
objectives | ] to find novel combinatorial or geometric properties enabling the success of the
weighted MLE.

e FExtensions to other ranking models. In this paper we focus on one of the most popular model in
ranking, namely the BTL model. It is certainly interesting to see whether our algorithm and analysis
for semi-random sampling can be extended to other models, for instance the Thurstone model | 1,
the Plackett-Luce model | ], and other models for multi-way comparisons | , ]
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A Auxiliary lemmas

This section collects several auxiliary lemmas we use in the proofs of our main results.

Lemma 9 (Range of z;;). Recall that

0t % efi =05
Zij = = .
Yo(ef )2 (1402

We have for any i, j,

Proof. The function f(z) = z/(1 + x)? has derivative (1 — z?)/(1 + z)* so it is increasing in (0,1) and
decreasing in (1,00). Furthermore from the definition of , |0} — 07| < log(x). Then we have

1

i <min{f(k), f(1/k)} < z; < f(1) = 1

This completes the proof. O
Lemma 10 (spectral gap of a Erdds-Rényi graph). Let G = ([n],€) ~ G(n,p) be an Erdés-Rényi graph

with n vertices and edge probability p. Let L be its corresponding graph Laplacian matriz. Let dy.x be the

mazimum degree of the vertices. Suppose that np > Clog(n) for some large enough constant C > 0, then

with probability at least 1 —n~10,

Aoa (D) > 5

Amax < 2np.
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Proof. See, for instance, Section 5.3.3 of | ]. O

Lemma 11 ([ ). Let G be a weighted graph and ®(G) be its conductance (see Definition 1). Let L be
its graph Laplacian matriz. Let D be the diagonal matriz with the weighted vertex degrees as the entries.
Then

d(G) > %An_l(Dfl/ZLD*/?).

Lemma 12 (Rayleigh’s monotonicty law, [ ] Corollary 7 in Ch.IX). Let G = (V,€&) be a graph with
weights {w;;} on &, and G = (V,E) be a graph with weights {w;;} on €. Suppose that £ C € and w;; < w;;
for any (i,j) € &, then for any (k,1) € V2, the effective resistance satisfies

Qu(Lg,) < Qu(Lg_).

Lemma 13 (A quantitative version of Sylvester’s law of inertia, | ). For any real symmetric matric A €
R™"™ gnd § € R™ ™ be a non-singular matriz. Then for any i € [n], A\;(SAST) lies between \;(A)A\1(STS)
and N\i(A)\,(STS).

Lemma 14. Let G = (V,€,{wij} (i jyee) be a weighted graph. Recall diin = minepn) 325, )
minimum weighted degree and L., = ij w;j(e; —ej)(e; —e;) " is the weighted graph Laplacian. Then

ce Wij 18 the

1
dmin > 5/\n—1(Lw)'

Proof. Let k € [n] be an arbitrary vertex. Let v € R™ be a vertex defined by vy =1 and v; = —1/(n — 1)
for all j # 4. It is easy to see that v'1, = 0. Moreover, for any i,j # k, (ex —e;)"v = n/(n — 1) and
(e; —e;) v = 0. By the definition of \,,_1(L,,), we have that

u' L,u
M—1(Ly) = i a—
n-1(Lw) weRm T 1,20 [l
v L,v
[[v]|>
L \2
- Zj:j;ék W <ﬁ)
n/(n—1)
<23 wy
Jii#k
as long as n > 2. This holds for all k € [n] s0 dmin > 2 A,—1(Lw). O

B Proof of Lemma 2

We start by defining some useful notations. Let egé) = yj(? —o(0F — 0%) where o(z) = e”/(1 + €”) is the

sigmoid function. Let B = [+, /w;;z;;(€; — €;), -] € R™"n=DL/2 (each entry repeats for L times),
€= [ IRV Wij/zij€;l) . } e RM(n=1L/2 4nd §t .= ' — @*. Observe that

7

BBT =L Z wijzij(ei—ej)(ei —ej)T :Lsz (15)
(4,3):4>3
Inspired by | ], we analyze the weighted MLE by studying the preconditioned gradient descent

starting from the ground truth. Let 8y = 6* be the starting point and 1 > 0 be the stepsize.

o't = 0! — Ll VL, (0. (16)
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It is worth noting that because the preconditioned gradient descent starts at ground truth and the gradient

is of form
1 L (1) e
VL, O) =7 Y D wy {—yﬂ + M} (e: —ej),

ij1i>j 1=1

we have 1;0'5 = 0 for all t > 0. We break the proof of Lemma 2 into the following lemmas. The first
states that @¢ stays close to the ground truth in /., distance, and the second states that it converges to the
weighted MLE.

Lemma 15. Instate the assumptions of Lemma 2. With probability at least 1 —n='0, (20) is satisfied and
for any k,l and iteration t > 0,
(61 — 6]) — (05 — 6})] < B (17)

For any ¢ € R and Z € R™" let ||z z = (=" Zz)'/2.
Lemma 16. Instate the assumptions of Lemma 2. On the event that (20) is satisfied, the following holds:

1. There exists a unique minimizer 6 of (2).
2. There exists some aq,as € R such that 0 < a; < as and for any t € N,

16" — 8]|z,.. < (1—na1)']|6° - 8|

wz — wz?

provided that 0 < n < 1/as.

We will prove these two lemmas in Section B.1 and Section B.2. Their proofs are similar to the proof of
Theorem 1 in | ]. As we are studying weighted MLE instead of the unweighted MLE used in | I,
we redo the proofs and add necessary modifications.

Proof of Lemma 2. It is easy to see that Lemma 16 shows the preconditioned gradient descent iterates
0! converge to a unique solution #. Combining this with Lemma 15, we have

(%~ 8) - 6 - 6)| < Bu.

As170* =176 =0, for any i € [n],

@—91'* = ii(@_ej) - (9:_9;)
<IS|(@-5) - -#)
j=1
SI%%XBM

It remains to show the exact recovery of the top-K items. Recall 67 > --- > 05 > 9}‘(“ > .- >0r by
assumption. It suffices to show 6; —60; > 0 for any i < K, j > K. Let ¢t < K,j > K,

0052 (07— 0;) | (0= 85) - (07 - 07)] = A - By,

Then @ — HAJ > 0 as long as
Irizilekl < Ag/2.

Now the proof of Lemma 2 is completed.
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B.1 Proof of Lemma 15

We will prove this lemma by induction on ¢. Since preconditioned gradient descent starts at ground truth,
the base case of t = 0 is trivial. We will now study the dynamics of (16) to prove the induction step. Using
the definition (2) we can compute the gradient and Hessian of the loss function:

0;
(&
> zww{ W e e e

3,j:10>7 =1

0 T
Z ww ———(ei—ej)(ei —e;) .
1,J:10>7 )

Applying Taylor’s expansion on VL(6%), we have

VL6 Z Zw”<< u) + (0 - 0)) (e: — e))

1,j:1>7 1=1
=7 Z ng(( el — (9279;)+0(9579§-)> (eifej)>
Z]z>jl 1
! L 0 1
l * *
RPN (e 0 =00t =) + 30700 - )7 (es - es)).

Here for all 4,5 € [n], 0} == 0} — 07 and ¢{; € R is some number that lies between 6 — 6% and 6} — 6. As
o' (07 —0%5) = zi; and &} — 05 = (e; J) 5 we can rewrite the above formula as

VL) =+

- (L-Ly,.0' —Be+ L-rt),

where v =7, 5 wis[50" (¢f) (0] — 65)%(e; — ej)]. Putting this in (16), we have

ol = (1— 7)ot — % (LI, Be—L-Li, r'). (18)
Now consider 8% — 6! = (e, — e;) T 8%, we have
St =ott = (1 —n) (6 — ) — %(ek —e)' (LI,,Be-L-Lj, r"). (19)

We now control the size of (e, — e;) " Li _B€ and (e, — e;) " LI _r separately.

Controlling (e, —e;) " L]  Be. We rewrite this term with

(ex —e)TL},.Be= (BTLI,. (e, — e1).@).

By Lemma 9, z;; > 1/(4k) so each entry of € is of sub-Gaussian norm \/w;;/z;; < \/4xmax;; w;;. Then
(BTL] (ex —e)", € has sub-Gaussian norm

IBTLI (er —e)|2 /4Hrr§zjxxwij < \/4/£Lmi?xwiijZ(sz),

where the inequality comes from

IBTLl (ex —e) |3 = (ex — e)Li,,BB'LI,_ (e, — )

= L-(ex —e)L],.(ex — e)
=L Qi (Lys).
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The second line follows from (15). Taking a union bound on concentration of sub-Gaussian random variables
(see for instance Section 2.5 in] ]), we have that with probability at least 1 —n=10, for all k,1 € [n],

(ex —e) "L,

1
\/HL max w;; - Qi (Ly2) log(n) < §L - By (20)
i,
for some constant C.

Controlling (e —e;) "L ,rt. We expand the term to get

1
[(er —e) TLI 7' = | > wi [0’”( 16 —08)?(er — €))L, (e; — €5)

e 2
1,7:11>]
1
<3 D wii (6] —6%)* |(ex —e) "L, (ei — e;)|.
B>

For the inequality here we use the fact that ¢’ ({) < 1/4 for any ¢ € R.
Now show the induction step. Assume (17) holds for iteration ¢, then

I A

| OOM—l oo\»—t

[(ex —e) "L ww (6; = 65)%|(ex —e) "L, (ei — €))]

IN

e) L, (e; —e))]

i Bl |(ex

“MM

O
=

Substituting this and (20) into (19),

|5Z+1 — 6}“‘ <(1-mn) ‘(5,@ — 5” + 1 (‘(ek — el)TLLZrt‘ +L- ‘(ek — el)TLLZBéD

<(1- )Bkl+L(LBkl+ Lle)
< By

as long as Qp; < 4By;.

B.2 Proof of Lemma 16

The proof of this follows a similar strategy to Lemma 1 in | ]. We will only prove the first part here, i.e.
the existence and uniqueness of a solution for (2), as the proof for the second part is the same as | ]
We first make the following claim that we will prove at the end of this subsection. This claim is analogous
to a classical result in [ ], which states the same thing but with unweighted MLE.

Claim 1. Instate the assumptions of Lemma 16. Suppose that for any disjoint partition S; USs = [n], there
exists some 7 € S, j € Sy such that w;; > 0 and yj(i)
6 of (2) that satisfies 1;5 = 0. Furthermore it is unique in the sense that no other minimizer 0 satisfies

170 =0.

=1 for some 1 <[ < L. Then there exists a minimizer

Now it suffices to show that the condition of this claim is true. Suppose for the sake of contradiction
that it is false. That is there exists some disjoint partition §; U Se = [n], such that for all i € S1,j € So

with w;; > 0, y;; = (1/L) Zl 1= yjz = 0. By Lemma 15 and the fact that 1,]6* = 0 for any ¢t > 0,
0' € Br = {0 : ||0||~c < R} for some scalar R that depends on the observations. Now we consider the
minimum size of the gradient in this close ball. Recall

VLO) = ) wy {—yji + 60} (ei —ej).

e e + €Y
1,7:11>]
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Consider a vector v = 1g, that is 1 on all entries for S; and 0 otherwise. It is easy to see that(e; —e;) Tv =0
ifi,j €S ori,je Sy (e;— ej)Tv =1ifi € 81,7 € S;. Then for any 8 € Bpg, one can rearrange the
summation to reach

VE(O)T’U = Z wijeil(ei — ej)Tv

0; 6
eti + ¥
1€81,jE€S2 +
efi
_ Z Y ebi + b
1€51,J€S2
ERD D
Wi
T~ Ye—R 4 eR
1€S1,JES?
(11) 1 _oR

> 56 min{w;; : w;; > 0}.
Here (i) holds since 8 € Bg and the function (x,y) — e*/(e* + ¢€¥) is increasing in = and decreasing in y; (ii)
holds since we assume the weighted graph to be connected by edges with non-zero weights. Taking infimum
over 0 in Bg, we have infgcp, |[VL(O)| > 0.

It now suffices to show ||[VL(8")|| — 0 as t — oo which contradicts the claim that infec g, [|[VL(0)]| > 0.
Recall L., is the Laplacian matrix of the weighted graph defined as }-; ... wij(e; —e;)(e; — e;)". Since
the graph is connected by edges with non-zero weights, A,,—1(L,,) > 0. Consider the Hessian

o0
= > wweg (e —elei—e)’.
(4,5):i>j
For any unit vector v € R™ such that v'l, = 0,
0T V2L e T
VL Z Wij ———5 69 e sv(e; —ej)(e; —ej;) v
(4,5):i>j
e~ ReR -
Z wl? R+€R)2'U(ei - ej)(ei - ej) v
(w) i>j
S 1
= ZleTR)\nfl(Lw)

Here the last inequality follows from the definition of A,,_1(L,,). We also have that
An—l(Ljuz) = ||sz||_1 >0
Now consider the precondition gradient descent update

0t = @' — Ll _VL(6Y).

wz

By Taylor expansion we have

VLO™) = VL6 + VL) (o — oY)
= VL(0") —nV2L(E)L],. VL(6")
= (I —nV?L(§LE,.)VL®")

for some & € Bg. Since 1, VL(0') =0 and 1, L, VL(8") =0

IVL@ ) < [1 = 2adn 1 (L) ha 1 (LL)] V(6]

4c2R

Then for sufficiently small n > 0, ||VL(8?)]| goes to 0 as t — oo.

22



Proof of Claim 1. Recall

£(6) Z Zw” < yj(? 0; —6;) +log(1+ eei*(’j)) .

i,7:11>7 =1

Observe that since 0 < yj(i) <1,

—y\(0; - 0;) +log(1 + ") > 0 (21)

for each 4, j. Since |67 — 03| <logs for any (i,j) € [n]?,

Z Zw”( yﬂ 9*)+log(1+ez_;‘))
< Z wij (log(k) + log(1 + k))

1,5:1>]
Let R be a large enough scalar such that

R .
WL o > D wig2loa(26). (23)
{i,j:i>5}

Now consider any 0 with ||@|l. > R. Assume without loss of generality 1 > 6 > --- > 6,,. Since we only
consider the case when 8 '1,, = 0, 6; —6,, > R—0 and there exists some k < n—1 such that 0 — 0,1 > R/n.
We then have a natural partition by two non-empty vertex set S; = {i : i > k},S2 = {j : j < k}. By

assumption for some i > k,j < k, w;; > 0 and there is some [ such that yj(ll) = 1. Then combine this with
(21),

£(68) > iy (6~ 65) +log(1 + <))

> Sy (R/n +log(1)

24
= nL z,]mw}?>ow” (24)

Putting (22), (23), and (24) together, we see that L£(6*) < L(@) for any € such that 871, = 0 and
[0l > R. Then by the continuity of £ there must exist a minimizer in the closed and bounded set
{0 : |0]lc < R:071, = 0}. The restricted uniqueness is guaranteed by the restricted strong convexity
shown earlier, that is for any unit vector v € R” such that v'1,, = 0 and |0|. < R,

1
v ViL(0)v > @/\n_l(Lw) > 0.

C Proof of Lemma 5

This proof is mostly based on the proof of Lemma 28 in | ], which considers the case with integer
weights. Let v = Lgﬁ (ex — €;), where Lg,_ is the w;;-weighted graph Laplacian. Then we can rewrite the

LHS of (12) with
Z Wi j (ei )TLT (ek — eg)‘ Z Wi |Ui — ’Uj| .
(is.j):i>j ( 7j):i>j

For the rest of the proof we write (i, ) as edges so (i,7) and (j,4) are the same element. For any ¢ € R
we define two vertex sets:

> ={ieV:vy>c} and S ={ieV: v <c}l
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Recall that the volume of a vertex set S is defined as

vol(S) == Z W5

(i,§)€€ieS
Let )
¢ == sup {c :vol(85) < 2V01(V)}
and )
¢ = inf {c :vol(87) < 2Vol()/)} .
For any € > 0,

vol(Sz,.) < vol(V) — vol(85.,.) < vol(V) /2.
By the definition of ¢, ¢+ € > ¢. This holds for every € > 0 so ¢ > ¢. Fix some ¢* € [¢,¢], we have that
vol(§7)<1/2 and  vol(85) <1/2. (25)

For any vertex set S C V, we denote 98 = {(i,j) : i € i € S,v € V\ S§}. We also define the flow and
weight of the graph cut corresponding to S as

f(S) = Z w;;|vi — vj] and w(8) = Z W;j.

(i,)€08 (i,§)€0S

Abusing the notation, for any set of edges F we write w(F) = Z(ij)e]-' w;;. Now consider a sequence of
real numbers {¢;} defined recursively by ¢q := ¢* and for any ¢ > 0,

Ct4+1 = Ct + At for At =

where to simplify the notation we also write C; == S_ . At this point we will use the following fact.

Fact 1. For any vertex subset S C V,

> @yl —vy) <1
(4,7)€08
In a graph theoretical language, this fact says that the total flow going across any cut is at most the
amount of flow going from source to sink. The exact proof is omitted as it requires the introduction of a
number of notions that are irrelevant to the rest of this paper. Please see | ] for the details. For any

t > 0, from the definition of C; we know that for any ¢ € C; and j € V \ C¢, v; > v;. Then using the above
fact we have

f(C) = > wij|v; — vj

(4,§):1€CWEV\Cy

= > wi;(v; —v;)

(2,7):4€C,vEV\Cy

S VA Z ﬁij(vi - ’Uj) S Z.
(2,5):1€C,vEV\Cy

Here Z is a normalized factor defined as Z = max;;j{w;;/w;;}. We now show that vol(C;) exponentially
decreases with t. Since Ciy1 C C; for any ¢ > 0,

VOl(Ct+1) S VOl(Ct) — w(@Ct \3Ct+1)
= VOl(Ct) — w(@Ct) + ’LU(&Ct n 86,54,.1).
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For any (4,j) € 0Ct N 9Ci41, @ € Cry1 and j € V' \ C; (or the other way around). Then by the choice of Ay,

fe)y =Y wijlvi— vl

(4,5)€0C:

> > wij|v; — vy

(1,5)€DCLNACs41
z Z wijlepr1 — ¢
(1,4)€0CNOC41
= w(0C: N OCti1) - Ay

2f(Ct)
w(Cy)

= w(@Ct n 8Ct+1) .

Therefore w(9C; N OCyy1) < w(Ct)/2 and

VOl(Ct+1) S VOl(Ct) — w((')Ct) + w(@Ct N 6Ct+1)
w(Cy)

< vol(€,) — =5

1
<vol(C;) — Qvol(Ct)é(gw),
where the last inequality follow from the definition of the conductance ®(G,,). Now applying this recursively

and use (25),

vol(Cy) < (1 - ;@(gw)>tvol(co) < % (1 - ;@(gw))tvol(]}).

As D s jens Wij < vol(S) for any S C V,

min ZieS,jeV\S Wij <1
Scv min{vol(S),vol(V\ 8§)} —

D(Gy) =

So vol(Cy) is decreasing in ¢ and for any ¢ > 2log(vol(V))/®(Gy),

1 ¢
vol(Cy) < % (1 - 2<I>(gw)) vol(V)
< %e*%tq’(g“’)vol(]})

L
5

By assumption, for any vertex ¢ € V, vol({i}) > dmin > 1, so vol(C;) < 1/2 implies vol(C;) = &. Now let

r be the smallest integer such that vol(C,41) = @, we have r < 2log(vol(V))/®(Gw). Let d; =", wi;.
Then

r
dodilvi—ct = > di(vi—c)
i€S2 t=04€C\Cpy1

1

< Z Z di(ceq1 — c¥)

t=04€Ci\Ct+1

—~
=

t

-
=
<
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Here (i) comes from the definition of C;41, (ii) comes from the definition of d; and choice of ¢;41, and (iii)
comes from rearrangement. Now we control the term vol(C;)A; for any ¢t > 0. From the definition of ®(G,,)

we have that () (Ct)
2Gw) 2 R el@r), vol(V) — vol(Ca)} ~ vol(Cr)

where the last inequality follows from (25). Moreover we established earlier in this proof that f(C;) < Z,
then

w(C) 22 27

(Gu) w(C)  @(Gu)

VOl(Ct)At <

Therefore

Z d-|v-7c*| < 27r
€S o h (I)(gw)

Similarly we can achieve

Z d-|’U-—C*| < 27r
i€SS o B (I)(gw).

Finally,

D wilvi—ul < Y wiy (o= |+ vy — )

(4,4):4>3 (4,5):>]
S Z di‘l}i — C*l
%
< Z dzl'Uz — C*| + Z di|’l)i — C*‘ + Z di|Ui —c*
€S €SS L =c*

4Zr < 87 log(vol(V))
®(Gw) © ®(Gw)*

IN

This finishes the proof.

D Proofs for SDP-based reweighting

D.1 Proofs for oracles in Section 5

Proof of Theorem /j. Let ¢ € R®R® be defined by ¢ij = (L;;, X). Then, we are interested in approximately
solving the linear program (LP) min,er(c, w). Because ¢ > 0 and the set F consists of the intersection of
the positive quadrant with entrywise non-negative linear upper bounds, this LP is an instance of a packing
LP. This class of programs can be approximately solved by specialized first-order algorithms. In particular,
the solver of | ] yields a (1 — €) multiplicative approximation in time O (nnz+n/c), where nnz is the
number of non-zero entries in the matrix defining the constraints. By the construction of F, the sparsity of
the corresponding constraints is simply |Esg|. This complete the proof of the theorem. O

Proof of Theorem 5. Let ¢ € REs® be defined by ¢;; = (L;j, X). Let d := 2pn. Without loss of generality,
we can assume that d is an integer. Then, we are interested in approximately solving the following linear
program (LP):
max({c, w)
VieV, Z Wi <d,
ijEESR
VZ] S 55}{7 0 S Wij S 1.

Notice that this is a relaxation of the maximum weight d-matching problem with weight ¢ over the graph
Gsr. We are going to exploit this connection by showing that a greedy maximal-weight d-matching yields
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a 1/2-approximation to the optimum of this LP. To bound the value of this optimum, we will rely on the
following dual LP:

mind - Zsi + Z i
icV ijE€EsR
Vij € Esr, si + 55 + Lij > ¢y,
Vij € Esr, lij > 0,
VieV,s; >0

The greedy d-matching is constructed in the following natural way. First all edges are sorted in decreasing
order of weight ¢. Then, edges are added to the matching in this order as long as their addition does not cause
a degree constraint to become violated. Let M be the resulting matching. We are now going to construct
a feasible dual solution based on M. For each vertex ¢ € V| let s; be the weight of the last matching edge
incident to i that was added to M. Notice that some s; may be 0 if all edges were exhausted before the
degree constraint was violated. For any edge ij € M, let

‘gij = max{cij — 8 — Sy, 0} (26)

If 45 ¢ M, simply let ¢;; = 0.

We will now argue that the resulting dual solution is feasible. It suffices to show that all constraints
si + s; + 4;; > c;; are satisfied. If ij € M, this is an immediate consequence of Equation 26. If ij ¢ M, the
addition of ij must cause either i or j to violate the degree constraint. Suppose wlog that this was the case
for vertex 4. Then, it must be the case that c;; < s;, as edge 7j was considered after the last matching edge
was added to 4. This proves that our dual solution is feasible.

We now compare the value of the dual solution to that of the greedy matching. By construction, for each
vertex 7, we have:

Z Cij = Z Cij + Z Cij Z

jujeM jrigEMANL; ;=0 JrijEMANL; ;>0
1
E S; + E si+&:j/2:d«si+§ E gija
JiijEMAL; ;=0 JiijEMANL;;>0 JujeM

where the last equality uses the fact that s; = 0 if the degree of ¢ in M is less than d. Summing over all

vertices yields:
2 Z cijzz Z Cijzd'Z‘i‘ Z fij.

ijeM i€V jujeM i€V ijeM
As the right hand side is the dual value of our solution, we have shown that the greedy matching achieves a
primal value that is within a factor of two of the optimal, as required. O

D.2 Proofs for the analysis of Algorithms 2

In this section, we verify that our use of Johnson-Lindenstrauss preserves the f3-distances up to an e-
multiplicative factor by proving Lemma 6. We also demonstrate Lemma 8 thereby justifying that Algorithm 2
runs in time nearly-linear with respect to the size of Gsgr.

Beginning with Lemma 6, we first recall the statement of Johnson—Lindenstrauss provided by | ]
The following can be recovered by setting 3 = 8, and observing that €/2 — €*/3 > ¢*/g for all € € [0, 1].

Theorem 7 (Theorem 1.1 in | ). Suppose A € R"*? and ¢ € [0,1] are given. For any k > 120-logn/c2,
let R = {£1/vE}"** be a random matriz with entries sampled independently and uniformly at random, and
set V.= AR. If a; € R? and v; € R¥ denote the i-th row of A and V respectively, then

(1—e)-llai — a;]* < [lvi —v;* < (1 + ) - lvi — v
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We will also require a result which approximately computes the action of a matrix exponential where
the matrix is Symmetric and Diagonally Dominant (SDD). Recall that a matrix A € R™*™ is SDD if it is
both symmetric, and for all i € [n], the entries satisfy A;; > 7, ;[Ay]. In [ ], they apply the Lanczos
method to obtain the following guarantee.

Theorem 8 (Theorem 1.2 in | D). Given an SDD matriz A € R™*", a vector v € R", and 6 > 0,
there exists an algorithm A which outputs a vector u € R™ satisfying

|| exp{—A} v — qu <46 ||v]2
in time O((nnz(A) +n)-log(2+ ||A|)). Here, nnz(A) denotes the number of non-zero entries of A, ||A||
denotes its spectral norm, and O(-) hides factors of poly(logn) and poly(log1/s).
We can now prove Lemma 6.

Proof of Lemma 6. To show that X € A, note that X®) = 0 follows immediately from X® being the
Gram matrix of V(). To check that its trace with II | is unit, we can compute

- ., UOWU®)T
(M1, X) = (I, VO (V) T) = EH; U(t)EU(t)gTi -

We then show that (L;;, X®) is an e-multiplicative factor of (L;, X®). Let A € R"*? be the Cholesky

17
factorization of the matrix exponential W) = eXp{—n ZijGSsR wl(j)Lij}, ie. WO = AAT. Denote

a; € R? and v; € R* by the i-th row of A and V respectively. Because Algorithm 2 sets

U zexp{ Z w( )L }

ijEESR
and k is chosen so that k = O(log n/e? ) Johnson—Lindenstrauss in Theorem 7 implies
(1= flas —al? < fJoi — v, < (14 ) - la: — @y
for all (4,7) € V x V. We use this to claim the following bound
(1—€) (11, AAT) < (1, UDUD)T) < (1+¢) (111, AAT). (27)

One can see the RHS by applying Johnson-Lindenstrauss in this manner:

(M, UO@O)T) = 23 g — gl < (140)- Sl — gl = (140 (11, 44T,

i<j 1<j

The LHS of inequality (27) then follows by applying the Johnson-Lindenstrauss lower bound.
Now, to finally show that (L;;, X)) is an e-multiplicative factor of (L;;, X®), it suffices to demonstrate

(1-0()) - (Lij, X) < (Lyj, X)) < (14 0(e)) - (L, X)) (28)
Because Algorithm 2 sets V) = UY/ /a1, u®@w®)7), we have

(L, UOUINT) g —
(L, UOUO)T) (1, UGUO)T) "

<L117X( )> <Lij,V(t)(V(t))T> —

On the other hand, setting A to be the Cholesky factorization of W®) determines

(L, x 0y = Lin W) (L, AAT) _ lai —a,
(M1, W®) (I1,,,AAT) (II,;1,AAT)
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The RHS of inequality (28) then follows by applying the upper bound in Johnson—Lindenstrauss, and the
lower bound in inequality (27) to get the following.

, il lte Jai-af? Ja: ~ a,]”
Ly, X®) = i — < . X J < (14 2e) - : J =(1+0 (L, X®
T X0 = T, OoooyTy < T—e (i, AAn) = 02 I AAT (10() - (L X5
The LHS of inequality (28) can then be derived similarly

: gl 1o ai-a)? Ja: — ay]?

L, x0y = lmzwll C AR B > (1 - 2e) - A T (1 - O(e)) - (Lyy, XO

< ] > <HJ_1,U(t) “1+te <HJ_17AAT> _( 6) <HJ_]_,AA > ( (6)) < R >
as required. O

Using Theorem 8, we can also prove Lemma 8.

Proof of Lemma 8. We bound the running time by considering each line of Algorithm 2. As k = O(log/e?),
Line 3 only requires nearly-linear time. By Theorem 3.2 in | ], for any graph G = (V, E), the action
of the heat kernel exp{—tLg} for ¢ > 0 can be in computed in nearly-linear time in the graph size. Line 4
requires k such computations and hence also runs in nearly-linear time. The normalization of the embedding
U® requires computing the inner product (IT; 3, U® (U®)T). This can be achieved easily by noticing that:

1
(L1, UUT) = @O @) - — U1,
n

As the dimension of U® is n x k, both of these terms can be computed in O(nk) arithmetic operations, which
is nearly-linear in n. Similarly, the computation of each edge gain ¢;; only requires computing the squared
distance between the i and j column of V)| which can be achieved in time O(k). Hence, all the gains can
be comuted in nearly-linear time. Finally, by Theorems 4 and 5, Line 7 also runs in nearly-linear time.
Hence, every iteration of the main loop runs in nearly-linear time. As there are only O(logn/e?) iterations,
Algorithm 2 runs in nearly-linear time. O

E Sampling in clusters

In this section we consider ranking in a sampling regime structured with underlying clusters. Suppose that
there is an underlying cluster labeling ¢ : [n] — [k] such that item ¢ belongs to cluster (7). We assume
each edge (i,7) in the comparison graph & is drawn independently with probability p; if ¢ (i) = ¢(j) =t for
some t € [k] and probability ¢ if otherwise. Without loss of generality, we let the first n; items to be cluster
1, the next nq items to be cluster 2, etc. To distinguish from the rest of the paper, we denote the sampled
comparison graph as Ger, = (V = [n], £cr) where CL stands for clusters.

We consider the case of p; > ¢ for all t. It is easy to see that this is a special case of semi-random
sampling. The spectral profile of this setting can be vastly different from a Erdds-Rényi comparison graph.
Thus a naive application of Theorem 3 would be unsatisfactory.

Proposition 1. Suppose that there is an underlying cluster labeling ¢ : [n] — [k] and (i,j) € & is drawn
independently with probability p; if p(i) = @(j) = t for some t € [k] and probability q if otherwise. Let
G =V =1[n],&) be the comparison graph, then there exists a subgraph of G that is an Erdds-Rényi graph.

Proof. An equivalent way to write £ is the following: let 6;; ~ Unif(0, 1) be i.i.d. random variables and
E=A{(,7) : (8 < pe and @(i) = p(j) =t for some ¢t € [k]) or 6;; < g}.

We also consider another graph G, = (V,&) where & = {(i,7) : 0;; < gq}. It is easy to see G; is an
Erdos-Renyi graph with uniform sampling probability ¢ and also a subgraph of G. O

In addition to the assumptions in the semi-random setting, we assume n:p; > C'log(n) for some absolute
constant C' > 0. We are interested in the vanilla, unweighted MLE, i.e. the solution of (3) with w;; =

L(ij)egcr,- The following result shows 6 achieves O(1/y/nqL) rate in lo, error.
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Theorem 9. Suppose that nqg > Cylog(n) and nyp; > Cylog(n). for some large enough constants Cy > 0.
Suppose nqL > Cyr*log®(n) and n?¢*L > Cor*nypy log®(n) for some large enough constant Cy > 0. for any
t € [n]. Then with probability at least 1 — O(n=10), for any (k,l), the unweighted MLE @ satisfies

; log(n)
60— 0" < —
16— 6" < oy |22

for some constants C3 > 0. As a result, the top-K items are recovered exactly as long as

for some large enough constant Cs.

The result of this theorem matches what we can get in Theorem 1 using reweighting, with a slight
difference in the sample complexity requirement. This suggests that at least in some non-uniform sampling
models, reweighting is unnecessary for MLE.

E.1 Proof of Theorem 9

We start by applying Lemma 2 with w; = 1(; jyee., . For any k # [, let By, Qi be some real number that
we will specify later such that

Bmzcn¢§nmw»mam; (20)

Qu> Y. Bl|ex—e) Li(ei—e)l. (30)

(i,)€EcLi>]
Here C; > 0 is some large enough constant and
L,= Z zij(ei —ej)(e; —e;) .
(i,j)€€cLri>j

Suppose that Qp < 4By, for any (k,1). By Lemma 2, with probability at least 1 — n~1% we have for any
(k. 1),

‘(ak—gl) —(QZ—HD‘ < By.

We now let

2]
By = Cyy| og(n)
(nepe V ng) L
if k.1 are both in some cluster ¢ and
2]
Bk:l = 02 R Og(n)
nqL
if k,1 are not in the same cluster. We also let
k2 log*(n
O = 0108 ()
nqlL

Here Cs5, C3 > 0 are some large enough constants. constant. We denote Gp= as the graph G¢r, equipped with
weights {B};}.

We now show (29) and (30) hold using the same strategy in the proof of Theorem 3. First, we control
effective resistance and graph conductance with the following lemmas. The proofs are deferred to Section E.2
and E.3.
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Lemma 17. With probability at least 1 — O(n=10),

K
QL)< ——
a(ls) < ngpe V ngq

if k,1 are both in some cluster t and
K

Qu(L,) <
ki ( )*nq

if k,1 are not in the same cluster.

Lemma 18. Let G2 be Gor, with weights {ij}(i,j)egCL. The graph conductance of Gp2 satisfies

O(Gp2) >

| =

From Lemma 17, we can see that (29) is satisfied as long as Cs is large enough. By Lemma 18 we have

that
8log (ZZ Lo i Bf)
Z B} |(e; — e;) Li(ey, — e)| < max {Bj}- ((I),J;e c; >j 7]
(4,5)€EcLi>] (i,5)€€cL ( B2)

For all (k,1) € [n]?,

(31)

o 1% log(n)

B} < C? <1

nqlL

as long as ngL > Cyx* log3(n) for some large enough constant Cy > 0. Then provided that Cj3 is large
enough, (31) becomes

2 2
> Bl|(ei—ej) Li(er —e)] < c2” log(n) 8log(n”)

2
(i.j)€€crLii>] nqL (1/8)
k2 log?(n
< Ogﬁ = Q.
nqlL

This satisfies (30). Using the assumption that ngL > Cyx*log®(n) and n2¢*L > Csk*nyp; log®(n) for any
t € [n] with some large enough constants Cy, C5 > 0, we have that Qg < 4By, for any (k,1) € [n]?.
Now that we have checked all conditions for Lemma 2, we conclude that

< By = Ok M-

(0 -8) - - ap) L

E.2 Proof of Lemma 17

We consider two subgraphs G; = (V,&;) and Go = (V, &) of G, where & consists of all edges with-in
each cluster, and & consists of the edges of an underlying Erdos—Rényi subgraph as in Proposition 1. Let
their unweighted graph Laplacian be L; and Ls. Let their z-weighted graph Laplacian be L., and L. ».
Combining Lemma 3 and 10, for &, both in some cluster ¢,

8k 16+
<

Qu(L,,) < < ;
k(L) An—1(L1) = nupy

while for any k,! (including those in cluster t), we look at G to see

Sv 16k

Q. (L < — < .
pi(Lz2) < (L) = g

Combining this with Rayleigh’s law of monotonicty (see Lemma 12), we reach the claimed result.
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E.3 Proof of Lemma 18
From Lemma 11 we have 1

B(Gp2) > 5Au1(Dj 5/ LDy, (32)
Here Dp: is the diagonal matrix with [Dg2]; = Zj:(m‘)es ij and

LBQ = Z Bi2j((-31'78]‘)(61'7(-3]')—r

(i,5)€€cL,i>]

> Blij(ei—ej)(ei—e)),

1,7),0>7
(4,5) J =L,

where 6;; = 11(; j)ego y- To control the right hand side of (32), we give a lower bound of A, _1(Lp2) and an
upper bound of the diagonal entries of Dpg= in the following lemmas. The proofs are deferred to the end of
this section.

Lemma 19. Instate the assumption of Lemma 18. With probability at least 1 — O(n~10),

Cr?log(n)

)\n—l (LBZ) Z 2L 5
where C is some constant.

Lemma 20. Instate the assumption of Lemma 18. With probability at least 1 — O(n=1°),

4CkK? log(n)
Z By < =1~
(i,5)€€

for alli € [n]. Here C is a constant.

With these two lemmas, by Sylvester’s law of inertia (Lemma 13),

®(Gp2) > sAn-1(Dp*Lp2Dy?)

Y

A1 (Lp2) A (D)

>

Proof of Lemma 19. The proof follows similar strategy to Section 5.3.3 in | ]. Let R € R(»—1xn
be a partial isometry such that RR" = I,,_; and R1,, = 0. Then \,_;(Lp2) = \,_1(RLg-R") and we
will use matrix Chernoff to control the latter term.
Recall that
Lij = B;5ij(e; —ej)(ei — ;)"

For all (4, ) such that ¢ > j,

0<A\_1(RL;jR") <\ (RL;;R") = M\ (Lyj) < 202”2:;%(”).
Because P[L{; = 1| R; = 1] > (1+ = = 1/(2k),
A 1(ERLpR") =\, Rzn:Z]ELinT
t=1 i>j
= = RZZB2 Ed,; e;)(ei—e;) "R
t=1 i>j
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When i, j are in the same cluster ¢,

pirlog(n) ., K*log(n).

BZES;; > C ;
w0 = Q(ntpt Vng)L — 2L

when i, j are not in the same cluster,

2 2
2 gr*log(n) K log(n)
Bij]Eaij Z CQ ’nqL = CQ L .

Then

2 n
An_1(ERLp:RT) > Cg%i(n) n1 | RYD (ei—ej)ei—e;) R
t=11i>j
k2 log(n)
nL
k2 log(n)
nL
k2 log(n)
—

=Cy Ap—1 [R(nI, —1,1) )R]

=Cy “An—1 [nInq]

:C2

The second to last line holds since RR" = I,,_; and R1, = 0. Then by matrix Chernoff (see e.g. Theo-
rem 5.1.1 in | D,

2 —1/2 qna/2
< Cyk*log(n) P
Y5 =" )

< n—lO

P { An-1(RLpRT)]

as long as ng > C;log(n) for some large enough constant C;. The ng/2 term in the exponent comes from
the fact that A\,_1(ERLg=2R")/\1(L;;) > ng/2.

Proof of Lemma 20. Let (i) = ¢t. We split the summation with

S ome Y ome Y B

Ji(i,5)€E J:(6,5)EEp(4)=t J:(5,0) EE,p(4) #t
C1k%log(n 1 1
e I S I I
L o L mpeVng o LY
J:(4,9)€E 0 (4)=t J:(4,9)EE 0 (4)#t

where C7 > 0 is a constant. By assumption for any ¢t € [k], ng > Cylog(n) and nyp; > Cslog(n), where
Cs,C3 > 0 are some constants. Applying standard Chernoff bound, we have that with probability at least
1 —4n=10 for all i € [n],

1 L .
5Pt <Hi:(,7) €€ 9() =t} < 2mpy

and

1 o
3 < i :(i,5) € £} < 2ng

as long as Cy, (3 are large enough. Then

2o 1 1
Z B < ClnTg(n) 2nypy - ————— +2ng - —
j:(2,5)€E mp
k% log(n
< 401%().
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F Experiment setup for Figure 2

To check our result, we implement the Algorithm 1 and apply it to some simluated data generated with
semi-random sampling. Our semi-random graph is generated as follows:

1. Generate a Erdos-Renyi random graph Ggr with n vertices and edge probablity p.

2. Randomly select a subset A of n/3 vertices in the first n/2 vertices, and a subset B of n/3 vertices in
the last n/2 vertices.

3. Form Ggr by adding all edges between vertices in A and all edges between vertices in B to Gggr.

We then generate the comparison data following the BTL model with 8* = 0,,. Similar to the example
in Figure 1, this quickly ruins the nice spectral properties observed in uniform sampling. In each trial We
compute two MLE estimates of % and the corresponding top-K items. The first one is the vanilla MLE 0
using all data on Ggr and the second one is the weighted MLE 6y, given by Algorithm 1. We compare the
top-K recovery accuracy, i.e. the proportion of top-K items that are successfully recovered, under varying
latent score gap Ag.
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