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Abstract

An increasing number of data science and machine learning problems rely on computation with
tensors, which better capture the multi-way relationships and interactions of data than matrices. When
tapping into this critical advantage, a key challenge is to develop computationally efficient and provably
correct algorithms for extracting useful information from tensor data that are simultaneously robust to
corruptions and ill-conditioning. This paper tackles tensor robust principal component analysis (RPCA),
which aims to recover a low-rank tensor from its observations contaminated by sparse corruptions, under
the Tucker decomposition. To minimize the computation and memory footprints, we propose to directly
recover the low-dimensional tensor factors—starting from a tailored spectral initialization—via scaled
gradient descent (ScaledGD), coupled with an iteration-varying thresholding operation to adaptively
remove the impact of corruptions. Theoretically, we establish that the proposed algorithm converges
linearly to the true low-rank tensor at a constant rate that is independent with its condition number, as
long as the level of corruptions is not too large. Empirically, we demonstrate that the proposed algorithm
achieves better and more scalable performance than state-of-the-art tensor RPCA algorithms through
synthetic experiments and real-world applications.

Keywords: low-rank tensors, Tucker decomposition, robust principal component analysis, scaled gradient
descent, preconditioning.
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1 Introduction

An increasing number of data science and machine learning problems rely on computation with tensors
[KB09,PFS16], which better capture the multi-way relationships and interactions of data than matrices; ex-
amples include recommendation systems [KABO10], topic modeling [AGH™ 14|, image processing [LMWY12],
anomaly detection [LWQ™ 15|, and so on. Oftentimes the data object of interest can be represented by a
much smaller number of latent factors than what its ambient dimension suggests, which induces a low-rank
structure in the underlying tensor. Unlike the matrix case, the flexibility of tensor modeling allows one to
decompose a tensor under several choices of popular decompositions. The particular tensor decomposition
studied in this paper is the Tucker decomposition, where a third-order tensor X, € R"1*"2*"s ig [gw-rank
if it can be decomposed as'

X* - ( 51)7 52)7 ES)) 'g*7

where U*(l) € Rmxr U,SQ) € Rn2xr2 U*(S) € R™3%73 are the factor matrices along each mode, G, € R *72x7s
is the core tensor, and {r;}3_; are the rank of each mode; see Section 2.1 for the precise definition. If we
flatten the tensor along each mode, then the obtained matrices are all correspondingly low-rank:

r1 =rank (My(X,)), 72 =rank (My(X,)), r3=rank (M;s(X,)),

where My, (+) denotes the matricization of an input tensor along the k-th mode (k = 1,2, 3). Intuitively, this
means that the fibers along each mode lie in the same low-dimensional subspace. In other words, the tensor
X, has a multi-linear rank r = (rq,r9,73), where typically r < ng. Throughout the paper, we denote
n = maxy ng and r = maxy .

This paper tackles tensor robust principal component analysis (RPCA), which aims to recover a low-
rank tensor X, from its observations contaminated by sparse corruptions. Mathematically, imagine we have
access to a set of measurements given as

y:X*+S*a

where &, € R™*"2X"s jg g gparse tensor—in which the number of nonzero entries is much smaller than
its ambient dimension—modeling corruptions or gross errors in the observations due to sensor failures,

1Note that there are several other popular notation for denoting the Tucker decomposition; our choice is made to facilitate
the presentation of the analysis.



anomalies, or adversarial perturbations. Our goal is to recover X, from the corrupted observation Y in a
computationally efficient and provably correct manner.

1.1 Our approach

In this paper, we propose a novel iterative method for tensor RPCA with provable convergence guarantees.
To minimize the memory footprint, we aim to directly estimate the ground truth factors, collected in F, =

(Ufl), U,SQ), U*(S), G.), via optimizing the following objective function:
1 2
L(F,S) =3 |00 D U®).g+5-¥ . (1)

where F' = (U(l), U ub. g ) and 8§ are the optimization variables for the tensor factors and the corruption
tensor, respectively. Despite the nonconvexity of the objective function, a simple and intuitive approach is
to update the tensor factors via gradient descent, which, unfortunately, converges slowly even when the
problem instance is moderately ill-conditioned [HWZ20].

On a high level, our proposed method alternates between corruption pruning (i.e., updating &) and factor
refinements (i.e., updating F'). At the beginning of each iteration, we update the corruption tensor S via
thresholding the observation residuals as

Si=To, (y — (U, u®, Uy .gt) L t=01,... (2a)

where S;1; is the update of the corruption tensor at the ¢-th iteration, 7¢,., (-) trims away the entries with
magnitudes smaller than an iteration-varying threshold (;y; that is carefully orchestrated, e.g., following
a geometric decaying schedule. As the estimate of the data tensor X; = (Ut(l), Ut(Q), Ut(g)) -G, gets more
accurate, the observation residual becomes more aligned with the corruptions, therefore the thresholding
operator (2a) becomes more effective in identifying and removing the impact of corruptions. Turning to the
low-rank tensor factors F, motivated by the recent success of scaled gradient descent (ScaledGD) [TMC21a,
TMC21b, TMPBT22] for accelerating ill-conditioned low-rank estimation, we propose to update the tensor
factors iteratively by descending along the scaled gradient directions:

Ut(-lli)l = Ut(k) — UVU(k),C(Ft,St+1)(fjt(k)—rfjt(k))_l, ]{} = 1, 2, 3, and
: _ _ ( o (2b)
Git1 =G — n((Ut(l)TUt(l)) E U U E U U 1) Vg, L(F;,St11).

Here, F, = (Ut(l), Ut@), Ut(3), G.) is the estimate of the tensor factors at the ¢-th iteration, Vi L(F,S) and
VgL(F,S8) are the partial derivatives of L(F',8) with respect to the corresponding variables, n > 0 is the
learning rate, and

U = U oUP)MiG)T, TP = (U oUN ) Ma6)", TP = (U 0 UM ) Ms(61)"

are used to construct the preconditioned directions of the gradients, with ® denoting the Kronecker product.
With the preconditioners, ScaledGD balances the tensor factors to find better descent directions, the benefits
of which are more accentuated in ill-conditioned tensors where the convergence rate of vanilla gradient descent
degenerates significantly, while ScaledGD is capable of maintaining a linear rate of convergence regardless
of the condition number.

Theoretical guarantees. Coupled with a tailored spectral initialization scheme, the proposed ScaledGD
method converges linearly to the true low-rank tensor in both the Frobenius norm and the entrywise £, norm
at a constant rate that is independent of its condition number, as long as the level of corruptions—measured
in terms of the fraction of nonzero entries per fiber—does not exceed the order of m, where p and
k are respectively the incoherence parameter and the condition number of the ground truth tensor X, (to
be formally defined later). This not only enables fast global convergence by virtue of following the scaled
gradients rather than the vanilla gradients [TMPB™22], but also lends additional robustness to finding the

low-rank Tucker decomposition despite the presence of corruptions and gross errors. Moreover, our work



provides the first refined entrywise error analysis for tensor RPCA, suggesting the errors are distributed
evenly across the entries when the ground low-rank truth tensor is incoherent. To corroborate the theoretical
findings, we further demonstrate that the proposed ScaledGD algorithm achieves better and more scalable
performance than state-of-the-art matrix and tensor RPCA algorithms through synthetic experiments and
real-world applications.

Comparisons to prior art. While tensor RPCA has been previously investigated under various low-rank
tensor decompositions, e.g., [LFCT16, AJSN16, DBBG19], the development of provably efficient algorithms
under the Tucker decomposition remains scarce. The most closely related work is [CLX21], which proposed
a Riemannian gradient descent algorithm for the same tensor RPCA model as ours. Their algorithm is
proven to also achieve a constant rate of convergence—at a higher per-iteration expense—as long as the

} (cf. [CLX21, Theorem
5.1]), where pus and kg are the spikiness parameter and the worst-case condition number of X, respectively.

Using the relation p < p2k? (cf. [OCLX21, Lemma 13.5]) and x < r, (cf. (14)) to conservatively translate
our bound, our algorithm succeeds as long as the corruption level is below the order of ﬁ, which is still

fraction of outliers per fiber does not exceed the order of min { ————s o S
pirlir2log?n’ pifri?r

significantly higher than that allowed in [CLX21], when the outliers are evenly distributed across the fibers.
See additional numerical comparisons in Section 4.

1.2 Related works

Broadly speaking, our work falls under the recent surge of developing both computationally efficient and
provably correct algorithms for high-dimensional signal estimation via nonconvex optimization, which has
been particularly fruitful for problems with inherent low-rank structures; we refer interested readers to the
recent overviews [CLC19, CC18] for further pointers. In the rest of this section, we focus on works that are
most closely related to our paper.

Provable algorithms for matrix RPCA. The matrix RPCA problem, which aims to decompose a low-
rank matrix and a sparse matrix from their sum, has been heavily investigated since its introduction in the
seminar papers [CLMW11,CSPW11]. Convex relaxation based approaches, which minimize a weighted sum
of the nuclear norm of the data matrix and the ¢; norm of the corruption matrix, have been demonstrated
to achieve near-optimal performance guarantees [CLMW11, WGR*09, CSPW11, LCM10, CFMY21, CC14].
However, their computational and memory complexities are prohibitive when applied to large-scale problem
instances; for example, solving the resulting semidefinite programs via accelerated proximal gradient de-
scent [TY10] only results in a sublinear rate of convergence with a per-iteration complexity that scales cubi-
cally with the matrix dimension. To address the computational bottleneck, nonconvex methods have been de-
veloped to achieve both statistical and computational efficiencies simultaneously [NNS*14, CCW19, GWL16,
YPCC16, TMC21a, CLY21]. Our tensor RPCA algorithm draws inspiration from [TMC2la, TMPB*22],
which adopt a factored representation of the low-rank object and invoke scaled gradient updates to bypass
the dependence of the convergence rate on the condition number. The matrix RPCA method in [CLY21]
differs from [TMC21a] by using a threshold-based trimming procedure—which we also adopt—rather than
a sorting-based one to identify the sparse matrix, for further computational savings.

Provable algorithms for tensor RPCA. Moving onto tensors, although one could unfold a tensor
and feed the resulting matrices into a matrix RPCA algorithm [GQ14,ZWZM19], destroying the tensor
structure through matricizations can result in suboptimal performance because it ignores the higher-order
interactions [YZ16]. Therefore, it is desirable to directly operate in the tensor space. However, tensor
algorithms encounter unique issues not present for matrices. For instance, while it appears straightforward
to generalize the convex relaxation approach to tensors, it has been shown that computing the tensor nuclear
norm is in fact NP-hard [FL18|; a similar drawback is applicable to the atomic norm formulation studied
in [DBBG19]. Tensor RPCA has also been studied under different low-rank tensor decompositions, a small
number of samples including the tubal rank [LFCT16,LFC*19] and the CP-rank [AJSN16,DBBG19]. These
algorithms are not directly comparable with ours which uses the multilinear rank.



Robust low-rank tensor recovery. Broadly speaking, tensor RPCA concerns with reconstructing a
high-dimensional tensor with certain low-dimensional structures from incomplete and corrupted observa-
tions. Pertaining to works that deal with the Tucker decomposition, [XY19] proposed a gradient descent
based algorithm for tensor completion, [TMPB*22, TMC22] proposed scaled gradient descent algorithms for
tensor regression and tensor completion (which our algorithm also adopts), [LZ21] proposed a Gauss-Newton
algorithm for tensor regression that achieves quadratic convergence, [WCW21]| proposed a Riemannian gra-
dient method with entrywise convergence guarantees, and [ARB20] studied tensor regression assuming the
underlying tensor is simultaneously low-rank and sparse.

1.3 Notation and tensor preliminaries

Throughout this paper, we use boldface calligraphic letters (e.g. X) to denote tensors, and boldface capi-
talized letters (e.g. X) to denote matrices. For any matrix X, let 0;(X) be its i-th largest singular value,
and opmax(X) (resp. omin(X)) to denote its largest (resp. smallest) nonzero singular value. Let || X]||, | X,
X ||2,005 and || X ||oc be the spectral norm, the Frobenius norm, the ¢3 o norm (largest o norm of the rows),
and the entrywise £, norm of a matrix X, respectively. The r x r identity matrix is denoted by I,.. The
set of invertible matrices in R"*" is denoted by GL(r).

We now describe some preliminaries on tensor algebra that are used throughout this paper. For a
tensor X € R"1*"2x"3 et [X]; ; r be its (7,7, k)-th entry. For a tensor X € R"**"2*"3 suppose it can be
represented via the multilinear multiplication

X = (U(l), U®, U(3)) .G,

where U®) € R™*7™ | =1,2,3, and G € R""*"2%"s Equivalently, the entries of X can be expressed as

1 T2 T3

[X]h,iz,ig = Z Z Z [U(l)}ilyjl [U(z)]iz,jz [U(?))]i&js [g]jhj%ja.

Jj1=1j2=1j3=1

The multilinear multiplication possesses several nice properties. A crucial one is that for any B*) ¢ R™*"%
k=1,2,3, it holds that

(UVBO UM B® UG B®).g = (U, U U®). ((B<1>)B<2>,B<3>) .g), (3)

In addition, if we flatten the tensor X along different modes, the obtained matrices obey the following
low-rank decompositions:
My (X) =UDM, (6) U® oUu®) —uOTWT, U0 .— (UOeUP)M, ()", (4a)
My (X)=UPD M,y (G) U U =uPu®T, U® .— (U(S) ® U(l))./\/lg (g)T’ (4Db)
M3 (X) = U® M, Q) (U(2) ® U(l))T =UuBg®T, U® .— (U(2> ® U(l))Mg, (g)T ) (4c)

Given two tensors A and B, their inner product is defined as (A,B) =37, . A i, i Bi iz,i;- The
inner product satisfies the following property:
<(U<1>,U<2>,U<3>) .G, x> _ <g’ (U, U@T u®T) .x>. (5)

Denote the Frobenius norm and the ¢o, norm of X as || X||r = /(X, X) and || X||cc = max;, 4y | Xy in.isls
respectively. It follows that for Qp € R™*"™ k =1,2,3:

1(Q1:Q2,Qs) - G| < Q11 Q:llllQs]lIG]lF- (6)

Let 7 = (r1,72,73). For a tensor X € R *"2%"s et its rank-r higher-order singular value decomposition
(HOSVD) H,. (X) be
Hr (X) = (U(l), U®. u®, g), (7)



where U*) is the top 7} left singular vectors of My, (X), k =1,2,3,and G = (UDT URT UGT). X is
the core tensor. The HOSVD is an extension of the matrix SVD and can be seen as a special case of the
Tucker decomposition; see [BL10] for an exposition. Although there are faster methods—such as [VVM12]—
available, one straightforward way of computing the HOSVD is to obtain the singular vectors from performing
matrix SVD on each matricization of X. With these vectors, we can construct each U®*), followed by finding
g = (U(l)—r7 T, U(?’)T) - X to complete the process. In contrast to its matrix counterpart, the core tensor
G will not necessarily be diagonal.

2 Main results

2.1 Problem formulation

Suppose that the ground truth tensor X, € R"™*"2X"3 with multilinear rank r = (rq,r2,73) admits the
following Tucker decomposition

X* = ( £1)7 52)7U¢E3)) 'g*7 (8)

where U*(l) € Rmxr U*(Q) € Rm2xr2 U,E?’) € R™*"s are the factor matrices along each mode, and G, €
R X72%73 is the core tensor. The Tucker decomposition is not unique since for any Q%) € GL(r), k = 1,2, 3,
in view of (3), we have

(UM, U, U®).g = (UVQW,UPQR, UMQ®).g,

where Gg = ((QW)~1,(Q@)~1,(Q®)~1) - G. Without loss of generality, to address ambiguity, we set the

ground truth F, = (Ufl), U,EQ), U,ES), G.) to satisfy that for each mode, U™ € R *"r to have orthonormal
columns, and

My (G My (G.)T = (202, 9)

the squared singular value matrix »¢*) of M (X,). This can be easily met, for example, by taking the
tensor factors F, as the HOSVD of X,.

Observation model and goal. Suppose that we collect a set of corrupted observations of X, as
YV=X,+8,, (10)

where S, is the corruption tensor. The problem of tensor RPCA seeks to separate X, and S, from their
sum Y as efficiently and accurately as possible.

Key quantities. Obviously, the tensor RPCA problem is ill-posed without imposing additional constraints
on the low-rank tensor X', and the corruption tensor &, which are crucial in determining the performance
of the proposed algorithm. We first introduce the incoherence parameter of the tensor X,.

Definition 1 (Incoherence). The incoherence parameter p of X, is defined as

., N <k->H2
= L g , 11
" mlilx{m H . (11)

where X, = (U*(l), U, U*(?’)) -G, is its Tucker decomposition.

The incoherence parameter roughly measures how spread the energy of X', is over its entries—the energy
is more spread as p gets smaller. Moreover, we define a new notion of condition number that measures the
conditioning of the ground truth tensor X, as follows, which is weaker than previously used notions.

Definition 2 (Condition number). The condition number x of X, is defined as

_ming omax(My (X))
R mink Umin(Mk (X*)) ’ (12)




With slight abuse of terminology, denote
Umin(X*) = mkinomin(/\/lk(X*)) (13)

as the minimum nonzero singular value of X,.

Remark 1. The above-defined condition number can be much smaller than the worst-case condition number
ks used in prior analyses [TMPB*22, CLX21,HWZ20|, which is defined as

L maXp Umax(Mk (X*)) > mink Umax(Mk (X*)) _
fis == mink O'min(Mk (X*)) - mink O'min(Mk (X*)) = (14)

Furthermore, the condition number & is also upper bounded by the largest condition number of the matri-
Tmax (Mg (X))
Trin (Mp (X))

Turning to the corruption tensor, we consider a deterministic sparsity model following the matrix
case [CSPW11,NNSt14, YPCC16]|, where S, contains at most a small fraction of nonzero entries per fiber.
This is captured in the following definition.

cization along different modes, i.e., kK < maxy K = maxy

Definition 3 (a-fraction sparsity). The corruption tensor S, is a-fraction sparse, i.e., S, € 8,, where

So = {S e Rmxm2xms 18, i llo < ang, |8 isllo < ang, (18,4, l0 < ang,
for all 1 < iy <ng, k= 1,273}. (15)

With this setup in hand, we are now ready to describe the proposed algorithm.

2.2 Proposed algorithm

Our algorithm alternates between corruption removal and factor refinements. To remove the corruption, we
use the following soft-shrinkage operator that trims the magnitudes of the entries by the amount of some
carefully pre-set threshold.

Definition 4 (Soft-shrinkage operator). For an order-3 tensor X, the soft-shrinkage operator 7¢ (-) :
Rrxm2xns oy RXm2Xn3 with threshold ¢ > 0 is defined as

[72 (X)] = sgn ([X}il,imig) - max (0,

[X]i17i2,i3| - C)

11,%2,13

The soft-shrinkage operator 7¢ () sets entries with magnitudes smaller than ¢ to 0, while uniformly
shrinking the magnitudes of the other entries by (. At the beginning of each iteration, the corruption tensor
is updated via

Sii1 = 7Zt+1 (y _ (Ut(1)7 Ut(2)7 Ut(g)) . gt) , (]_Ga)

with the schedule (; to be specified shortly. With the newly updated estimate of the corruption tensor, the
tensor factors are then updated by scaled gradient descent [TMPB™22], for which they they are computed
according to (2b) with respect to L(F;, S¢41) in (1):

U = U — 9,0 L(F, S (O TOP)
= (1-nU® - N(Mp (Seg1) = Mi (D))

v

Do ToM) ™ (16b)
for k =1,2,3 and
G =Gi— 1 ((Ut(l)TUt(l))_l, (Ut(Q)TUt(Z))_l, (Ut(B)TUt(B))_l) Vg, L(F;,8111)

—(1—1)G -1 ((Ut(l)TUt(l))—lUél)T, (Ufz)TUt(z))—lUt(z)T’ (Ut(s)TUt@))flUt(?))T) (Si1 - ).
(16¢)



Algorithm 1 ScaledGD for tensor robust principal component analysis

Input: the observed tensor ), the multilinear rank 7, learning rate 7, and threshold schedule {{;}7_.
Initialization: Sy = 7¢, (¥) and (UV, U, U, Go) = H, (¥ — Sq).
fort=0,1,..., 7 —1do
Update the corruption tensor 811 via (16a);
Update the tensor factors Fyy; = (Ut(i)l, Ut(i)u Ut(i)l, Gi4+1) via (16b) and (16¢);
end for
Output: the tensor factors Fp = (Uq(}), U}Z), U:(pg), gT).

Here, n > 0 is the learning rate, and
U = (U eU)MiG)", TP = U U )M (G)T, and U = (U 0U) M5 (61"

To complete the algorithm description, we still need to specify how to initialize the algorithm. We will
estimate the tensor factors via the spectral method, by computing the HOSVD of the observation after
applying the soft-shrinkage operator:

(Uél)7 Uéz), U0(3)7 Go) =Hr (Y- So), where 8o =T, (V).

Altogether, we arrive at Algorithm 1, which we still dub as ScaledGD for simplicity.

Computational benefits. It is worth highlighting that the proposed tensor RPCA algorithm possesses
several computational benefits which might be of interest in applications.

o Advantages over matric RPCA algorithms. While it is possible to matricize the input tensor and then
apply the matrix RPCA algorithms, they can only exploit the low-rank structure along the mode
that the tensor is unfolded, rather than along multiple rows simultaneously as in the tensor RPCA
algorithm. In addition, the space complexity of storing and computing the factors is much higher for
the matrix RPCA algorithms, where the size of the factors become multiplicative in terms of the tensor
dimensions due to unfolding, rather than linear as in the tensor RPCA algorithm.

e (Generalization to N-th order tensors. Although the description of Algorithm 1 is tailored to an order-
3 tensor, our algorithm is easily generalizable to any N-th order tensor; in fact, Algorithm 1 can be
applied almost verbatim by redefining

v —wN e oUuMeUuf Ve . oUYML(G),  k=1,...,N

to its natural high-order counterpart. This extension is numerically evaluated in our experiments in
Section 4.

e Parallelizability. At each iteration of the proposed algorithm, each tensor factor is updated indepen-
dently as done in (16b) and (16¢), therefore we can update them in a parallel manner. This improvement
becomes more apparent as the order of the tensor increases.

e Selective modes to update: If we know the underlying ground truth tensor is only low-rank along certain
mode, we can choose to skip the iterative updates of the rest of the modes after initialization to reduce
computational costs, which we demonstrate empirically in Section 4.3.

2.3 Performance guarantees

Motivated by the analysis in [TMPB™22|, we consider the following distance metric, which not only resolves
the ambiguity in the Tucker decomposition, but also takes the preconditioning factor into consideration.



Definition 5 (Distance metric). Letting F := (U(l), U Uu®), g) and F, := ( *(1), *(2), *(3), g*), denote

3

dist?(F,F.) = inf 3 H (U®QW - U,E’“))zi’“)Hi + H (@)™, (@P) ™, (@) ™) .6 -G,

2
)
(k) ) F
QF)eGL(ry) =1

(17)
where we recall ng) is the singular value matrix of My (X,), kK = 1,2,3. Moreover, if the infimum is
attained at the arguments {Q(k)}i:17 they are called the optimal alignment matrices between F' and F.

Fortunately, the proposed ScaledGD algorithm (cf. Algorithm 1) provably recovers the ground truth
tensor—as long as the fraction of corruptions is not too large—with proper choices of the tuning parameters,
as captured in following theorem.

Theorem 1. LetY = X, +8, € R"*"2X"3 yhere X, is p-incoherent with multilinear rank r = (r1,r2,73),
and 8, is a-sparse. Suppose that the threshold values {(x}7, obey that || X.||, < ¢o < 2| X, and

Cir1 = pC, t > 1, for some properly tuned (1 := 81/%0mm(2¥*) and  <n <1 where p=1-0.457.
Then, the iterates X, = (Ut(l), Ut(2), Ut(3)) -G satisfy

[ X — Xillp < 0.030 0 min (X ), (18a)

pwirirars
X — X, < 8ph | EE 20 (X, 18b
X wllos < 8p p— (Xs) (18b)
3
18 = Sulle <1601 B2 (2 (18¢)
ninang

or allt > 0, as long as the level of corruptions obeys a < ——2—— for some sufficiently small cg > 0.
HET1T2T3R

The value of p was selected to simplify the proof and should not be taken as an optimal convergence rate.
In a nutshell, Theorem 1 has the following immediate consequences:

e Exact recovery. Upon appropriate choices of the parameters, if the level of corruptions « is small
enough, i.e. not exceeding the order of m, we can ensure that the proposed Algorithm 1 exactly
recovers the ground truth tensor X, even when the gross corruptions are arbitrary and adversarial.
As mentioned earlier, our result significantly enlarges the range of allowable corruption levels for
exact recovery when the outliers are evenly distributed across the fibers, compared with the prior art

established in [CLX21].

e Constant linear rate of convergence. The proposed ScaledGD algorithm (cf. Algorithm 1) finds
the ground truth tensor at a constant linear rate, which is independent of the condition number, from
a carefully designed spectral initialization. Consequently, the proposed ScaledGD algorithm inherits
the computational robustness against ill-conditioning as [TMPB'22|, even in the presence of gross
outliers, as long as the thresholding operations are properly carried out.

¢ Refined entrywise error guarantees. Furthermore, when p = O(1) and r = O(1), the entrywise

1
ninans

the errors are distributed in an evenly manner across the entries for incoherent and low-rank tensors.
The same applies to the entrywise error bound of the sparse tensor (18¢) which exhibits similar behavior
as (18b). To the best of our knowledge, this is the first time such a refined entrywise error analysis is
established for tensor RPCA.

error bound (18b)—which is smaller than the Frobenius error (18a) by a factor of

—suggests

3 Outline of the analysis

In this section, we outline the proof of Theorem 1. The proof is inductive in nature, where we aim to establish
the following induction hypothesis at all the iterations:

dist(Fy, Fy) < €0p'omin(X), (19a)



max {\/f H(Ut(k)Qik) - U,Sk))ng)HQ Oo} < Pt\/ﬁgmin(x*)v (19b)

where p =1 — 0.457m, ¢y < 0.01 is some sufficiently small constant, and {ng)}%:l are the optimal alignment
matrices between F; and F,. The claims (18) in Theorem 1 follow immediately with the aid of Lemma 10
and Lemma 8 (see Appendix E). The following set of lemmas, whose proofs are deferred to Appendix A,
establishes the induction hypothesis (19) for both the induction case and the base case.

Induction: local contraction. We start by outlining the local contraction of the proposed Algorithm 1,
by establishing the induction hypothesis (19) continues to hold at the (¢ + 1)-th iteration, assuming it holds
at the ¢-th iteration, as long as the corruption level is not too large.

Lemma 1 (Distance contraction). Let Y = X,+8, € R"1*"2%"s here X, is u-incoherent with multilinear
rank v = (r1,72,73), and Sy is a-sparse. Let Fy := (Ut(l)7 Ut(Q)7 Ut(?’)7 Qt) be the t-th iterate of Algorithm 1.
Suppose that the induction hypothesis (19) holds at the t-th iteration. Under the assumption o < —=200

T AN/ udrirarsr

for some sufficiently small constant ¢y and the choice of (11 in Theorem 1, the (t+1)-th iterate Fy11 satisfies
dist(Fy11, Fy) < €0p" ™ omin (X )
as long as n < 1/4.

While Lemma 1 guarantees the contraction of the distance metric, the next Lemma 2 establishes the
contraction of the incoherence metric, so that we can repeatedly apply Lemma 1 and Lemma 2 for induction.

Lemma 2 (Incoherence contraction). Let Y = X, + S, € R™*"2X"s  ywhere X, is u-incoherent with
multilinear rank r = (r1,72,73), and 8, is a-sparse. Let F; := (Ut(l), Ut(g), Ut(?’),gt) be the t-th iterate of
Algorithm Z Suppose that the induction hypothesis (19) holds at the t-th iteration. Under the assumption
that a < e hmm for some sufficiently small constant ¢; and the choice of (i1 in Theorem 1, the (t + 1)-th

iterate Fyyq1 satisfies
[Tk k k
max{ H t+1 U( ))2( )H2 oo} < pt+l\/ﬁ0min(x*)

as long as 1/7 <n < 1/4, where {ng)}zzl are the optimal alignment matrices between F; and F.

It is worthwhile to note that, the local linear convergence of the proposed Algorithm 1, as ensured by
the above two lemmas collectlvely, require the corruption level to not exceed the order of W’ which is
also independent of the condition number. Indeed, the range of the corruption level is mainly constrained
by the spectral initialization, as demonstrated next.

Base case: spectral initialization. To establish the induction hypothesis, we still need to check the
spectral initialization. The following lemmas state that the spectral initialization satisfies the induction
hypothesis (19) at the base case ¢ = 0, allowing us to invoke local contraction.

Lemma 3 (Distance at initialization). Let Y = X, + 8, € R™*"2X"s ywhere X, is p-incoherent with rank

r = (r1,re,73), and 8, is a-sparse. Let Fy := (U(l) U(Q) U(?’) go) be the output of spectral initialization

with the threshold obeying || X, || < (o < 2| X4l Ifa < for some constant cyp > 0, we have
/_L T17T2T3TK

diSt(‘F()7 F*) S 54-1COO'min(X*).

Lastly, the next lemma ensures that our initialization satisfies the incoherence condition, which requires
nontrivial efforts to exploit the algebraic structures of the Tucker decomposition.

Lemma 4 (Incoherence at initialization). Let Y = X, + 8, € R™M*"2Xn3 ywhere X, is p-incoherent

with rank v = (r1,7r9,73), and S, is a-sparse. Let Fy := (Uél),USQ),Ué3),go) be the output of spectral
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initialization with the threshold obeying || X .||, < Co < 2[| X4l If @ < —=——— for some sufficiently

TR > . HET1ToT3 R
small constant cq, then the spectral initialization satisfies the incoherence condition

max {1 J2 P ef - o= } < Vimin(X.),
k ,00

where {Q(()k)}i:1 are the optimal alignment matrices between Fy and F.

4 Numerical experiments

4.1 Experiments on synthetic data

We begin with evaluating the phase transition performance of ScaledGD (cf. Algorithm 1) with respect
to the multilinear rank and the level of corruption. For each k, we randomly generate an n X n x n
tensor, with n = 100, multilinear rank » = (r,r,7), r € {2,5,10,20,...,80}, and level of corruption
a €{0.1,0.2,...,0.9,1}. The factor matrices are generated uniformly at random with orthonormal columus,
and a diagonal core tensor G, is generated such that [G,];;; = =~/ for § = 1,2,... r. We fur-
ther randomly corrupt a-fraction of the entries, by adding uniformly sampled numbers from the range
[=>iik [[X )ikl /m3, Dk [[X.])i;,k]/n3] to the selected entries, where Dok |[X. )ik /n? is the mean of
the entry-wise magnitudes of X,. To tune the constant step size 1, and the hyperparameters (y, (1, and the
decay rate p of the thresholding parameter for each tensor automatically, we used the Bayesian optimization
method described in [ASY*19]. Specifically, we run the toolbox [ASY 19| for 200 trials or until the tuned

parameters satisfy X2 = Xelle 106 for 7 = 200, whichever happened first.

1% 1l
IXr=Xulle when T = 200. over 20
A ’

random tensor realizations for x = 1,5, 10. Our results show a distinct negative linear relationship between
the corruption level and the multilinear rank with regards to the final relative loss of ScaledGD. In particular,
the performance is almost independent of the condition number x, suggesting the performance of ScaledGD
is indeed quite insensitive to the condition number.

Figure 1 shows the log median of the relative reconstruction error

11X =X I
K=5 (= 100910 med e

-1

> 0.7 1

sparsit

T T T T T T T T T T T
1020 3040 50 60 70 80 1020 30405060 70 80 1020 30405060 70 80

rank

. . . . Xp—X
Figure 1: Log median of the relative reconstruction error of %
*lF

with varying ranks and levels of corruption when the condition number is set as k = 1,5, 10.

across 20 randomly generated tensors

We further investigate the effect of the decay rate p of the thresholding parameters while fixing the other
hyperparameters tuned as earlier. Using the same method, we generate a 100 x 100 x 100 tensor with kK =5
and 20% of the entries corrupted. Figure 2 shows the relative reconstruction error versus the iteration count
using different decay rates p. It can be seen that ScaledGD enables exact recovery over a wide range of p as
long as it is not too small. Moreover, within the range of decay rates that still admits exact recovery, the
smaller p is, the faster ScaledGD converges. Note that the tuned decay rate p ~ 0.931 does not achieve the
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fastest convergence rate since the stopping criteria for hyperparameter tuning were not set to optimize the
convergence rate but some accuracy-speed trade-off.

Decay Rate Effect on Relative Loss
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Figure 2: The relative reconstruction error with respect to the iteration count, when varying the

Next, we also examine the performance of ScaledGD with shot noise, corruptions drawn from a Poisson
distribution, with comparisons to the Riemannian gradient descent (RiemannianGD) algorithm in [CLX21].
More specifically, if corrupted, a ground truth entry X; ; has noise drawn from 10~°Poisson(10°|X; ; x|)
added to itself, where the 10° scaling is to encourage draws that are nonzero. This type of noise is non-
negative and perturbs higher magnitude entries more. Note that the per-iteration cost of RiemannianGD is
significantly higher than ours, due to the fact that it requires an evaluation of a rank-r HOSVD. Therefore,
for this experiment, we generate tensors of a smaller size 50 x 50 x 50 to accommodate the high computation

need of RiemannianGD. We similarly tune the hyperparameters of RiemannianGD using the same method
Xr—X,
S 2
when T = 100, over 20 random tensor realizations when x = 5. It can be observed that the empirical per-
formance of the two methods, indicated by the phase transition curves, are similar when tuned properly.
However, the ScaledGD method is considerably faster, the difference of which is accentuated for larger and
lower rank tensors, due to the fact that it works in the factor space and does not need to perform rank-r

HOSVD at every iteration.

mentioned earlier for 100 trials. Figure 3 shows the log median of the relative reconstruction error

4.2 Image denoising and outlier detection

In this experiment, we examine the performance of ScaledGD for imaging denoising and outlier detection,
with comparisons to the tensor RPCA algorithm proposed in [LFCT 19| called TNN for their use of a newly
defined tensor nuclear norm (TNN). We consider a sequence of handwritten digits “2” from the MNIST
database [LCB10] containing 5958 images of size 28 x 28, leading to a 3-way tensor. We assume the tensor is
low-rank along the image sequence, but not within the image for simplicity; in other words, the multilinear
rank is assumed as r = (5,28, 28). For both algorithms, the hyperparameters are best tuned by hands.

We examine the performance of ScaledGD and TNN when the image sequence is contaminated in the
following scenarios: 1) 70% salt and pepper noise; 2) 500 out of the total images are randomly selected and
swapped by random images from the entire MNIST training set; and 3) 50% salt and pepper noise and 500
randomly swapped images. Figure 4 demonstrates the performance of the compared algorithms on the first
100 instances for each corruption scenario. In all situations, ScaledGD recovers the low-rank component cor-
responding to the correct digit more accurately than TNN from a visual inspection. Furthermore, ScaledGD
corrected the oddly-shaped or outlying digits to make the low-rank component be more homogeneous, but
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Figure 3: Comparison between RiemannianGD [CLX21] and ScaledGD on the log median of the relative
recovery error, %7 across 20 randomly generated tensors with varying ranks and levels of shot noise
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corruption when the condition number is set as kK = 5.

TNN mostly preserved these cases in the low-rank output. More importantly, ScaledGD runs much faster as
a scalable nonconvex approach, while TNN is more computationally expensive using convex optimization.

4.3 Background subtraction via selective mode update

We now apply ScaledGD to the task of background subtraction using videos from the VIRAT dataset
[OHP*11], where the height and width of the videos are reduced by a factor of 4 due to hardware limitations.
The video data can be thought as a multi-way tensor spanning across the height, width, frames, as well as
different color channels of the scene. Here, the low-rank tensor corresponds to the background in the
video which is fairly static over the frames, and the sparse tensor corresponds to the foreground containing
moving objects which takes a small number of pixels. In particular, it is reasonable to assume that the
background tensor is low-rank for the mode corresponding to the frames, but full rank in other modes.
Motivated by this observation, one might be tempted to selectively only update the core tensor and the factor
matrix corresponding to the mode for frames while keeping the other factor matrices fixed after the spectral
initialization. We compare the results using this selective mode update strategy with the original ScaledGD
algorithm in Figure 5, where the same hyperparameters are used in both. It can be seen that skipping
updates of the full-rank factor matrices produced qualitatively similar results while gaining a significant
per-iteration speed-up of about 4.6 to 5 times. We expect the speed improvement to be greater for larger
tensors, as more computation can be bypassed.

5 Conclusions

In this paper, we proposed a new algorithm for tensor RPCA, which applies scaled gradient descent with
an iteration-varying thresholding operation to adaptively remove the impact of corruptions. The algorithm
is demonstrated to be fast, provably accurate, and achieve competitive performance over real-world applica-
tions. It opens several interesting directions for future research.

e Dependency with the condition number from spectral initialization. As seen from the analysis, the local
linear convergence of Algorithm 1 succeeds under a larger range of the sparsity level a independent of
the condition number k. The constraint on o with respect to the condition number x mainly stems
from the spectral initialization, and it is of great interest to see if it is possible to refine the analysis in
terms of the dependency with x, which likely will require new tools.
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Figure 4: Imaging denoising and outlier removal on an image sequence of handwritten digits with various
corruption scenarios, using tensor RPCA via ScaledGD and TNN [LFC*19|. From top to bottom, the rows
show results on the first 100 images when 1) corrupted with 70% salt and pepper noise; 2) 500 randomly
swapped images; and 3) 50% salt and pepper noise and 500 randomly swapped images. From left to right,
the columns show (a) the corrupted input, (b) the low-rank output of ScaledGD, (c) the low-rank output of
TNN, (d) the sparse output of ScaledGD, and (e) the sparse output of TNN.

—
=

e Missing data. An important extension is to handle missing data in tensor RPCA, which seeks to
recover a low-rank ground truth tensor from its partially observed entries possibly corrupted by gross
errors. Our proposed algorithm can be adapted to this case in a straightforward fashion by considering
the loss function defined only over the observed entries, and understanding its performance guarantees
is a natural step.

e Streaming data. An equally interesting direction is to perform tensor RPCA over online and streaming
data, where the fibers or slices of the tensor arrive sequentially over time, a situation that is common
in data analytics [BCL18,VN18]. It is of great interest to develop low-complexity algorithms that can
estimate and track the low-rank tensor factors as quickly as possible.

e Hyperparameters. The proposed algorithm contains several hyperparameters that need to be tuned
carefully to fully unleash its potential. A recent follow-up [DSDC22| examined a learned approach
based on algorithm unfolding and self-supervised learning to enable automatic hyperparameter tuning.
In addition, understanding the performance when the rank is only imperfectly specified is also of great
importance, which is closely related to [XSCM23].
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A Proof of Lemma 1

Since dist(Fy, Fy) < omin(X4), [TMPBT22, Lemma 6] ensures that the optimal alignment matrices {Q,(gk) }izl

between F; and F} exist. Since {Q,Ek) }i=1 may be a suboptimal alignment between F}, 1 and F, we therefore
have

dist?(Fy4, F Xi:H t+1Qt )) * H +H _1,(Q§2))_17(Q§3))_1)'gt+1—g*i_ (20)

Before we embark on the control of the terms on the right hand side of (20), we introduce the following
short-hand notations:
OB uPeP, OO T, S,
Apw =U® —UP Ay =00 U,  As=8-5, (21)
g = (@@ @) g, Ag:=G-G.

In addition, Lemma 10 in conjunction with the induction hypothesis (19) tells us that

[drirars
X, — X <8y ——————p'omin(X,) =: . 22
[| X wlloo < e P Omin(Xs) =: Crr1 (22)

Step 1: bounding the first term of (20). Using the update rule (16b) for Ut(f)l, we have

U
(@

U -uM)=s®
= [(( = nUP —n(My (S11) - M ) UP (@D TOP) )Q“f ] 2
= [((1 - U (M (8111~ 8.) - U @ TO) ) Q) - U] 5

where the second equality follows from Y = X, + S, as well as the matricization property (4). With the
set of notation (21) in place, simple algebraic simplifications yield

(thi)ngk) _ U*(’“))zi’“) _ [(1 —U® —y (Mk (As) — U*(k)tj*(k)T) [j(k)(f](k)‘rf](k))_l _ U*(k)} »(®

= [(1 —nAyw — 1 (Mk (As) + U*(k)Aka)) U® (ﬁ(k)Trjm)fl} 5
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= (1-nAywEY —n (M (As) +UPAL ) UP@WTT®) T s®. (23
n_auv n
Detailed in Appendix A.1, we claim the following bound holds:
5 2 3 9 3
3] (O CREET] QTR i OS] R L AR of PO
k=1

=1
+ 2772€8P2t0r2mn(x*) + 00677(1 - )6(2)p2t0121'11n(x*) (24)

r 6OPtO'min('X'*)

Step 2: bounding the second term of (20). Using the update rule (16¢) for G, 1, we have
(@ @))*1 (@)) -G — G

( (1) (2))71 (Qgi”))fl) .G

((U“”Umcz“)) OO OO QP) U 0 TUP Q) U (S0 - ) - 6

=(1-1)6—n ((U(l)TUu))—lU(l)ﬁ (URTU®) 'y@T, (U(3>TU<3>)‘1U<3>T) (As—X,) -G,

=(1-nAg—7n ((U(l)TU(l))’lU(l)T7 (U(Q)TU@))*U(?)T’ (U(3)TU(3))’1U(3)T)

=1-n)

. ((U(l), U(2), U(S)) -G, — X, + As) , (25)

where the last two lines make use of the short-hand notation in (21), as well as the multilinear property (3).
Detailed in Appendix A.2, we claim the following bound holds:

(1)y—1 (2)y—1 (3)y—1y . _ 2 — )2 Al . — A ¢ min (X
(@) @)™ @)Y - Grer = G| < (1= 0)? [ Agf +2-0.150(1 1) | Ag | cop'Omin(X.)

+0.02(1 — n)egp* o0 (X)) +0.060 €5 p* o (X ).
(26)

Step 3: putting the bounds together. Plugging the bounds (24) and (26) into (20) yields
dist?(Fy41, F)

3
2 Ao Liagl2) + 015 (1 NS 2/A t o min (X
Z v ||+ llAglF | +0.15n(1 ~ Z U® -t 2] Aglle | €0p"min(X-)

+ 2'17726(2)p2t0-r2111n(x*) + 00877(1 )‘%pzto—fmn(x*)

(i
< (1 —n)? dist?(Fy, Fy) + 0.40(1 — 1) dist(Fy, Fy)eop' omin (X)) + 2.10%2p* 02, (X ) (27)

+0.087(1 = 1)egp* O pin (X

(ii)
< ((1=n)*+04n(1 —n) + 2.19* + 0.08n(1 — n))egp* 021 (X )

= ((1=n)? +0.50(1 = n) + 2.17°)egp™ o701 (X), (28)

=

where (i) follows from the definition of dist?(Fy, F}) and Cauchy-Schwarz, and (ii) follows from the induction
hypothesis dist(F}, Fy) < €gp'omin(Xy). For 0 < n < 1/4 and p = 1 — 0.457, this simplifies to the claimed
bound

dist(Fi1, F) < (1 0450) 0% 02, (X.) = 20 7202, (X.).

min

A.1 Proof of (24)

Taking the squared norm on both sides of (23), we obtain

) NIE 2 o . M 1 NIV
B R e A LY i B

=1k
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— o1 —1n) <AU(k>2£’“), uPal, o® ({j(k)T[j(k))*lzgk)>

=:As

o o o _ 2
g 0T

=:Asz

—2n(1 —n) <Au<k>2£k), M (As)U® (lvf(k)Tlu](k))*lEgkv

=y 1

+2n° <Mk (As) U @WTH0) 1s® @ AT T® (f](k)‘rrj(k))—lzik)> .

=5k
(29)

In the sequel, we shall bound each term separately.

¢ Bounding 2, ;. Since the quantity inside the norm is of rank r, we have
. . . _ 2
Ay gy = HMk (As) UM (TRTH®) 12£1<:)HF
T (7T g7y~ ||
<7y HMk (As) UM (OUWTO™) "=} H

o o o _ 2 r
< n M Q)| [0 @OTOO) 2 < T M (As)

where the last inequality follows from Lemma 8 (cf. (70c)). To continue, notice that the choice of (44
(cf. (22)) guarantees that Ag (and hence My, (Ag)) is a-sparse (cf. Lemma 12). This allows us to
invoke Lemma 11 and obtain

M (As)|| < ay/ninang My (As)|, = ay/ninang |Asll,, < 2ay/ninanzCei. (30)
Plugging this into the previous inequality, we arrive at

2 2,3
4daninansry 2560 UTITaT3TE 9 o

2
Ak < WCHl < (1 — e)F P Umin(X*)7

where the second inequality follows from the choice of (41 (cf. (22)). Finally, with the assumption on

the sparsity level o < <00 we have
udrirarsr
256¢3
Wip < 0B po?, (X,) < 0.02680% 02, (X,) (31)

mﬁop Omin
for sufficiently small ¢y and €¢g < 0.01.

e Bounding 2 ;. This term is identical to the term that is bounded in [TMPB*22, Section B.1], which
obeys

Ao > <7C(k’)’ KW+ k@ 4 K(3)> — Creop’ diSt2(Ft7 F,)
for some constant C7 > 1 with
@ .— (U,SDTAUOMITQ’ L“s) "G
K@ = (I,,U? " Apye, 1,,) - G,
K® = (I,,,1,,,UP T Ayw) - G..

As long as the choice of ¢ is small enough such that Cyegp’ < Crey < 0.01, the induction hypothesis
(19a) tells us that.

Ay > <IC(’“), KO 4@ 4 ic<3>> —0.012p%02, (X,). (32)
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e Bounding 23. This term is identical to the term that is bounded in [TMPB™22, Section B.2|, which
obeys

2
Uz < H’C(l) + K@ 4 kB HF + Cyept dist? (Fy, F,)

for some constant Cy > 1. As long as the choice of ¢j is small enough such that Coegp? < Coeg < 0.01,
the induction hypothesis (19a) results in

2
Uy p < HK(I) F @ 4 K® HF 1 0.012p% 02, (X,). (33)

e Bounding 2, . To control |24 1|, we apply the definition of the matrix inner product to rewrite it as
Ay p] = ‘tr (Mk (As) UM (@OTEE) ! ()2 AUm)’
< My (Ag)] [UD@OTT®) T (B0) Ak w |

< 200y/n1nansGes Hf](k) (OWToW) () Au(k)

)

where the second line follows from Holder’s inequality, and the third line follows from the bound of
Mg (As)|| from (30). To bound the remaining term, we have

(f](k)Tf](k)) (2(’“)) U(k)

Tlv](k))*l(zik)) AU(k) i

s «auvm oy 305

Jauzt

)
F

(lfe

where the last line follows from Lemma 8 (cf. (70c)). Plugging this into the previous inequality, we
reach

< 16/ pdryrarsry

minX
‘F— (1—cp P Oomnl

2a N1NoN3TE
1204 4] < Cf-a\/ €10 213 HAUWE( )

where the second inequality follows from the choice of (;41 (cf. (22)). Finally, with the assumption on

the sparsity level a < Lnth for sufficiently small ¢y and ¢y < 0.01, we have
udrirarsr

1660

(1-

¢ Bounding 25 ;. Similar to 24, we first apply the definition of the matrix inner product and then
Holder’s inequality, leading to

tr (Mk (As)U U® ([j(k)T(j(k-))—l(zik))2(Ij(k)TIj(k))—lrj(k)TAﬁ(k) U*(k)T)’

< My (A H(j(k)([j(k)Tf](k))*l(gg’f)f(U(k)T(j(k))*lrj(k)TAv(k)ny)T

|Ql47k| < HAU(mz( )

‘F €0 Omin(X,) < 0.15 HAUMZQC) HF €0 Tmin (X ). (34)

|As 1| =

*

< 2Gi10/nanangry Hﬁ(k)(ﬁ(k)Tﬁ(k))_l (Egk))Q(f](k)th(k)) 1lv](k)TAU““)U*(k)THF’

where the last line follows from (30), as well as the norm relation [|Al[, < \/7x||A||f for a matrix of

rank at most r;. To continue, noting that U*(k) has orthonormal columns, we have

Hff““)<ff<’“”ff<k>>*<z£’f)>2<v<k”v<k>>*1v<k>mmUik”HF

T (OTHE) 5 H | Ay ||
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(1+ €0+ €3/3) ‘ 2 (1+e€ +€3/3)
- (1—60) (1—60)

where the penultimate line follows from Lemma 8 (cf. (70c) and (70e)), and the last line follows from
Cauchy-Schwarz inequality. Plug this into the previous bound to arrive at

4 1 2 20\/jPrirarsry (1 2
1A 1 < CtHO‘W ()6+ €0+ €5/3) dist(F,, F.) < 32an/p 7’17"2(;37% ()6+ €0 +€5/3) ol
— €0 — €0

where we have used dist(F, F,) < €gp'omin(X+) and the choice of ;41 (cf. (22)). Finally, with the

assumption on the sparsity level a < ——20_— for sufficiently small ¢y and €y < 0.01, we have
HET1T2T3T

(HAU<2>2 dist(F,, F.),

_+l1agle) <

(X,

32c0 (1+€+€3/3) 5 o o
I-cp 7

25,1 | < (X.) < 03630 0 (X). (35)

min
Putting things together. Summing (29) over all k, we obtain

3 2
k) Ak B\ a(k
S [0 - o]
k=1

3
)? Z HAUU»»Eik
k=1

Plugging in our bounds in (31)-(35), we have

3
2
Z k) Ak k) \ s (k Z k
H t(+)1 AL )H - HAU(MEg )HF
k=1

2
202 2 (X) = 20(1 =) [V + 2+ KO+ 0.06m(1 — m)edp* o2y (X.)

3
‘ +7722Ql1k+m3k+2§2l5k —2(1=m) > (Ao p +Aap).
k=1

3
2
+ 30?2 HK(” + K@ 4 k® HF +0.15(1—m) Y HAU(’“’ I
k=1

’F 6Optanmin(‘x'*)
Note that when 0 < 7 < 2/5,
2 2 2
—2n(1 = ) ||Ic® + K@ + HF + 32 I+ K+ 1 HF = —n(2 = 5) | £V + @ + K@ HF <o.
Therefore, the previous bound can be simplified to
3 9 9 3
ZH(Ut(—]ic-)le(tk) —U*(’“))Ei’“)HF <(1-n)? ¢ ’F+0.15n(1 —) HAmeik)
k=1 =1

+ 277263/)2t0§1m(x*) + 00677(1 - )Ggpzto—rznln(x*)

’F GOPtUmin(X*)

A.2 Proof of (26)

Taking the squared Frobenius norm of (25), it follows

(@) @) @) -G — G| = (1 n? | AglE 200 — By + 785, (36)

where

B, = <Ag, ((U(l)TUu))—lU(l)ﬁu_’(U<3>TU<3))—1U(3)T) . ((Uu),U(z),U(S)) G — X, + A3)>,
B, — H ((Uu)TU(l))—lU(l)T, . (U<3>TU<3>)‘1U<3>T) . ((U<1>7U<2>7U<3>) G, — X, + As) Hi

We will now bound 8, and B, separately.
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Bounding %5;. We start by breaking up the inner product into

B = (Ag, (UOTUO) UL OTUO) U7 (U0, U, UD) g, - x.))
=:B11
+ <Ag, ((U(l)TU(l))—lU(l)T7 o (U(S)TU(B))—lU(g)T) 'As>-

::%1‘2

Note that 9B ; is identical to the term that is bounded in [TMPB™22, Section B.3|, which obeys

B> Z HD(]c H — Clegpt dist?(Fy, F, Z HD(]C H —0.01e2p* 02, (X)), (37)
k=1

where we have used the induction hypothesis (19a) and Cregpt < Creg < 0.01 as long as € is small enough.
Here,
DW = (URTUM) " Pu®TALLs® k=1,2,3.

Turning to B 2, since the inner product is invariant to matricization, we flatten the tensor along the
first mode to bound it as

) _ T
B 2| = ‘<M1 (Ag), (U(l)TU(l))*1U(1)T/\/l1 (As) ((U(3)TU(3))*1(U(3))T ® (U(2)TU(2)) 1U(2)T) >‘

< M (Ag)], | @OTUO)TTOT M, (as) (UOTUD) U 6 ATUE) T

<\F\|Ag||FHHU (UOTUD) | Im (as)ll,

where the second line uses Hélder’s inequality, and the last line uses [|[M; (Ag)l|, < /71 [|Ag|| with the
fact that M (Ag) is of rank 7. To continue, invoke Lemma 8 (cf. (70b)) as well as (30) to further obtain

2Cs1100\/N1N2N3T 16a/ 3121973
B2 < [Agll = Wptamin(x*) |AgIlg

(1 —€0)?
where the second equality follows from the choice of (;y1 (cf. (22)). Finally, with the assumption on the
sparsity level o < —=22_— for sufficiently small ¢y and €y < 0.01, we have
HETLT2T3T
16¢q t
B12] < A—e)? [Ag|I¢ €0p' omin (X ) < 0.15]| Agl|g 0p' omin (X). (38)
Put (37) and (38) together to see
3 2
B> HD(’“) HF — 0.012p% 02, (X.) — 0.15 || Ag]ly cop Tamin(X.0). (39)
=1

Bounding B,. Expanding out the square and applying Cauchy-Schwarz, we can upper bound 85 by
By < 2 H((UU)TU(U)”U(UT L (UOTUO) TOOT) (UM U, u). g, - x,) \2
— ) ) 7 ) F

=By 1

i H ((Uu)TU(l))*lU(l)T, L (U<3>TU<3>)*1U<3>T) 'ASHi

=:Bo >
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B, 1 is identical to the term that is bounded in [TMPB™22, Section B.4|, which obeys

Bo1 < 32 HD(’“)H + Cyeop’ dist?(Fy, F,) < 3 Z HD(k)H +0.01e2p* 02 (X)), (40)
k=1

where we make use of the induction hypothesis (19a) and Caegp® < Caeg < 0.01 as long as ¢q is small enough.
For 9B, 2, the matricization of the term in the norm along the first mode is of rank at most 71, so

By = H (((U(l))TU(U)A(U(l))T’ ((U(2))TU(2))71(U(2))T7 ((U(s))TU(‘%))fl(U(?ﬁ))T) .ASHi

((U(l))TU(l))_l(U(l))TMl (As) (<(U(3))TU(3))—1(U(3))T ® ((U(2)>TU(2))—1<U(2))T)TH2

SHH U<1>>TU<1>>*1<U<1>>THQH<<U<2>>TU<2>>*1<U<2>)TH2H<<U<3>>TU<3>> @) v (s

< ﬁ IM: (As)I,

where the last line follows from Lemma 8 (cf. (70b)). To continue, we use (30) to obtain

4(t2+1a2n1n2n3r1 128a2ur2rors
By < = to2 (X)),
2,2 > (1*60)6 (1760)6 p Umln( *)

where the second relation follows by the choice of (11 (cf. (22)). Lastly, with the assumption on the sparsity

level o < ey for sufficiently small ¢y and ¢y < 0.01, we have
udrirersr

1280(2) 2 2t 2

By o < mfop O min

(X.) < 0.026p™ 750 (Xo0). (41)
Combining (40) and (41), we get

3
2
By <6 HD(k)HF +0.06e2p%02, (X,). (42)
k=1

Sum up. Going back to (36), we can substitute in our bounds for B, (cf. (39)) and By (cf. (42)) to get

2
@) @) @) ™) G 6.

< (1-n)?||Ag]? —2n(1 —n (ZHD(’“)H 0,017 0% (X.) — 0.15|Ag||Feopfamm<X*>>

3 2
+ 72 (6 3 HD(’“) HF ¥ 0.0663,)%3[“(;\6*)) .

k=1

Notice that —2n(1 — ||D k)H + 672 HD(’“)HF = —2n(1 — 4n) ||D HF < 0 whenever 0 < 7 < 1/4, leading
to the conclusion that

(D=1 (@1 (@1 2 2 2 ¢

@) @) @) -G = G| < (1= m)? A +2-0159(1 — 1) | A | cop'omin(X.)

=+ 00277(1 - )63p2t012n1n( *) + 0-06772€%P2t‘712nm(x*)

B Proof of Lemma 2

In view of Lemma 1 and [TMPB™'22, Lemma 6|, the optimal alignment matrices {th) }k , (resp. {Q(t+1) }kzl))
between F} (resp. Fy11) and F, exist. Fix any k = 1,2, 3. By the triangle inequality, we have

k k k k k k k k k k k
wthat-ue)=e], < |witel -v®)m0], +|ot@t )=,

Below we control the two terms in turn.
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Step 1: controlling H U(k)lQ(k) — U,Ek))Eik)Hz . By the update rule, we have

k k k k k k
UHQY - UM = (1= mAgw Y~y (Mi(8s) + UP AL,

Take the /5 .o-norm of both sides and apply the triangle inequality to see that

) l—j—(k)(tj(k)'rl—)-(k))*lzik).

H(U(k)lQ(k) U E(k)H 117 HAUmE( )H2 +7IHMk (As) UM (TWTr®) ™ E(k)H
::Q‘l)k :162,k
(k g g g —1w(k
U AL, U OOTE) |

2,00 '

=:C3 %
We then proceed to bound each term separately.

o C; ; is captured by the induction hypothesis (19b), which directly implies

%Umin(‘x*)

i <p
N

e We now move on to €5 j, which can be bounded by

o o o _ X 1
Co < [ M (B8) 5,0 [OW @OTTD) 2| < (s Mo (A8 o

60)

where the second inequality follows from Lemma 8 (cf. (70c)). Recall that Ag is a-sparse following

the choice of (341, which gives us

aninang aninansg Oé,u37°17“2’r‘3
M1 (A8 00 < ([T 22 A <20 /222 = 16 S5 22 gl (X

due to Lemma 11, (30), and the choice of (441 (cf. (22)). Plug this into the previous bound to obtain

16 audrirers
< min X < 1 min X )
Car = (I—e)®| P omin{X+) < 015 nk,oo (%)

(45)

where the last inequality follows from the assumption on the sparsity level @ < ——%— with a suffi-

— MUET1T2T3
ciently small constant c;.

e Finally, for €5, we have the upper bound

o< o]l
2,00

o | Hlv](’ﬂ (f](k)Tf](m)—lE(*k)H

3urk
ng,

€2 1
1 L)~ dist(F, F
( +60+3)(1—60)3 ist(Fy, Fy),

where the second inequality follows from the incoherence assumption HU*(k) H < ‘“"’“ , and Lemma

8 (cf. (70c) and (70e)). Since dist(Fy, Fy) < €gplomin(X+), We arrive at

1 Bpur 6\, Bk
¢ < ——m 1 o min X S 0.02 min X
3k S =)V < +éo + 3 )P (X4) . —p'Omin(X)

as long as ¢y < 0.01.
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Combining (44), (45), and (46) together, we reach the conclusion that

el -v=], < a-oss [ o), (47)
In view of the basic relation

k k k k k k k
|whal -v)s®| = ohel - uP| owa(x.),

this also implies

jufhe v, < -ossm, /A (48)
Step 2: controlling HUt(f)1 Qgi)l - ,Ek))Egk)Hz . Observe that
k k k) Ak k) =1/ (K k
[ @ - )9 = oo @) @ - @)=
-1
<[ptiar o) ot - atys?|
For the first term HUt(_’i)ngk) H , we have
2,00
e, < oha v, o],
< ((1—083n)pt +1) /22 < (2— 0.83n) | L2E,
Nk N
where the second line follows from (48) and the incoherence assumption HU,E’C) H2 </ Rk
,00
Moving on to the second term H( ,E’“’)’l(Qﬁf?l — §’“))2£’“)H, we plan to invoke Lemma 7. Given the

assumption of the sparsity level « satisfies the requirement of Lemma 1, following Lemma 1 as well as its
proof (cf. (20)), we have

|50, —UP) Y| < dist(Frin, F) < cop™ omn(X2),
W0 - US| < oot
which in turn implies
|whel -v)=] e - vl
Omin(Xx) ’ Omin(Xx)

k k
[ -

<ep'tt < 1. (49)

Setting U := UY,, U, .= UP, Q= Q",, Q@ := Q" and = := =, (49) demonstrates that Lemma 7 is
applicable, leading to

k k k k)
Ut @ - 0|

\Uéﬁ’lczik’ - UwH

H( ) (Qt—H gk))E(*k)H < O'm‘i‘n(U*) -

1-— €0
2€
=~ ﬁpt+10m1n()€*),

where we used (49) in the second and third inequalities. Combining the above two bounds, we have

k) (k 2¢0 [Tk
Jufi @ - @)=, <208 [ (). (50)

2,00 — €p
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Step 3: combining the bounds. Plug (47) and (50) into (43) to get

p
< {(1 — 0.83) + (2 - 0.83y) } o i (X
2,00 — €0 Nk
< (1.05 — 0.84n) /222 ptornin (X)
ng
< (1 - 0'4577) A thUmm(X ) - T pt+10min(X*)
\/ Nk \/ ng

where the last line follows from 7 > % and p =1 — 0.451.

ool -u®)

C Proof of Lemma 3

In view of [TMPB*22, Lemma 8|, one has

dist(Fp, F.) < (vV2+ )2 ||(USY, UP UP) - Go -

. 6

where we have used the definition Fy = (Uél), UéQ), Uég)) -Go. As a result, we focus on bounding the term
@ v) 6 - .
Recall from the definition of the HOSVD that Go = ((Uél))T7 (Ué2))T, (UO(?’))T) (Y —T¢ (V)), which in

turn implies

below.
F

(Uél), UéQ), Uég)) -Gy = (Uél)Uél)T7 Ué2)U(§2)T’ Ués)Uég)T) . (y _ 720 (¥) ) (52)

Note that Uék) has orthonormal columns. We thus define P*) := Uék)Uék)T, the orthogonal projection
onto the column space of Uo(k). This allows us to rewrite the squared Frobenius norm in (51) as

2
|0 .Uf) 60 -

:H(p(l)’P(Q) PO). (¥ T, (V) - X.

.
Since X', can be decomposed into a sum of orthogonal projections and its orthogonal complements, namely,
X, = (P(1)7p(2),p(3)) X+ (I, — P(l)’p(2)7p(3)) X
+ (Iny, I, — PP, PO x, + (I, I,,, I, — P¥)) - &,

we have the following identity

2

:
2

N H (I, — PM, P, p@) 'X*HF n H (Ln, . I, - P, PO) -X*HF n H (I, In,, I, — P®) -X*HF :
(53)

|0 U)o - x| _= | (PD, P2, PO) - (9 - T, ) - %)

In what follows, we bound each term respectively.

Bounding the first term. Matricize along the first mode and change to the operator norm to obtain

H(P(l),p(2)7p(3)) ; (y — T (V) — X*)

\F < Vi [POM (9 - T, () - 2.) (PO 2 PO) |

<V MY =T, (B) = Xl
=V [Mi(Sx = Teo DI (54)

where the last relation holds due to the definition of Y.

27



Bounding the remaining three terms. = We present the bound on the second term, while the remaining
two can be bounded in a similar fashion. Matricize along the first mode, and in view of the fact that
[P®)|| <1, we have

H(Im _ p(l)’P(2)7p(3)) .X*HF < H(Inl _ P(l))_/\/t1 (x,) i
< Vi
= Vit || (T, = PO)My (0 = T, () = 8.+ Te, ()
< VI IML (S = Tey DD+ Vi || (En, = POYM 0 =T, )

(I, — PY)YM; (X,)

To continue, note that P My (Y — T¢, (¥)) is the best rank-r; approximation to My (¥ — T¢, (7)), which
implies
| (@, = POYM: @ = T, )] < 00,1 (M1 = T, )
< 01 (M (X4)) + Mo (S = Too D) = M2 (Sx = Teo DD

where the last line follows from Weyl’s inequality and the fact that M; (X, ) has rank 1. Plug this into the
previous inequality to obtain

|(E = PO PO PO) 2| <20 M (S, =T D) (55)
Plug our bounds (54) and (55) into (53) to obtain

2
|02, U) 6o - 2. <1 1M1 (82— Te, DI + 41 1M (8. = Te, D))

+dry | Mo (84 = Teg DI + dry | M3 (S = Tey D)) (56)

It then boils down to controlling | My (S, — T¢, ()| for k =1,2,3. With our choice of (5 (ie. [|Xs]loc <
Go < 2| X ||oo), setting X = 0 in Lemma 12 guarantees that My, (S, — T¢, (¥)) is a-sparse for all k. Hence,
we can apply Lemma 11 to arrive at

M (Sx = T, D) < ayninang |8y — Te, (V)| o < 2ay/n1nanzo < day/ninanz|| Xy oo, (57)

where the penultimate inequality follows from Lemma 12 (cf. (76)). Plug (57) into (56) to obtain

2
H (Uél)7 Uéz), Uég)) -Go — X*HF < 208N nonar|| XL |12, < 20802 i rirorsreal (X)),

Co

where the second inequality follows from Lemma 5. Under the assumption that o < Vrrirararn’ it follows

2
| U@ U)o - x| < 208ck02,,(%.).

This combined with (51) finishes the proof.

D Proof of Lemma 4

We provide the control on the first mode, as the other two modes can be bounded using the same arguments.
We begin with a useful decomposition of the quantity we care about, whose proof will be supplied in the
end of this section:

Ay S = My (S, = To, )M (Y - Te, @) US(QF)) T (oWTo W)t
+UDAL M (Y =T, ) UM@QP) T (WMITTW) "t mh. (58)
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Taking the {3 oo-norm and using the triangle inequality, we obtain

[aves®, < [oaf,m -7 o) U@ T@OTEM) 20|
=:204
M (8- T ) M@ - Te, @) T U @) T@OTOW) Y| (s9)

2,00

=:2s
We now proceed to bound these two terms separately.
Step 1: bounding 2;. To begin, note that
A < [0, Al -7 @) TUS@P) T@OTTD) 12|

_ HU*(UHQ [N TO@OTHO)-1n )H 7

where in the second line we have used the relation

U U = U My (9 = Te, () Ma (Y =T, ()T TG
given by Lemma 6 (cf. (66)), and the short-hand notation in (21). Invoking Lemma 8 (cf. (70c¢)) and the
incoherence assumption HU,EU H2 <, /‘:L—Tll, we arrive at
1
(1—e)3
Furthermore, by Lemma 8 (cf. (70e)), it holds that

A < 7 A

goll-

2

€
0) eoamin(x*)7

HAU(I)H < HAU(”HF < 2 (1 +€0 + ) dlbt(Fo,F ) < 2 (1 —|—€0 =+ 3

leading to

2€p M7
A <7 1 B omin (X)) < 0.57 min (X)), 60
R - <+€0+3) o (X,) \/nlo (X.) (60)

where the last inequality holds as long as ¢y < 0.15.

Step 2: bounding 2,. For 25, we have

%z < My (e = T DDy [M: P = Te, @) U@ (=)= @OTom) el
angng

< — - -
= U-apP

where we have used the a-sparsity of M, (S, — T¢, (¥)) given by Lemma 12 and Lemma 8 (cf. (70d)) in
the second line. Apply Lemma 12 with X = 0 to get

1S, = Tey (X + S M1 (Y = Te, @) UL @) =)

2,00

2
oA, < (16”"2”3640\\/\41 Y-To, @) U@ T
4co nan3 . _ T oWy-T s(1)y-1
< (1_60)6W B (2) M1 @ = T, @) U@ TED @y

where the second line follows from (p < 2|| X, || < 2\/%/@0@,1(%}) (cf. Lemma 5), as well as the

assumption o < —<— To continue,
p, 7‘17‘2T3I€

M@ -7, )T U@ T ED) Y <n

,O0

M =Te, @) U @) T (=)

o0
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<n @)@ UM - T, )

2,00

. 9 1/2
|

o0

:Tl

o

2,00

where we have used Lemma 6 (cf. (66)) and the relation ||A||§OO = HAATHOO in the first equality. Using
the definition of U®) from (4), we have

R T kel

<[, Jo, . (s a0 ]+ [ w7 ).

Applying the triangle inequality on the decompositions U®*) = A + U ") and G = Ag + G, and with
Lemma 8 (cf. (70a)) and HMl G.)" (2(1 H =1, it follows from the above inequalities that

M -7, ) U @) T =)

2,00

<ran (Iagol.+ 0], ) (16val.+ o], )

(3 (2)
B o R v
e)r, | ———————== — _— —
B 07 Umin(X*) ns Umin(X*) n2 ’

laym="1,

=, = and the inequality HU*(k)H <, /%.
Omin (244 2,00
Plug this back into (61) to arrive at

0. 02 [r In n
Q[2 < ———— o i < ’I’j ‘ + \/>Umm ) ( -2 HAU@)E

where we simplified the constants using the assumption ¢y = 54.1¢o < 0.15.

where the last line uses the relationship || Ay [l o, <

+ \/,Ea'min(x*)> 9
(62)

Step 3: Putting things together. Combining (60), (62), and (59), we have

n
@V e HAvwz*
n3
< 0.57 +0.02 ( s HAU<3>2
Umm HT3

,OO

n
+1> ( Vo 2 HAU@)E* +1>.
2,00 Umln Hura 2,00

Similar inequalities hold for 9 ‘ . Taking the maximum as 7 :=
,00
maxy, 70@,,1(?(*) o AU(k>2 )H , we have

T <0.57+0.02(Z +1)2 = 7 < 0.62,

and consequently, maxy,

< /HOmin(X ) as claimed.

H 2,00

We are left with proving the decomposmon (58).
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Proof of (58) . By the assumption

€o Co

< = < - ,
HETIT2T3E T (/B rersrs

in view of Lemma 3, we have that
diSt(Fo,F*) < 54.1600’min(x*) = 600’min(x*) < O.l50’min(X*), (63)

where €p = 54.1¢y < 0.15 as long as ¢y > 0 is small enough. Given dist(Fp, Fy) < omin(X«), we know that

{Q(k) 3_,, the optimal alignment matrices between Fy and F, exist by [TMPB'22, Lemma 6].
We now aim to control the incoherence. We begin with the equality guaranteed by Lemma 6 (cf. (66)),

UPTPTOP = M (0 = Te, ) M (V= Te, ()T U
Again, we will focus on the case with k£ = 1; the other modes will follow from the same arguments. Given
that (Tjél)TIjél))f exists since U(l)TU(l) My (Go) My (Go) ' is positive definite, right-multiplying
(ﬁél)Tﬁél))_l on both sides of the above equation yields
Uy = My (¥ = T, (V) My (0 = T, ()T 03 (@30T 0)
Plug in the relation Y = X, + S, to get
= My (8. =T, (W) M (Y~ Tco < >> (A
+ My (X) M (Y =T, ) U (@ <”TU“>>
= My (8. = To, W) My (Y = T, < N U@ o)
+UNON M (Y =T, ) U 05T

Subtracting U,Sl)( ((Jl))’1 on both sides gets us
1 1 y— T 7L ()T (1) —
U~ U(Q5Y) ! = My (8. = To @) My (Y = T, )T 03 (@ O
DT T (D) 77 (DT (1) — 1 1)y—
+UNT M (Y - T, ) U0 TR T o) T (6)
Observe that
1 1)\ — 1 D= 177D T 35(1) 757 (1) T 5(1) —
@)~ U@l B O o)
@ M@ - T, ) U@ )
where we have used Lemma 6 (cf. (65)) in the second step. Plug this result into (64), multiply both sides with
Q(()l)Eil), and recall the short-hand notation in (21) initiated at ¢ = 0 to arrive at the claimed decomposition.
E Technical lemmas
This section collects several technical lemmas that are useful in the main proofs.

E.1 Tensor algebra

We start with a simple bound on the element-wise maximum norm of an incoherent tensor.

Lemma 5. Suppose that X, = (U*(l),U*@),U*@)) -G, € Rm>m2Xns haye multilinear rank v = (r1,72,73)
and is p-incoherent. Then one has || X, ||,, < ,/%mmin(&).
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Proof. By the property of matricizations (cf. (4)), we have My (X,) = BT for any k = 1,2,3.
Furthermore, ||-||, is invariant to matricizations, so

12, = [Me (X)) = HU*(k)ﬁ*(k)TH

oo

Without loss of generality, we choose k = 1. It then follows that

1 (1 1 3 2
Y L e 7

[ udrirer
S Mamax(Ml (X*));
ningnsg

where the second line follows from the definition of incoherence of X, i.e.,

2,00 ‘

U], < /B
2,00 k

M1 (G|l = omax(Mi (Xy)). Applying the above bound for any &k and taking the tightest bound, we

have
wirirers pirirers
||X*Hoo < kalnffmax(/\/lk (X*)) = mﬁamin(x*),
where we have used the definition of k. O

We next show a key tensor algebraic result that is crucial in establishing the incoherence property of the
spectral initialization.

Lemma 6. Given a tensor T € R™*"2X"3  suppose its rank-r truncated HOSVD is (UM UR) U®)). g
with U®) € R™X7s and G € R™*"2%7"3 and ry, < nyg, for k =1,2,3. Then,

U®T M, (T) U =g®Tgh, (65)
M (TYM, (T)TUR =u®gHTgH), (66)
where U®) is defined in (4).

Proof. Set the full HOSVD of T to be (Ug),Ug),Ug)) -G4. Since Ugf) contains all the left singular
vectors of My, (T), it can be decomposed into the following block structure:

ud = [uw o], (67)

where U®*) € R™>("=7x) contains the bottom (nj — ry,) left singular vectors. The rest of the proof focuses
on the first mode (i.e., k = 1), while other modes follow from similar arguments.
Let us begin with proving (65). Plugging in the definition of U(!) from (4a), we see that

UDT My (T OO =UOTUD My (G7) (UP o UP) (UP o U My (6)"

_ 3T @7
—UMT [U® gW] M, (G7) ([Z(B)T} ® {g(z)TD (U® e UP\M, 9",

where the second line uses the block structure (67). By the mixed product property of Kronecker products,
we have

. @G)Trr®3) @Trr2
UMy (T OO I, o]M1<gT>([U U} [U u D L (6)

ogeTye | @ gty

= [1,, 0] M, (G7) ([I{f} ® {I(T)ZD Mi(G)", (68)
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where we used the fact that the singular vectors are orthonormal. Note that

o ([5] e [5]) =m0 o1 0.5, 0))-gr) emrn,

where ([Ir1 O} , [ITZ 0] , [Ir3 0]) - G is equivalent to trimming off the entries [G];, i, is for all i1 > 7y,
ig > Tg, Or i3 > r3. Since G is the section of [G7)i, ip.i5 Where 1 < iy < 11,1 <ig < 79,1 <z <73 [VVMI12],
we have

(I o], [L. O],[L, 0])-G7=0.

This allows us to simplify (68) as
UDT M, (THUD = M, (G) My (g)T =UuWOTgW),

where the last equality follows from the definition of UM from (4) and (U® @ U)T(U®) @ U®)) = I by
construction of the HOSVD. This completes the proof of (65).
Turning to (66), we begin with the observation

M (T) My (T)T _ 7(})./\/11 (G7) (U(?’) U(2)) (U(3) (2))./\/11 (97') 1)T
= UP M, (Gr) My (G7)  UPT. (69)

By the “all-orthogonal” property in [DLDMV00]|, M; (G7) M (G7)' = (2(71-))27 the squared singular value

matrix of M; (7). By assigning 2%1_) with the block representation

(1)
1 _ |2 0
Xy = { 0 2(1)}7

where 31 = \/./\/11 (G) M1 (G)" and £ contain the top ry singular values and bottom ny — ry singular
values, respectively, of M; (7). Coupled with same block structure as in (67), (69) becomes

_ y o [ED)? 0 T
MU(T) My (T = [UD TV { 0 (2(1))2} {U(m} :

Multiply by U® on the right to arrive at My (T) My (T)T UD =UO(zW)2 = gyOugOTy Q). O

E.2 Perturbation bounds

Below is a useful perturbation bound for matrices.

Lemma 7. Given two matrices U,U, € R™*" that have full column mnk two invertible matrices Q,Q €
R™" and a positive definite matriz 3 € R™*". Suppose that omin (U, HUQ U, H Then the following
holds true

ve-az|
Umin(U*) - HUQ - U*H .

le™@-Q=| <

Proof. Tt follows that

Q7@ -Q)=| =@ X )1UTU(Q—Q)2||
<jle”'wru)'uT||u@- Q3|
_ ||U<Q—Q_>2H
omin(UQ)
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where the last equality comes from the fact that Q"' (UTU) " 'U T and UQ are pseudoinverses. By Weyl’s
inequality, we know |o;(M) — 0;(M + Ang)| < ||Apg|. Taking M := U, and Aps :=UQ — U,, we have

lv(@-Q3]

271(Q-Q)= -
HQ (Q Q) H S Umin(U*) - HUQ_ U*H

as long as omin (Uy) > HUQ — U*H. O
We also collect a useful lemma regarding perturbation bounds for tensors from [TMPBT22].

Lemma 8 ( [TMPB*22, Lemma 10]). Suppose F = (UMD, U® U® G) and F = ( WU, £3),g*)
are aligned, and dist(F, F,) < eomin(Xy) for some 0 < e < 1. Then, the following bounds are true:

[Mic(ag)T (=) <& (700)
®) (T « L
[o® @ TT®) | < —; (70b)
S0 (T e ®] L
[o® @@ TT®) 5 < g (70c)
e s 1
sE(u®OTE) " tn®| < . d
H wHu®) = (1—¢b’ (70d)

2 G G
oo -0, < (e 5) (Jo -0y« W w22 15 -6u1e). oo
For (70e), similar bounds exist for the other modes. Furthermore, if 0 < € < 0.2,

H UL, U, U®).g - x,

_ < 3dist(F F.). (71)

The next set of lemmas, which is crucial in our analysis, deals with perturbation bounds when relating a
tensor X = (U(l)7 U®, U(3)) - G to the ground truth X, , where the tensor tuples F' = (U(l), U . Uu®, g)

and F, = ( L Uu®, *(3)79*) are aligned.

Lemma 9. Let X, € R™*"2%"3 pe y-incoherent with the Tucker decomposition X, = (U*(l)v U, U*(3)> "G
of rank v = (r1,72,73), and {Zik)}kzl 2,3

of X.. In addition, let F := (UM, U® U®,G) and F, = ( *(1), *(2), *(3)79*) be aligned, where X =
(U(l), U®, U(3)) - G. Suppose

Nk k) _ 7Ry (k) )
* * — min *
max {1 / H(U U, H } < e/ HOmin (X ) (72)
k Tk 2,00

for some 0 < c < 1. Then fork=1,2,3,

lv® — v Sc\/m, and U@ gz\/m. (73)
2,00 Nk 2,00 ng

Proof. Tt follows that for all k,

1
o0 -0],_= Lo, <o
2,00 Umin(z* ) 2,00 Nk

where the second inequality follows from (72) and oyin (Xy) < Jmin(Eik)). This completes the proof for the

be the set of singular value matrices of different matricizations

first part of (73). With this and the incoherence assumption HU*(k) H < /IE, after applying triangle
2,00

ool <o, + o, <2
2,00 2,00 2,00 ni

which completes the proof. O

inequality, we arrive at
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Lemma 10. Let X, € R™"*"2X"s pe -incoherent with the Tucker decomposition X, = ( *(1), *(2), *(3)) -G,

of rankr = (r1,79,73). In addition, let F := (UM U U®) G) and F, := ( *(1), *(2), *(3),9*) be aligned,
where X = (U(l),U(Q),U(3)) cG. For0<e<01and0<c<1,if

dist(F, F,) < €9comin(Xy), (74a)

max e U® _ U*(k) Eg’“) < e/ Omin (X« 74b
k r 2
: k OO

are satisfied, then

3 3
12 = X < 1) B2 (8ep + 7) comin(X) < 8y 22 0oy (X).
ninang n1NoNg

Proof. We can decompose X — X into

XX, = (U(l), U®, U(3)) (G -G+ (U(l) v, U@, U(3)) .G,
+ O u® -U? uY).g. + (U U UY - UY) g (75)

Then by the triangle inequality,

X — x|, < H(U(l)’U(2)’U(3)) (G —G,)

+ H U —uM U@ u®) .g*H

@t o v u9).e| +|0PuP v -u).g.

o0

= [vMmig-g) WP eU)T|| +| @D -U)Mi(G) U e UD)T|

o0

=:2Acore =20

+]@® - U2 Ma (60 @D T+ (@ - TP My (6.) @ 0TI

o0

=25 =:3

where the second inequality follows from the invariance of ¢, norm to matricizations. We will bound each
term separately.

e For XA oe, it follows from basic norm relations that

<[00 19- 001 [0 00,

3 .
< HU(I)H HU(2)H HU(3)H IG — Gl <8 lweocgmm(x*)7
2,00 2,00 2,00 ninans

where the last inequality follows from ||G — G, || < dist(F, Fy) < €pcomin(X ) by assumption (74a)
and Lemma 9 by assumption (74b).

e Next, for 24,

A < H(U(1) _ Ufl))zil)H

200‘

[l [, . 0T =007

3
o o <4/ (2
2,00 2,00 2,00 ningnsg ’

. T (k) —1 . T k)\2
where the equality follows from HMk (Gy) (2* ) ‘ = 1 since My (Gi) M (Gy) = (E* ) , and
the last inequality follows from the assumption (74b) and Lemma 9 by assumption (74b).

2,00

_ H(U(l) B U*(l))zil)H
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e Similarly, for 2, it follows

N L O e A AR

2,00
pirirers
< 24— comin(Xy)-
ningng

e Finally, repeat the same approach for 23 to get

R I
2,00

3
HUoT1IT2T3
S CUmin(X*)-
ninang

Putting these together, we have the advertised bound. O

o], [ 1907 =7

2,00

E.3 Sparse outliers

The following two lemmas are useful to control the sparse corruption term, of which the second lemma follows
directly from translating [CLY21, Lemma 5] to the tensor case.

Lemma 11 ( [YPCCI16, Lemma 1] [CLY21, Lemma 6]). Suppose that S € R™*™ is a-sparse. Then one has

ISl < avmn S|, ISlye < Van|Sly,  and  [IS]; o < an|S]-

Lemma 12 ( [CLY21, Lemma 5]). Suppose that Y = X, + S, for some a-sparse S,. Fix a tensor X, and
let S = T¢ (Y — X) where the threshold satisfies ¢ > || X — X, We then have

I8 = Silloe < 1 = X[l +¢ <2 (76)

and
supp(S) € supp(8.). (77)
The relation (77) also implies that 8 — 8, is a-sparse.
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