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Abstract

Tensors, which provide a powerful and flexible model for representing multi-attribute data and multi-
way interactions, play an indispensable role in modern data science across various fields in science and
engineering. A fundamental task is to faithfully recover the tensor from highly incomplete measurements
in a statistically and computationally efficient manner. Harnessing the low-rank structure of tensors in
the Tucker decomposition, this paper develops a scaled gradient descent (ScaledGD) algorithm to directly
recover the tensor factors with tailored spectral initializations, and shows that it provably converges at a
linear rate independent of the condition number of the ground truth tensor for two canonical problems —
tensor completion and tensor regression — as soon as the sample size is above the order of n?/? ignoring
other parameter dependencies, where n is the dimension of the tensor. This leads to an extremely scalable
approach to low-rank tensor estimation compared with prior art, which suffers from at least one of the
following drawbacks: extreme sensitivity to ill-conditioning, high per-iteration costs in terms of memory
and computation, or poor sample complexity guarantees. To the best of our knowledge, ScaledGD is
the first algorithm that achieves near-optimal statistical and computational complexities simultaneously
for low-rank tensor completion with the Tucker decomposition. Our algorithm highlights the power of
appropriate preconditioning in accelerating nonconvex statistical estimation, where the iteration-varying
preconditioners promote desirable invariance properties of the trajectory with respect to the underlying
symmetry in low-rank tensor factorization.

Keywords: low-rank tensor completion, low-rank tensor regression, Tucker decomposition, scaled gradient
descent, ill-conditioning.
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1 Introduction

Tensors [KB09, SDLF*17], which provide a powerful and flexible model for representing multi-attribute
data and multi-way interactions across various fields, play an indispensable role in modern data science
with ubiquitous applications in image inpainting [LMWY12], hyperspectral imaging [DFL17], collaborative
filtering [XCH™10], topic modeling [AGH" 14|, network analysis [PFS16], and many more.

1.1 Low-rank tensor estimation

In many problems across science and engineering, the central task can be regarded as tensor estimation from
highly incomplete measurements, where the goal is to estimate an order-3 tensor! X', € R™*"2X"3 from its
observations y € R™ given by

y~ AX,).

Here, A : R™1*m2x73 —y R™ represents a certain linear map modeling the data collection process. Impor-
tantly, the number m of observations is often much smaller than the ambient dimension nnsns of the tensor
due to resource or physical constraints, necessitating the need of exploiting low-dimensional structures to
allow for meaningful recovery.

One of the most widely adopted low-dimensional structures—which is the focus of this paper—is the
low-rank structure under the Tucker decomposition [Tuc66]. Specifically, we assume that the ground truth

1For ease of presentation, we focus on 3-way tensors; our algorithm and theory can be generalized to higher-order tensors in
a straightforward manner.



tensor X, admits the following Tucker decomposition?
X, = (U*a ‘/*; W*) ’S*7

where &, € R"*"2X"s ig the core tensor, and U, € R™*" V, € R™"2*"2 W, € R"*"3 are orthonormal
matrices corresponding to the factors of each mode. The tensor X, is said to be low-multilinear-rank, or
simply low-rank, when its multilinear rank r = (rq,r2,73) satisfies rp < nyg, for all K = 1,2,3. Compared
with other tensor decompositions such as the CP decomposition [KB09| and tensor-SVD [ZEAT14], the
Tucker decomposition offers several advantages: it allows flexible modeling of low-rank tensor factors with a
small number of parameters, fully exploits the multi-dimensional algebraic structure of a tensor, and admits
efficient and stable computation without suffering from degeneracy [Paa00].

Motivating examples. We point out two representative settings of tensor recovery that guide our work.

e Tensor completion. A widely encountered problem is tensor completion, where one aims to predict the
entries in a tensor from only a small subset of its revealed entries. A celebrated application is collaborative
filtering, where one aims to predict the users’ evolving preferences from partial observations of a tensor
composed of ratings for any triplet of user, item, time [KABO10]. Mathematically, we are given entries

X*(il,ig,ig), (Z.l,i%ig) GQ,

in some index set €, where (i1, i2,13) € Q if and only if that entry is observed. The goal is then to recover
the low-rank tensor X, from the observed entries in €2.

e Tensor regression. In machine learning and signal processing, one is often concerned with determining how
the covariates relate to the response—a task known as regression. Due to advances in data acquisition,
there is no shortage of scenarios where the covariates are available in the form of tensors, for example in
medical imaging [ZLZ13]. Mathematically, the i-th response or observation is given as

i = (A Xa) = D A(inin,ia) X, (in,i0,13),  i=1,2,...,m,

11,12,13

where A; is the i-th covariate or measurement tensor. The goal is then to recover the low-rank tensor X,
from the responses y = {y; }7";.

1.2 A gradient descent approach?

Recent years have seen remarkable successes in developing a plethora of provably efficient algorithms for low-
rank matriz estimation (i.e. the special case of order-2 tensors) via both convex and nonconvex optimization.
However, unique challenges arise when dealing with tensors, since tensors have more sophisticated algebraic
structures [Hac12]. For instance, while nuclear norm minimization achieves near-optimal statistical guaran-
tees for low-rank matrix estimation [CT10] with a polynomial run time, computing the nuclear norm of a
tensor turns out to be NP-hard [FL18]. Therefore, there have been a number of efforts to develop polynomial-
time algorithms for tensor recovery, including but not limited to the sum-of-squares hierarchy [BM16,PS17],
nuclear norm minimization with unfolding [GRY11, MHWG14], regularized gradient descent [HWZ20], to
name a few; see Section 1.4 for further discussions.

In view of the low-rank Tucker decomposition, a natural approach is to seek to recover the factor quadruple
F, = (U,,V,,W,,8,) directly by optimizing the unconstrained least-squares loss function:

min  L(F) = 3 [A((U,V,W)-8) -~y 1)

where F = (U,V,W,S8) consists of U € R"*"_ V € R"2*"2 W € R"*"s and & € R™*"2*"3_ Since
the factors have a much lower complexity than the tensor itself due to the low-rank structure, it is expected

20ther popular notation for Tucker decomposition in the literature includes [Sy; Ux, Vi, Wi] and Sy x1 Uy x2 Vi x3 Wi.
In this work, we adopt the same notation (Uy, Vi, Wy) -8y as in [XY19] for convenience of our theoretical developments.



that manipulating the factors results in more scalable algorithms in terms of both computation and storage.
This optimization problem is however, highly nonconvex, since the factors are not uniquely determined.?
Nonetheless, one might be tempted to solve the problem (1) via gradient descent (GD), which updates the
factors according to

Ft+1:Ft_77v£(Ft)7 t=0,1,..., (2)

where F; is the estimate at the ¢-th iteration, n > 0 is the step size or learning rate, and VL(F) is the
gradient of L(F') at F. Despite a flurry of activities for understanding factored gradient descent in the
matrix setting [CLC19], this line of algorithmic thinkings has been severely under-explored for the tensor
setting, especially when it comes to provable guarantees for both sample and computational complexities.

The closest existing theory that one comes across is [HWZ20] for tensor regression, which adds regular-
ization terms to promote the orthogonality of the factors U,V , W:

(&%
Lieg(F) = L(F) + (IUTU = BL,|F + VTV = BL,|[f + |[WTW — 8L, 7)., 3)

and perform GD on the regularized loss. Here, @ > 0 and 8 > 0 are two parameters to be specified. While
encouraging, theoretical guarantees of this regularized GD algorithm [HWZ20] still fall short of achieving
computational efficiency. In truth, its convergence speed is rather slow: it takes an order of x2log(1/e)
iterations to attain an e-accurate estimate of the ground truth tensor, where k is a sort of condition number
of X, to be defined momentarily. Therefore, the computational efficacy of the regularized GD algorithm
is severely hampered even when X, is moderately ill-conditioned, a situation frequently encountered in
practice. In addition, the regularization term introduces additional parameters that may be difficult to tune
optimally in practice.

Turning to tensor completion, the situation is even worse: to the best of our knowledge, there is no
provably linearly-convergent algorithm that accommodates low-rank tensor completion under the Tucker
decomposition. The question is thus:

Can we develop a factored gradient-based algorithm that converges fast even for highly ill-conditioned
tensors with near-optimal sample complexities for tensor completion and tensor regression?

In this paper, we provide an affirmative answer to the above question.

1.3 A new algorithm: scaled gradient descent
We propose a novel algorithm—dubbed scaled gradient descent (ScaledGD)—to solve the tensor recovery
problem. More specifically, at the core it performs the following iterative updates® to minimize the loss
function (1):
U1 =U,;, — an£ Ft ( )
Vg1 =V, = Vv L(F) ( )
1
Wt+1 = Wt T}VWE )( W) 5
S =8 —n (U U)™! (VTVt) LW, W)Y - VsL(F),

where Vy L(F), Vv L(F), VwL(F), and VsL(F') are the partial derivatives of £(F') with respect to the
corresponding variables, and

U, = (Vo WOM(S)T, Vi:= (U, @ W)My(S,)", W, := (U2 V)Ms(S,)". (5)

Here, My(8) is the matricization of the tensor & along the k-th mode (k = 1,2,3), and ® denotes the
Kronecker product. Inspired by its counterpart in the matrix setting [TMC20], the ScaledGD algorithm (4)
exploits the structures of Tucker decomposition and possesses many desirable properties:

3For any invertible matrices Qi € R™* X"k k= 1,2,3, one has (U, V,W).-S = (UQ1,VQ2, WQ3) '((Ql_ly Qg_l, le) - S).
4The matrix inverses in ScaledGD always exist under the assumptions of our theory.



Algorithms H Sample complexity Iteration complexity \ Parameter space

Unfolding + nuclear norm min. 2 1002 olvnomial tonso
[HMGW15] nriog n polynomi r
Tensor nuclear norm min. n3/201/2 1063/2 p, NP-hard tensor
[YZ16] &
G ian GD

rassrg?gril;n n3/2p7/2 4 log7/2 n N/A factor

ScaledGD 3 1
(this paper) n32r2k(/r vV k%) log® n log £ factor

Table 1: Comparisons of ScaledGD with existing algorithms for tensor completion when the tensor is in-
coherent and low-rank under the Tucker decomposition. Here, we say that the output X of an algorithm
reaches e-accuracy, if it satisfies ||X — X, ||r < eomin(X ). Here, k and opmin(X) are the condition number
and the minimum singular value of X', (defined in Section 2.1). For simplicity, we let n = maxy=1,2 3 n and
T = MaXg=123 Tk, and assume r V k < nd for some small constant § to keep only terms with dominating
orders of n.

Algorithms H Sample complexity \ Iteration complexity \ Parameter space
Unfolding + nuclear norm min. n2r polynomial tensor
[MHWG14]
Pro[l]gth\e;(i 9C]}D n’r k2 log % tensor
Reg}ll}if\}zze;lo]GD n3/ 2yt r?log factor
Riemannian Gauss-Newton 3/2,.3/2,.4 1
[LZ21] (concurrent)® TR log log 2 tensor
ScaledGD 3/2,. 2 1
(this paper) n°'°re log - factor

Table 2: Comparisons of ScaledGD with existing algorithms for tensor regression when the tensor is low-rank
under the Tucker decomposition. Here, we say that the output X of an algorithm reaches e-accuracy, if it
satisfies | X — X, ||r < €omin(X ). Here, k and opin(X) are the condition number and minimum singular
value of X, (defined in Section 2.1). For simplicity, we let n = maxy—1 2371k, and r = maxy=1,2,3 %, and
assume 7 V £ < n® for some small constant & to keep only terms with dominating orders of n.

e Low per-iteration cost: as a preconditioned GD or quasi-Newton algorithm, ScaledGD updates the factors
along the descent direction of a scaled gradient, where the preconditioners can be viewed as the inverse
of the diagonal blocks of the Hessian for the population loss (i.e. tensor factorization). As the sizes of
the preconditioners are proportional to the size of the multilinear rank, the matrix inverses are cheap to
compute with a minimal overhead and the overall per-iteration cost is still low and linear in the time it
takes to read the input data.

o FEquivariance to parameterization: one crucial property of ScaledGD is that if we reparameterize the factors
by some invertible transforms (i.e. replacing (Uy, Vi, Wy, Sy) by (UQ1, ViQa, WiQs, (Q1 1, Q5 1, Q5 1) - Sy)
for some invertible matrices {Qk}izl), the entire trajectory will go through the same reparameterization,
leading to an invariant sequence of low-rank tensor updates X; = (U, Vi, W) - S; regardless of the
parameterization being adopted.

o Implicit balancing: ScaledGD optimizes the natural loss function (1) in an unconstrained manner without
requiring additional regularizations or orthogonalizations used in prior literature [HWZ20, FG20, KM16],
and the factors stay balanced in an automatic manner—a feature sometimes referred to as implicit regu-
larization [MLC21].

5 [LZ21, Theorem 3] states the sample complexity n3/2/rr?|| X I2/02,:.(X+), where || X«||2/02, (X,) has an order of rx?.

min min
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Figure 1: The iteration complexities of ScaledGD (this paper) and regularized GD to achieve | X — X, | <
1073|| &, ||r with respect to different condition numbers for low-rank tensor completion with n; = ny = nz =
100, ry = ro = r3 = 5, and the probability of observation p = 0.1.

Theoretical guarantees. We investigate the theoretical properties of ScaledGD for both tensor comple-
tion and tensor regression, which are notably more challenging than the matrix counterpart. It is demon-
strated that ScaledGD—when initialized properly using appropriate spectral methods —achieves linear con-
vergence at a rate independent of the condition number of the ground truth tensor with near-optimal sample
complexities. In other words, ScaledGD needs no more than O(log(1/¢)) iterations to reach e-accuracy; to-
gether with its low computational and memory costs by operating in the factor space, this makes ScaledGD
a highly scalable method for a wide range of low-rank tensor estimation tasks. More specifically, we have
the following guarantees (assume n = maxy=123 7% and r = maxg=1,237k):

e Tensor completion. Under the Bernoulli sampling model, ScaledGD (with an additional scaled projection
step) succeeds with high probability as long as the sample complexity is above the order of n3/2r2k(y/r v
52)1og3 n, where a V b := max{a,b}. Connected to some well-reckoned conjecture on computational
barriers, it is widely believed that no polynomial-time algorithm will be successful if the sample complexity
is less than the order of n3/2 for tensor completion [BM16], which suggests the near-optimality of the
sample complexity of ScaledGD. Compare with existing approaches (cf. Table 1), ScaledGD provides the
first computationally efficient algorithm with a near-linear run time at the near-optimal sample complexity.

o Tensor regression. Under the Gaussian design, ScaledGD succeeds with high probability as long as the
sample complexity is above the order of n3/2rk2. Our analysis of local convergence is more general,
based on the tensor restricted isometry property (TRIP) [RSS17], and is therefore applicable to various
measurement ensembles that satisfy TRIP. Compared with existing approaches (cf. Table 2), ScaledGD
achieves competitive performance guarantees in terms of sample and iteration complexities with a low
per-iteration cost in the factor space.

Figure 1 illustrates the number of iterations needed to achieve a relative error | X — X, ||r < 1073 X, ||F
for ScaledGD and regularized GD [HWZ20] under different condition numbers for tensor completion under
the Bernoulli sampling model (see Section 4 for experimental settings). Clearly, the iteration complexity of
regularized GD [HWZ20| deteriorates at a super linear rate with respect to the condition number «, while
ScaledGD enjoys an iteration complexity that is independent of k as predicted by our theory. Indeed, with
a seemingly small modification, ScaledGD takes merely 17 iterations to achieve the desired accuracy over
the entire range of k, while regularized GD takes thousands of iterations even with a moderate condition
number!



1.4 Additional related works

Low-rank tensor estimation with Tucker decomposition. [FG20] analyzed the landscape of Tucker
decomposition for tensor factorization, and showed benign landscape properties with suitable regulariza-
tions. [GRY11, MHWG14| developed convex relaxation algorithms based on minimizing the nuclear norms
of unfolded tensors for tensor regression, and similar approaches were developed in [HMGW15]| for robust
tensor completion. However, unfolding-based approaches typically result in sub-optimal sample complex-
ities since they do not fully exploit the tensor structure. [YZ16] studied directly minimizing the nuclear
norm of the tensor, which regrettably is not computationally tractable. [XY19] proposed a Grassmannian
gradient descent algorithm over the factors other than the core tensor for exact tensor completion, whose
iteration complexity is not characterized. The statistical rates of tensor completion, together with a spec-
tral method, were investigated in [XYZ17,ZX18|, and uncertainty quantifications were recently dealt with
in [XZZ20]. Besides the entrywise i.i.d. observation models for tensor completion, [Zhal9, KS13] considered
tailored or adaptive observation patterns to improve the sample complexity. In addition, for low-rank tensor
regression, [RYC19] proposed a general convex optimization approach based on decomposable regularizers,
and [RSS17] developed an iterative hard thresholding algorithm. [CRY19] proposed projected gradient de-
scent algorithms with respect to the tensors, which have larger computation and memory footprints than the
factored gradient descent approaches taken in this paper. [ARB20] proposed a tensor regression model where
the tensor is simultaneously low-rank and sparse in the Tucker decomposition. A concurrent work [LZ21]
proposed a Riemannian Gauss-Newton algorithm, and obtained an impressive quadratic convergence rate
for tensor regression (see Table 2). Compared with ScaledGD, this algorithm runs in the tensor space, and
the update rule is more sophisticated with higher per-iteration cost by solving a least-squares problem and
performing a truncated HOSVD every iteration.

Last but not least, many scalable algorithms for low-rank tensor estimation have been proposed in the
literature of numerical optimization [XY13, GQ14], where preconditioning has long been recognized as a key
idea to accelerate convergence [KM16,KSV14|. In particular, if we constrain U,V , W to be orthonormal,
i.e. on the Grassmanian manifold, the preconditioners used in ScaledGD degenerate to the ones investigated
in [KM16], which was a Riemannian manifold gradient algorithm under a scaled metric. On the other hand,
ScaledGD does not assume orthonormality of the factors, therefore is conceptually simpler to understand
and avoids complicated manifold operations (e.g. geodesics, retraction). Furthermore, none of the prior
algorithmic developments [KM16, KSV14]| are endowed with the type of global performance guarantees with
linear convergence rate as developed herein.

Provable low-rank tensor estimation with other decompositions. Complementary to ours, there
have also been a growing number of algorithms proposed for estimating a low-rank tensor adopting the CP
decomposition. Examples include sum-of-squares hierarchy [BM16,PS17], gradient descent [CLPC19,CPC20,
HZC20]|, alternating minimization [JO14, LM20], spectral methods [MS18, CCFM20, CLC™21|, atomic norm
minimization [LPST15,GPY19], to name a few. [GM20] studied the optimization landscape of overcomplete
CP tensor decomposition. Beyond the CP decomposition, [ZA16] developed exact tensor completion algo-
rithms under the so-called tensor-SVD [ZEAT14], and [LAAW19, LFLY18] studied low-tubal-rank tensor
recovery. We will not elaborate further since these algorithms are not directly comparable to ours due to
the difference in models.

Nonconvex optimization for statistical estimation. Our work contributes to the recent strand of
works that develop provable nonconvex methods for statistical estimation, including but not limited to low-
rank matrix estimation [SL16,CW15 MWCC20,CCD*21,MLC21,PKCS17,CLL20|, phase retrieval [CLS15,
WGE18, CC17,ZZLC17,ZCL16, CCFM19], quadratic sampling [LMCC19], dictionary learning [SQW17a,
SQW17b, BJS18], neural network training [BGW20, FCL20, HV19], and blind deconvolution [LLSW19,
MWCC20,SC19]; the readers are referred to the overviews [CLC19, CC18,ZQW20] for further references.
The proposed ScaledGD algorithm is inspired by its counterpart in the matrix setting, which was first pro-
posed in [TMC20] with theoretical guarantees; see [TMC21, CMPC20] for further developments that enable
robust recovery in corrupted and mixture models.



1.5 A primer on tensor algebra and notation

We end this section with a primer on some useful tensor algebra; for a more detailed exposition, see [KB09,
SDLF*17]. Throughout this paper, we use boldface calligraphic letters (e.g. X) to denote tensors, and
boldface capitalized letters (e.g. X) to denote matrices. For any matrix M, we use o0;(M) to denote its
i-th largest singular value, and |[M]||, [|M]|r, |M 1,00, |[M||2,00, and || M|« stand for the spectral norm
(i.e. the largest singular value), the Frobenius norm, the ¢; o, norm (i.e. the largest ¢; norm of the rows),
the {3 norm (i.e. the largest ¢ norm of the rows), and the entrywise £, norm (the largest magnitude of
all entries) of a matrix M.
To begin with, we define the unfolding (i.e. flattening) operations of tensors and matrices.

e The mode-1 matricization M (X) € R™1*("273) of a tensor X € R™*"2*"s is given by [My(X)] (i1, (in —
D)ng +i3) = X (i1,42,13), for 1 < ip < ny, k = 1,2,3; My(X) and M3(X) can be defined in a similar

manner.

e The vectorization vec(X) € R™1"2" of a tensor X € R™ "2z ig given by [vec(X)]((i1 — 1)nang + (iz —
Dng +i3) = X (i1, i2,43) for 1 < ij, < ng, k=1,2,3.

e The row-major vectorization vec(M) € R""2 of a matrix M € R™*"2 is given by [vec(M)]((i1 — 1)ns +
in) = M(ir,iz) for 1 < iy <my, k=12

The vectorization of a tensor is related to the Kronecker product as
vec((U,V,W)-8) = vec (UM (S)(VaW)T) = (UaV @ W) vec(S). (6a)
Tensor norms. The inner product between two tensors is defined as
(X1, X2) = Y Xy(ir, iz, i5) X(i1, ia, i3).
i1,i2,i3

A useful relation is that
<X1,X2>:<Mk(X1),Mk(X2)>7 k:172537 (Gb)

which allows one to move between the tensor representation and the unfolded matrix representation. The
Frobenius norm of a tensor is defined as || X|g = /(X, X). In addition, the following basic relations, which
follow straightforwardly from analogous matrix relations after applying matricizations, will be proven useful:

(U, V., W)-((Q1,Q2,Q3):8) = (UQ:1,VQ2,WQ5) - S, (6¢)
<(U7V7W)°83X>:<S,(UT3VT7WT)'X>7 (Gd)
[(Q1, Q2, Qs) - Sl < Q1 Q2[1 Qs S]lF, (Ge)

where Q) € R™*" k=12 3.
The o norm of X is defined as | X|lcoc = maxy, 4, | X (i1,92,93)]. With slight abuse of terminology,
denote
O'max(X) = kI:nla,%(,fi Omax (Mk(X)), and amirl(X) = kinll,g,?) Umax(Mk'(X))
as the maximum and minimum singular values of X, where oyax (M (X)) and omin (M (X)) are the largest
and the smallest nonzero singular values of My (X), respectively. In addition, define the spectral norm of a
tensor X as

X = sup (X, (w1, uz,us) - 1))

ur ER"k: Hunggl

Note that || X|| # omax(X) in general. For a tensor X of multilinear rank at most r = (r1,72,r3), its spectral
norm is related to the Frobenius norm as [JYZ17,LNSU1S]

11X < 7“17’21“3”)(“7 where r = Max 7. (7)

r



Higher-order SVD. For a general tensor X, define H,.(X’) as the top-r higher-order SVD (HOSVD) of
X with r = (ry,72,73), given by
H'I’(X) = (Ua Vv, W) .S, (83‘)

where U is the top-r1 left singular vectors of M;(X), V is the top-ry left singular vectors of Ma(X), W is
the top-r3 left singular vectors of M3(X),and S = (U",V',WT). X is the core tensor. Equivalently, we

denote
(U,V,W,8) =HOSVD,(X) (8b)

as the output to the HOSVD procedure described above with the multilinear rank . In contrast to the matrix
case, HOSVD is not guaranteed to yield the optimal rank-r approximation of X (which is NP-hard [HL13]
to find). Nevertheless, it yields a quasi-optimal approximation [Hac12] in the sense that

|& = Ho(X)[[F < V3 _ inf _ & — X (9)
X:rank(M (X))<ry

There are many other variants of or alternatives to HOSVD in the literature, e.g. successive HOSVD [Hac12],
alternating least squares (ALS) [Hac12|, higher-order orthogonal iteration (HOOI) [ZX18], etc. These meth-
ods compute truncated singular value decompositions in successive or alternating manners, to either reduce
the computational costs or pursue a better (but still quasi-optimal) approximation. We will not delve into
the details of these variants; interested readers can consult [Hac12].

Additional notation. The set of invertible matrices in R™*" is denoted by GL(r). Let M (i,:) and
M (:, ) denote the i-th row and j-th column of M, respectively. Let aVb = max{a, b} and a Ab = min{a, b}.
Throughout, f(n) < g(n) or f(n) = O(g(n)) means |f(n)|/|g(n)] < C for some constant C' > 0 when n
is sufficiently large; f(n) 2 g(n) means |f(n)|/|g(n)| > C for some constant C' > 0 when n is sufficiently
large. Additionally, we use f(n) > g(n) (resp. f(n) < g(n)) to indicate that there exists some very
large (resp. small) universal constant ¢ > 0 such that [f(n)| > c|g(n)| (resp. |f(n)] < clg(n)]). We use
C,C1,Cy,c1,c9,... to represent positive constants, whose values may differ from line to line. Last but not
least, we use the terminology “with overwhelming probability” to denote the event happens with probability
at least 1 — cyn—°2.

2 Main Results

2.1 Models and assumptions

We assume the ground truth tensor X, = [X,(i1,i2,i3)] € R™*"2%"s admits the following Tucker decom-
position

T1 T2 73
X (inyinyiz) = > Y > Uslin, j1)Valin, j2) Wiliz, j3)Sx (1, g, ja), 1 <ix < my, (10)
Jj1=1j2=1j3=1
or more compactly,
X*:(U*7‘/;,W*)'S*, (11)

where 8, = [84(j1,72,J3)] € R™*"2%"s ig the core tensor of multilinear rank r = (ry,79,73), and U, =
[Ui (i, 51)] € R >V, = [V, (ia, j2)] € R™*"2 W, = [W, (i3, j3)] € R™3*"2 are the factor matrices of each
mode. Let My(X,) be the mode-k matricization of X, we have

M(X) =UM(S,)(V,oaW,)T, (12a)
My(X,) = VMo (S,)(U, @ W,) T, (12b)
Ms(X,) = W, Ms(S,)(U, 2 V,)". (12¢)



It is straightforward to see that the Tucker decomposition is not uniquely specified: for any invertible matrices
Qr € R™*" Lk =1,2 3, one has

(U*, ‘/;7 W*) . 8* = (U*Qla ‘/;Q27 W*Q3) ((Q;lv Q;lv Q??l) ‘ S*)

We shall fix the ground truth factor such that U,, Vi and W, are orthonormal matrices consisting of left
singular vectors in each mode. Furthermore, the core tensor S, is related to the singular values in each
mode as

Mk(s*)Mk(s*)T = Ez,ka k= 17 27 3a (13)

where X, ;= diag[o1 (Mg(XL)),. .., 00, (M(XL))] is a diagonal matrix where the diagonal elements are
composed of the nonzero singular values of My (X,) and ry, = rank(My (X)) for k = 1,2, 3.
Key parameters. Of particular interest is a sort of condition number of X, which plays an important

role in governing the computational efficiency of first-order algorithms.

Definition 1 (Condition number). The condition number of X, is defined as

Umax(x*) _ maxk:1,2,3 Umax(Mk(X*))
Omin(X)  Mming—12,3 Omin (Mg (X))

K= (14)

Another parameter is the incoherence parameter, which plays an important role in governing the well-
posedness of low-rank tensor completion.

Definition 2 (Incoherence). The incoherence parameter of X, is defined as

ny Up) ns
pi= maX{IIU*H%,oo» = VilZoer |l W*H%,m} : (15)
r1 T2 T3

Roughly speaking, a small incoherence parameter ensures that the energy of the tensor is evenly dis-
tributed across its entries, so that a small random subset of its elements still reveals substantial information
about the latent structure of the entire tensor.

2.2 ScaledGD for tensor completion

Assume that we have observed a subset of entries in Xy, given as Y = Pq(X,), where Pq : R *n2xns
RM*n2Xn3 ig g projection such that

X* ] b) ] b ] b .f ' ) ] b ] 6 Q?
(Pa(X) (i ia i) = {18 U220 1) (16)
0, otherwise.
Here, Q) is generated according to the Bernoulli observation model in the sense that
(i1,42,13) € Q independently with probability p € (0, 1]. (17)

The goal of tensor completion is to recover the tensor X, from its partial observation Pq(X,). Similar to
the tensor regression case, this can be achieved by minimizing the loss function

. _ 1 Lo vl2
e S L(F) = % [Pa((U,V,W)-8) =Y. (18)

Preparation: a scaled projection operator. To guarantee faithful recovery from partial observations,
the underlying low-rank tensor X, needs to be incoherent (cf. Definition 2) to avoid ill-posedness. One typical
strategy, frequently employed in the matrix setting, to ensure the incoherence condition is to trim the rows
of the factors [CW15| after the gradient update. For ScaledGD, this needs to be done in a careful manner
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to preserve the equivariance with respect to invertible transforms. Motivated by [TMC20], we introduce the
scaled projection as follows,

(U W, W,8)=Pp(U, Vi, Wi, 8,), (19a)
where B > 0 is the projection radius, and

Uliy,:) = <1/\ B
Vl|U4 (i1, ) U |l
V(ia,:) = (1 A ]_? - ) Vi(ig,:), 1 <ig <my;
V|| Vi (iz, )V |l
B
V| W (i, ) W |12

>U+(’L17)7 1§21 th

(19b)

VV(Z‘g7 Z) = (1 AN

S:S+.

) W (is,:), 1 <3 < mng;

Here, we recall Uy, V., W, are analogously defined in (5) using (U, V., W,,8,). As can be seen, each
row of Uy (resp. V4 and W) is scaled by a scalar based on the row f3 norms of U.J}i (resp. V+V+T and
W+WI), which is the mode-1 (resp. mode-2 and mode-3) matricization of the tensor (Uy,V;, W, )-S.
It is a straightforward observation that the projection can be computed efficiently.

Algorithm description. With the scaled projection Pg(-) defined in hand, we are in a position to describe
the details of the proposed ScaledGD algorithm, summarized in Algorithm 1. It consists of two stages:
spectral initialization followed by iterative refinements using the scaled projected gradient updates in (20).
It is worth emphasizing that all the factors are updated simultaneously, which can be achieved in a parallel
manner to accelerate computation run time.

For the spectral initialization, we take advantage of the subspace estimators proposed in [CLCT21] for
highly unbalanced data matrices. Specifically, we estimate the subspace spanned by U, by that spanned
by the top-r; left singular vectors U, of the diagonally-deleted Gram matrix of p~*M;(}), denoted as
Pof-diag (P2 M1 (P)M1(P)T), where Por_diag(M) sets the diagonal entries of the matrix M as zeros; the
other two factors V. and W, are estimated similarly. The core tensor is then estimated as

S,=plUl, v, wl).p,

which is consistent with its estimation in the HOSVD procedure. To ensure the initialization is incoherent,
we pass it through the scaled projection operator to obtain the final initial estimate:

(U07 Vo, WOaSO) - ,PB(U-F’ Vi, W+7S+)'

Theoretical guarantees. The following theorem establishes the performance guarantee of ScaledGD for
tensor completion, as soon as the sample size is sufficiently large.

Theorem 1 (ScaledGD for tensor completion). Suppose that X, is p-incoherent, ur’x? < n, and that p
satisfies

pningng 2 662[1/3/27‘2:“&(\/; Vv f<;2)\/n1n2n3 log®n + 664/1,37“45671 log® n,

for some small constant ¢g > 0. Set the projection radius as B = Cp./iromax(X+) for some constant
Cp > (1+ €)3. If the step size obeys 0 < n < 2/5, then with probability at least 1 — cyn™2 for universal
constants c1,co > 0, for all t > 0, the iterates of Algorithm 1 satisfy

||(Ut, ‘/;5, Wt) 'St — X*”F S 360(1 — O.GH)tijn(X*).
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Algorithm 1 ScaledGD for low-rank tensor completion

Input parameters: step size 1 > 0, multilinear rank r = (r1,r9,73), probability of observation p.
Spectral initialization: Let U, be the top-rq left singular vectors of Pofr_diag(p~2M1(P)M1(P)T), and
similarly for V., W, and S, = p_l(UI7 VJ, WI) - Y. Set (Uy, Vo, Wy, 8y) = Pi (U+, Vi, W+,S+).
Scaled projected gradient updates: for t =0,1,2,...,7 — 1 do

Uiy =Us — - My (Po((U, Vi, W) - 81) = D) UL(U]T)
Vip =V, — %Mz (Pa (U, V,,Wy)-84) = Y) ‘Z(‘V/;T‘Z,)ilv

PRI SN |

Wi = Wi = - My (Po((Ur Vi W) - 81) = ¥) Wi (W Wi)

Siy =8 — g (U o) 'u, (v, Vi) VT, (W W) WL - (Po (U, Vi, W) - Se) = ),

where lj't, ‘V/t, and W, are defined in (5). Set (Upy1, Vig1, Wi1,St41) = Pe(Uiy, Vg, Wiy, St ).

Theorem 1 ensures that ScaledGD finds an e-accurate estimate, i.e. ||(U;, Vi, Wy) - St — X ||g < €0min(X ),
in at most O(log(1/¢)) iterations, which is independent of the condition number of X, as long as the sample
complexity is large enough. Assuming that u = O(1) and 7V x < n® for some small constant § to keep only
terms with dominating orders of n, the sample complexity simplifies to

pninans > n32r2k(\/r v k%) log? n,

which is near-optimal in view of the conjecture that no polynomial-time algorithm will be successful if the
sample complexity is less than the order of n3/2 for tensor completion [BM16]. Compared with existing
algorithms collected in Table 1, ScaledGD is the first algorithm that simultaneously achieves a near-optimal
sample complexity and a near-linear run time complexity in a provable manner. In particular, while [YZ16,
XY19] achieve a sample complexity comparable to ours, the tensor nuclear norm minimization algorithm
in [YZ16] is NP-hard to compute, and the Grassmannian GD algorithm in [XY19] does not offer an explicit
iteration complexity, except that each iteration can be computed in a polynomial time.

2.3 ScaledGD for tensor regression

Now we move on to another tensor recovery problem—tensor regression with Gaussian design. Assume that
we have access to a set of observations given as

yi = (A, Xy, 1=1,...,m, or concisely, y=A(X,), (21)

where A; € R™*"2%"s ig the i-th measurement tensor composed of i.i.d. Gaussian entries drawn from
N(0,1/m), and A(X) = {(A;, X)}™, is a linear map from R™*"2%"s to R™, whose adjoint operator is
given by A*(y) = Yi", vy Ai. The goal of tensor regression is to recover X, from y, by leveraging the
low-rank structure of X,. This can be achieved by minimizing the following loss function

: _ 1 Loy a2
ey s L) =5 AUV, W) -S) —yll; (22)

The proposed ScaledGD algorithm to minimize (22) is described in Algorithm 2, where the algorithm is
initialized by applying HOSVD to A*(y), followed by scaled gradient updates given in (23).
Theoretical guarantees. FEncouragingly, we can guarantee that ScaledGD provably recovers the ground
truth tensor as long as the sample size is sufficiently large, which is given in the following theorem.

Theorem 2 (ScaledGD for tensor regression). For tensor regression with Gaussian design, suppose that m
satisfies

m 2 €y 2 (v/ninanars? +nr?k?),
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Algorithm 2 ScaledGD for low-rank tensor regression

Input parameters: step size 7 > 0, multilinear rank r = (r1, r2,73).
Spectral initialization: Let (Uy, Vy, Wy, Sg) = HOSVD,.(A*(y)) defined in (8b).
Scaled gradient updates: for t =0,1,2,..., 7 —1
* ST (rrTrr) L
Upr1 = Uy — pMy (A (A((U, Vi, Wi) - S0) — ) U, (U, Uy)
Vipr = Vi — Mo (A (A((U, Vi, Wh) - 81) — ) VT (
Wit = W, — M (A" (AU, Vi, W) - S)) — ) W (W, W)™,
Ser1 =8 —n (U U)T'UT (V" V)TV, (W W) TIW,T) - AT(A((U, Vi, W) - S0) — ),

(23)

where Ijt, ‘u/'t, and W, are defined in (5).

for some small constant €y > 0. If the step size obeys 0 < n < 2/5, then with probability at least 1 — cyn™°2
for universal constants c1,co > 0, for all t > 0, the iterates of Algorithm 2 satisfy

”(Ut» Vi, Wt) -S; — X*”F < 350(]— - O~677)t0'min(X*)~

Theorem 2 ensures that ScaledGD finds an e-accurate estimate, i.e. ||(Uz, Vi, Wy) - St — X|lg < €0min(X4),
in at most O(log(1/¢)) iterations, which is independent of the condition number of X, as long as the sample
complexity satisfies

m > n®/?rk?,

where again we keep only terms with dominating orders of n. Compared with the regularized GD algorithm
[HWZ20], ScaledGD achieves a low computation complexity with robustness to ill-conditioning, improving
its iteration complexity by a factor of k2, and does not require any explicit regularization.

3 Analysis

In this section, we provide some intuitions and sketch the proof of our main theorems. Before continuing,
we highlight an important property of ScaledGD: if starting from an equivalent estimate

U =UQ:, Vi=ViQ, W,=W,Qs, & = @71, Q5,Q3")- S,

for some invertible matrices Q € GL(rx) (i.e. replacing U; by U;Q1, and so on), by plugging the above
estimate in (4) it is easy to check that the next iterate of ScaledGD is covariant with respect to invertible
transforms, meaning

Ui =Ui1Q1, Vier =Vi1Qa, Wit =Wi1Qs, Sy = (@7, Q5",Q5") - Sty

In other words, ScaledGD produces an invariant sequence of low-rank tensor estimates
X, = (U, Vi, W) - 8, = (U, Vi, W) - 8,

regardless of the representation of the tensor factors with respect to the underlying symmetry group. This
is one of the key reasons behind the insensitivity of ScaledGD to ill-conditioning and factor unbalancedness.

A key scaled distance metric. To track the progress of ScaledGD throughout the entire trajectory, one
needs a distance metric that properly takes account of the factor ambiguity due to invertible transforms,
as well as the effect of scaling. To that end, we define the scaled distance between factor quadruples
F=U,V,W,S)aud F, = (U, V,,W,,8,) as

dist>(F, F,) = inf [[(UQ1 —U)Za1| +[|(VQs — Vi)E, 2

2 2
wQs - W)X
QrEGL(ry) F+ ||( QS *) *,3HF

13



1@, Q5Y) -5 - 5. (24)

The distance is closely related to the /5 distances between the corresponding tensors. In fact, it can be shown
that as long as F and F, are not too far apart, i.e. dist(F, F}) < 0.20min(X ), it holds that dist(F, F,) =<
(U, V,W)-8 — X,||r in the sense that (see Appendix A.1 for proofs):

sIUV.W)-8 — X, <dist(F,F.) < (V2+ 1) |(U,V,W)-8 — X, ||..

3.1 A warm-up case: ScaledGD for tensor factorization

To shed light on the design insights as well as the proof techniques, we now introduce the ScaledGD algorithm
for the tensor factorization problem, which aims to minimize the following loss function:

1 1

where the last equality follows from (6b). Recalling the update rule (4), ScaledGD proceeds as
U1 = Uy — M, (X, — X,) U, (ﬁtT[jt)A’
Viei=V; — Moy (Xt - X*) ‘ZT(‘ZT‘Z)_l’
. N |
Wi =W, — My (X, — X,)W," (WtTWt) )
Si1 =8 —n (U U)'U, (V' V) 'V, (W W)~ W) - (X, - &),

(26)

where X, = (U, V;, W;) - 8¢, with U,, V;, and W, defined in (5).

ScaledGD as a quasi-Newton algorithm. One way to think of ScaledGD is through the lens of quasi-
Newton methods, by equivalently rewriting the ScaledGD update (26) as

vec(Fyy1) = vec(Fy) — nH; 'V yee(m L(Fy), (27)

where Hy = dlag [v%/ec(U),vec(U)‘c(Ft) vvec(V),vec(V)‘C(Ft)’ V\2/ec(W),Vec(W)‘ﬁ(F‘t) vvec(S),vec(S)‘C(‘F‘tﬂ - To
see this, it is straightforward to check that the diagonal blocks of the Hessian of the loss function (25) are
given precisely as

Vet wee@) L(F) = (U U1) ® I,

Ve (v wvee(v) £(F1) = (V," Vi) @ I, (28)
Ve wee(w) £(Ft) = (W, W) ® I,

Viee(8)wee(s)L(F) = (U Uy) @ (V' V) @ (W, W),

Therefore, by vectorization of (26), ScaledGD can be regarded as a quasi-Newton method where the precon-
ditioner is designed as the inverse of the diagonal approximation of the Hessian.

Guarantees for tensor factorization. Fortunately, ScaledGD admits a x-independent convergence rate
for tensor factorization, as long as the initialization is not too far from the ground truth. This is summarized
in Theorem 3, whose proof can be found in Appendix B.

Theorem 3. For tensor factorization (25), suppose that the initialization satisfies dist(Fy, Fy) < €90min(X+)
for some small constant ey > 0, then for all t > 0, the iterates of ScaledGD in (26) satisfy

dist(Fy, F,) < (1= 0.70) €00min(Xy), and |[(Uy, Vi, Wy) - Sy — X || < 3eo(1 — 0.71) 0rmin (X)),

as long as the step size satisfies 0 <n < 2/5.
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Intuition of the proof. Let us provide some intuitions to facilitate understanding by examining a toy
case, where all factors become scalars, and the loss function with respect to the factor f = [u,v,w,s]
becomes

1 1
‘C(f) = 5(””“’5 - U*U*w*s*)z = §(UUU]S — S*)Q,

where u, = v, = w, = 1, and the ground truth is f, = [1, 1, 1, 5,] . The gradient and the diagonal entries
of the Hessian are given respectively as

VL(f) = (wvws — s, )[vws, uws, uvs, vow] ",
diag(V2L(F)) = diag[(vws)?, (uws)?, (uvs)?, (vvw)?].

Moreover, the Hessian matrix at the ground truth is given by
VQE(f*) =[Sy Sx, Sx, 1]—'—[5*7 Sy Sy 1].
With these in mind, the ScaledGD update rule in (26) and the scaled distance in (24) reduce respectively to
fror = fi — ndiag ™ (V2L(£))VL(S2),
dist(f, £.) = diag'*(V2L(£.))(QF ~ £.)

in .
Q=diag(q1,92,93,(q19293) ™) 2
Consequently, we can bound the distance between f;;1 and f, as

(i)
dist(fes1, fio) < ‘

(i)

ding"/*(V2L(£.)) (Qu(f — nding™ (VL(F)) VL) - £.)],

[diag!*(V2L(£.) (Qufi — nding™ (V2L(QuF))VEQ:f) - F.)

.

(i)

(T = ndiag™ >(V2L(£.))V2L(£.) diag™/2(V2L(£.))) diag /> (V2L(£.))(Q:f: — £.)

(1 —n117) diag! *(V2L(S)) (Quf: — £.)

2
(iv)

2

where (i) follows from replacing @ by the optimal alignment matrix Q; between f; and f,, (ii) follows from
the scaling invariance of the iterates, and (iii) holds approximately as long as Q. f; is sufficiently close to
S, which is made precise in the formal proof. The last line (iv) follows from that the scaled Hessian matrix
obeys

diag ™'/ *(V2L(£.))V2L(f.) diag /2 (V2L(f.)) =117,

By the optimality condition for Q: (see Lemma 7), it follows that diag!/? (V2L(£))(Q:f: — f+) is approx-
imately parallel to 1. Thus, dist(fir1, f«) contracts at a constant rate as long as the step size 7 is set as a
small constant obeying 0 < n < 2/5.

3.2 Proof outline for tensor completion (Theorem 1)

Armed with the insights from the tensor factorization case, we now provide a proof outline of our main
theorems on tensor completion and tensor regression, both of which can be viewed as perturbations of tensor
factorization with incomplete measurements, combined with properly designed initialization schemes. We
start with the guarantee for the spectral initialization for tensor completion.

Lemma 1 (Initialization for tensor completion). Suppose that X, is u-incoherent, ur’s? < n, and that p
satisfies

pninong = 652u3/2r2/-c(\/1j V k) y/mimgng log® n 4 e Y priktnlog® n

for some small constant ey > 0. Then with overwhelming probability, the spectral initialization before projec-
tion Fy. = (Uy, Vi, W, ,8,) for low-rank tensor completion in Algorithm 1 satisfies

dist(F+, F*) S anmin(x*).
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Under a suitable sample-size condition, Lemma 1 guarantees that dist(F}, Fy) < €90min(X ) for some
small constant €g. To proceed, we need to know what would happen for the spectral estimate Fy = Pp (F+)
after projection. In fact, the scaled projection is non-expansive w.r.t. the scaled distance. More importantly,
the output is guaranteed to be incoherent. Both properties are stated in the following lemma.

Lemma 2 (Properties of scaled projection). Suppose that X, is p-incoherent, and dist(Fy, Fy) < €0min (X«
for some € < 1. Set B = Cp /i omax(X+) for some constant Cg > (1 +¢€)?, then F = (U, V,W,S) ==
Pp(Fy) satisfies the non-expansiveness property

dist(F, F,) < dist(F4, Fy) < €omin(X ),
and the incoherence condition

VIT[UU " [|2,00 V V2 [VV 2,00 V V1 |[WW T ||g 00 < Cuy/IiTOmax (X)) (29)

Now we are ready to state the following lemma that ensures the linear contraction of the iterative
refinements given by the ScaledGD updates.

Lemma 3 (Local refinements for tensor completion). Suppose that X, is p-incoherent, and p satisfies
pninang 2 u3/2r2/€3./n1n2n3 log3 n+ u3r4f$6n log5 n.

Under an event £ which happens with overwhelming probability (i.e. at least 1 — cyn™2), if the t-th iterate

satisfies dist(Fy, Fy) < €omin(X ) for some small constant €, then ||[(Uy, Vi, We) - Sy — X ||r < 3dist(Fy, Fy).

In addition, if the t-th iterate satisfies the incoherence condition

VLU (12,00 V V2| ViV, 2,00 V V3 [WiW, |l2,00 < B,

with B = Cp\/UT0max(X) for some constant Cp > (1 + €)3, then the (t + 1)-th iterate of Algorithm 1
satisfies

diSt(Ft+1, F*) S (1 — 0677) diSt(Ft7 F*),
and the incoherence condition

VLU 1U 2,00 V VA2l Vig1 Vi 2,00 V V13| Weat WL |

By combining Lemma 1 and Lemma 2, we can ensure that the spectral initialization Fy = Pg(F})
satisfies the conditions required in Lemma 3, which further enables us to repetitively apply Lemma 3 to
finish the proof of Theorem 1. The proofs of the above three lemmas are provided in Appendix C.

200 < B.

3.3 Proof outline for tensor regression (Theorem 2)

Now we turn to the proof outline for tensor regression (cf. Theorem 2). To begin with, we show that the
local linear convergence of ScaledGD can be guaranteed more generally, as long as the measurement operator
A(-) satisfies the so-called tensor restricted isometry property (TRIP), which is formally defined as follows.

Definition 3 (TRIP [RSS17]). The linear map A : R"*"2X"3 . R™ ig said to obey the rank-r TRIP with
dr € (0,1), if for all tensor X € R™"*"2X"s of multilinear rank at most r = (r1,r2,73), one has

(1= d)IX[F < JAX)IE < (1461 X[
If A(-) satisfies rank-2r TRIP with d3,. € (0,1), then for any two tensors Xy, Xy € R™1*7"2Xn3 of
multilinear rank at most r = (rq,r3,73), we have

(1= G2r) [ X1 = X[ < AKX — X2)[[F < (1+820) | X1 — Xoff

In other words, the distance between any pair of rank-r tensors X'; and X5 is approximately preserved
after the linear map A(-). The TRIP has been investigated extensively, where [RSS17, Theorem 1] stated
that if A;’s are composed of i.i.d. sub-Gaussian entries, TRIP holds with high probability provided that
m 2 8,.2(nr +r3). TRIP also holds for more structured measurement ensembles such as the random Fourier
mapping [RSS17]. With the TRIP of A(-) in hand, we have the following theorem regarding the local linear
convergence of ScaledGD as long as the iterates are close to the ground truth.
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Lemma 4 (Local refinements for tensor regression). Suppose that A(-) obeys the 2r-TRIP with a small
constant 0o S 1. If the t-th iterate satisfies dist(Fy, Fy) < €omin(X4) for some small constant €, then
(U, Vi, Wh) - Sy — X ||r < 3dist(Fy, Fy). In addition, if the step size obeys 0 < n < 2/5, then the (t+ 1)-th
iterate of Algorithm 2 satisfies

dist(Fy11, F,) < (1 — 0.6n) dist(F,, F,).

Therefore, ScaledGD converges linearly as long as the sample size m > nr+r3 under the Gaussian design,
when initialized properly. Unfortunately, obtaining a desired initialization turns out to be a major roadblock
and requires a substantially higher sample size, which has been studied extensively for tensor regression, say,
in [LZ21,HWZ20,ZLRY20]. Under the Gaussian design, we have the following guarantee for the spectral
initialization scheme that invokes HOSVD in Algorithm 2.

Lemma 5 (Initialization for tensor regression). Suppose that {A;}™, are composed of i.i.d. N'(0,1/m)
entries, and that m satisfies

m 2 ey 2 (y/ninangre?® + nr’s®)

for some small constant ¢y > 0. Then with overwhelming probability, the spectral initialization for low-rank
tensor regression in Algorithm 2 satisfies

dist(Fo, Fy) < €00min(X ).

Combining Lemma 4 and Lemma 5 finishes the proof of Theorem 2. Their proofs can be found in
Appendix D.

4 Numerical Experiments

We illustrate the numerical performance of ScaledGD for tensor completion to corroborate our findings,
especially its computational advantage over the regularized GD algorithm [HWZ20] that is closest to our
design. We remark that similar results can be obtained for tensor regression, but the expensive sensing
operator limits the appeal of the experiments and therefore is omitted. Since the scaled projection does not
visibly impact the performance, we implement ScaledGD without performing the projection. For simplicity,
we set ny = ny = ng =n, and r; = ro = r3 = r. Each entry of the tensor is observed i.i.d. with probability
p € (0,1].

Phase transition of ScaledGD. We construct the ground truth tensor X, = (U, Vi, W) - S, by gen-
erating Uy, V, and W, as random orthonormal matrices, and the core tensor S, composed of i.i.d. standard
Gaussian entries, i.e. 84(j1,72,73) ~N(0,1) for 1 < ji, <r, k =1,2,3. For each set of parameters, we run
100 random tests and count the success rate, where the recovery is regarded as successful if the recovered
tensor has a relative error || X1 — X,||g/||X«|[r < 1073. Figure 2 illustrates the success rate with respect to
the (scaled) sample size for different tensor sizes n, which implies that the recovery is successful when the
sample size is moderately large.

Comparison with regularized GD. We next compare the performance of ScaledGD with the regularized
GD algorithm proposed in [HWZ20], which aims to minimize the loss function in (3). Since [HWZ20] adopts
a different scaling of the factors from ours, we rescale it first so that both ScaledGD and regularized GD
start from the same spectral initialization. Following the choice of parameters in [HWZ20], we obtain the
equivalent update rule of regularized GD as (see Appendix A.3 for additional discussions)

U1 = U, — 1 [052(X)VuL(F) + U(U, U, — 1,,)]
Vie1 = Vi = [002(X)VVL(F) + ViV, V, - L.,)]

max

Wit = W, —n [002 (X OVWL(E,) + W,(W, W, - I,)],

max

St+1 = St - UVSE(Ft)

(30)
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Figure 2: The success rate of ScaledGD with respect to the scaled sample size for tensor completion with
r = 5, when the core tensor is composed of i.i.d. standard Gaussian entries, for various tensor size n.

Throughout the experiments, we used the ground truth value op,.x(X ) in running (30), while in practice,
this parameter needs to estimated; to put it differently, the step size of regularized GD is not scale-invariant,
whereas the step size of ScaledGD is.

To ensure the ground truth tensor X, = (U,, V,, W,) -8, has a prescribed condition number s, we
generate the core tensor S, € R"™"*" according to S,(j1,72,73) = 04, /T if j1 + jo + js = 0 (mod r)
and 0 otherwise, where {0}, }1<j, <, take values that are spaced equally from 1 to x~'. It then follows that
Omax(Xx) = 1, omin(X,) = k71, and the condition number of X, is exactly x. Figure 3 illustrates the
convergence speed of ScaledGD and regularized GD under different step sizes, where we plot the relative
error after at most 80 iterations (the algorithm is terminated if the relative error exceeds 102 following an
excessive step size). It can be seen that ScaledGD outperforms regularized GD quite significantly even when
the step size of regularized GD is optimized for its performance. Hence, we will fix n = 0.3 for the rest of
the comparisons for both ScaledGD and regularized GD without hurting the conclusions.

-o-ScaledGD k =1

—-ScaledGD « = 2

—ScaledGD k=5
RegularizedGD k =1
RegularizedGD k =2
RegularizedGD k =5

Relative error

06 07 08 09
Figure 3: The relative errors of ScaledGD and regularized GD after 80 iterations with respect to different
step sizes i from 0.1 to 0.9 for tensor completion with n = 100, r =5, p = 0.1.

Figure 4 compares the relative errors of ScaledGD and regularized GD for tensor completion with respect

to the iteration count and run time (in seconds) under different condition numbers x = 1,2,5,10. This
experiment verifies that ScaledGD converges rapidly at a rate independent of the condition number, and
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Figure 4: The relative errors of ScaledGD and regularized GD with respect to (a) the iteration count and (b)
run time (in seconds) under different condition numbers k = 1,2,5, 10 for tensor completion with n = 100,
r=>5,and p=0.1.

matches the fastest rate of regularized GD with perfect conditioning £ = 1. In contrast, the convergence
rate of regularized GD deteriorates quickly with the increase of x even at a moderate level. The advantage
of ScaledGD carries over to the run time as well, since the scaled gradient only adds a negligible overhead
to the gradient computation.

We next examine the performance of ScaledGD and regularized GD when randomly initialized. Here,
we initialize Uy, Vo, Wy composed of i.i.d. Gaussian entries sampled from A(0,1/n), and &y composed
of i.i.d. Gaussian entries sampled from N(0, | Y||2/(pn®)). Figure 5 plots the relative errors of ScaledGD
and regularized GD under different condition numbers £ = 1,2,5, using the same random initialization.
Surprisingly, while regularized GD stuck in a flat region before entering the phase of linear convergence,
ScaledGD seems to be quite insensitive to the choice of initialization, and converges almost in the same
fashion as the case with spectral initialization.

Relative error

—ScaledGD k =1

——ScaledGD k = 2

——ScaledGD k =5
RegularizedGD k =1
RegularizedGD & = 2}

4

RegularizedGD k =5

e
3

e
0

o
=

500 1000 1500 2000
Iteration count

o

Figure 5: The relative errors of random-initialized ScaledGD and regularized GD with respect to the iteration
count under different condition numbers k = 1,2, 5 for tensor completion with n = 100, r =5, p = 0.1.

Finally, we examine the performance of ScaledGD when the observations are corrupted by additive noise,
where we assume the noisy observations are given by Y = Pq(X, + W), with W(iy,iz,i3) ~ N(0,02)
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Figure 6: The relative errors of ScaledGD and regularized GD with respect to the iteration count under
signal-to-noise ratios SNR = 40, 60, 80dB for tensor completion with n = 100, » = 5, and p = 0.1.

2
composed of i.i.d. Gaussian entries. Denote the signal-to-noise ratio as SNR := 10log;, %1 3y, qB. Figure 6

n3o2
demonstrates the robustness of ScaledGD, by plotting the relative errors with respect to the iteration count
under SNR = 40, 60, 80dB. Here, the ground truth tensor X, is constructed in the same manner as Figure 2,
where its condition number is approximately x = 2.5. It can been seen that ScaledGD reaches the same
statistical error as regularized GD, but at a much faster rate. In addition, the convergence speeds are not

impacted by the noise levels.

5 Discussions

This paper develops a scaled gradient descent algorithm over the factor space for low-rank tensor estimation
(i.e. completion and regression) with provable sample and computational guarantees, leading to a highly
scalable approach especially when the ground truth tensor is ill-conditioned and high-dimensional. There
are several future directions that are worth exploring, which we briefly discuss below.

e Preconditioning for other tensor decompositions. The use of preconditioning will likely also accelerate
vanilla gradient descent for low-rank tensor estimation using other decomposition models, such as CP
decomposition [CLPC19]|, which is worth investigating.

e Entrywise error control for tensor completion. In this paper, we focused on controlling the ¢5 error of
the reconstructed tensor in tensor completion, whereas another strong form of statistical guarantees deals
with the ¢ error, as done in [MWCC20] for matrix completion and in [CLPC19] for tensor completion
with CP decomposition. It is hence of interest to develop similar strong entrywise error guarantees of
ScaledGD for tensor completion with Tucker decomposition.

e Stable and robust low-rank tensor estimation. In practice, the observations are corrupted by noise and
even outliers [LCZL20], therefore, it is necessary to examine the stability and robustness of ScaledGD in
more depths, such as by pinning down the statistical error rates and extending the scaled subgradient
algorithm in [TMC21] to the tensor case.

e Random initialization? As evident from the numerical experiment in Figure 5, ScaledGD works remarkably
well even from a random initialization, which requires us to go beyond the local geometry and pursue a
further understanding of the global landscape of the optimization geometry.
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A Preliminaries

This section gathers several technical lemmas that will be used later in the proof. More specifically, Sec-
tion A.1 is devoted to understanding the scaled distance defined in the equation (24), and in Section A.2, we
derive several useful perturbation bounds related to the tensor factors and the tensor itself. All the proofs
are collected in the end of each subsection.
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A.1 Understanding the scaled distance
To begin, recall the scaled distance between F = (U, V, W ,8) and F, = (U,, V,, W,,8,):

dist>(F, F,) = o2 U - U)Zail? +1(VQ2 = Vi) Zaa? + [(WQs — W.)S, 5|7

+1@7,Q:1,Q5Y) -85 - 8.2, (31)

where we call the matrices {Qp}x=123 (if exist) that attain the infimum the optimal alignment matrices
between F' and F,; in particular, F' and F), are said to be aligned if the optimal alignment matrices are
identity matrices.

In what follows, we provide several useful lemmas whose proof can be found at the end of this subsection.
We start with a lemma that ensures the attainability of the infimum in the definition (31) as long as
dist(F', F,) is sufficiently small.

Lemma 6. Fiz any factor quadruple F = (U, V,W,8). Suppose that dist(F, F,) < omin(Xy), then the
infimum of (31) is attained at some Qi € GL(ry), i.e., the alignment matrices between F and F, exist.

With the existence of the optimal alignment matrices in place, the following lemma delineates the opti-
mality conditions they need to satisty.

Lemma 7. The optimal alignment matrices {Q } k=123 between F and F,, if exist, must satisfy

UQ) (UQ-U)T2, = Mi (Q74Q5,Q51)-8—8) M (Q71,Q;1,Q51)-8) ",
(V@) (VQs — V)2, = Mo (@71, Q5;1,Q31) -8 — 8.) My (@11, Q51,Q51)-8) '
(WQs)" (WQs — W)S2, = Ms (@71, Q51,Q5") -8 - 8.) M3 ((Q71,Q,1.Q;1)-8) .

The next lemma relates the scaled distance between the factors to the Euclidean distance between the
tensors.

Lemma 8. For any factor quadruple F = (U, V ,W8), the scaled distance (31) satisfies
dist(F, F,) < (V2+ 12 ||(U, V, W) -8 = X ..

A.1.1 Proof of Lemma 6

This proof mimics that of [TMC20, Lemma 9]. The high level idea is to translate the optimization problem
(31) into an equivalent continuous optimization problem over a compact set. Then an application of the
Weierstrass extreme value theorem ensures the existence of the minimizer.

Under the condition dist(F, Fy) < omin(X ), one knows that there exist matrices Q € GL(r},) such that

(10Qu ~ U2 F + 1(VQ2 — VaBalf + [ (WQs — WS}
~5-1 A-1 A-1 2\1/2
+H(Q1 aQQ 7Q3 )8_8*||F> Seomin(x*)a
for some € obeying 0 < € < 1. The above relation further implies that
U@y~ UV [VQs ~ Vil| v [WQs - Wi <. and
Omax (@1, Q5" Q5") -8 = 8.) < eommn(X.).
Invoke Weyl’s inequality, and use the fact that U,, V,, W, are orthonormal to obtain
Utrlin(UQl) A Umin(VQZ) A Umin(WQ.B) Z 1- € and Omin ((Q;l, Q;la Q;l) 'S) Z (1 - 6)O'Inin(-k’*)- (32)

In addition, it is straightforward to see that the minimization problem on the right-hand side of (31) is
equivalent to
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inf  [(UQiH: —U)S, 1} + |(VQaHz — VIS5 + (WQs Hs — W), 5|7
HeGL(rk)

+ | (H'QT Hy Qs Hy 'Q5Y) - S — S| (33)

Therefore, it suffices to establish the infimum is attainable for the above problem instead. By the optimality
of Qi Hjy, over Qy, to yield a smaller distance than Qy, Hj must obey

( (UG Hy — U]+ ||(VQoH: — V.o + |(WQs Hs — W,)S, 5|2
_ _ _ 1/2
+(HTQT H Q7 H Q) - S = 5.} ) T < conn(X.).

Follow similar reasonings as earlier and invoke Weyl’s inequality again to obtain

Umax(UQlHl) V Umax(VQZHQ) \ Umax(WQ3H3)
Glnax((H Ql aH Q2 aH Q3 ) )
) <

Omax(AB) to further obtain

1+e, and

<
< (14 €)omax(Xy).
Use the relation omin(A)omax (B

O'rmn(UQl)Urnax( ) V Umin(VQQ)O'mmx(HQ) \ amin(WQ3)Umax(H3) S 1 + €,
Umax(Hl_l)Umax(Hg_l)Umax(H )Orrlln ((Ql aQQ aQ3 ) ) (1 + G)UmaX(X*)v

which, combined with (32), leads to

1
O—max(Hk)S 1+6, k:1,2,3
— €
-1 -1 —1y o Lte L—e
UmaX(Hl )Umax(HQ )Umax(Hg )S 1 —GH - Umin(Hl)Omin(H2)Umin(H3) Z 1+€H .

As a result, the minimization problem (33) is equivalent to the constrained problem:

i (OQUE ) [ [V Qs = Vo Bl + | (W~ W

F(ET QT B Qs Hy Q) -8 - 5.7

1+e l—€¢ 4

s.t. Urnax(Hk) =71_ a Unlln(Hl)Umln(HZ)Umm(HS) =7 te K ) k= 17273~

Since this is a continuous optimization problem over a compact set, applying the Weierstrass extreme value
theorem finishes the proof.

A.1.2 Proof of Lemma 7

Set the gradient of the expression on the right-hand side of (31) with respect to Q1 as zero to see

UT(UQ -U 2, — Q7 "M (Q75Q55,Q51) -8 - 8) M (Qr1,Q:4,Q5Y)-8) " =o.

We conclude the proof by similarly setting the gradient with respect to Qs or Q3 to zero.

A.1.3 Proof of Lemma 8

We first state a lemma from [TMC20, Lemma 11], which will be used repeatedly for matricization over
different modes.

Lemma 9 ( [TMC20]). Suppose that X, € R™*"2 has the compact rank-r SVD X, = U, X, V,". For any
L e R"*" gnd R € R™*" one has
LQEl/Q

2
\ F+HRQ—T21/2— < (VZ+1)|LR" - X.|I2.

inf
QeGL(r)
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We begin by applying the mode-1 matricization (see (12)), and invoking Lemma 9 with L .= U, R =
(VoW)IM(S)T, X, =UM;(8,)(V,@aW,)T, X, = 3,1 to arrive at

UV W)-8 = X[} = [UM(S)(V & W)T —UM(S.) (V.o W)

2
> (V2-1) inf veslt-u, 2*1] +vewris)Te TR - (viewomis)T
S r1
= (V2= it UQs —UDBl + (Ve WIMIS) Q)T - (Vi o W) Mi(S.) T
= (ﬁf 1)Q Ei(g{(r ) H(UQI - U*)E*J”;Z: + ||(Q1_1a V7W) -S - (Irlv ‘/*»W*) ’S*|||2:a

where we have applied a change-of-variable as Q1 = QX ] 12 i1 the third line, and converted back to the

tensor space in the last line. Continue in a similar manner, by applying the mode-2 matricization to the second
term (see (12)), and invoke Lemma 9 with L .=V, R == (Qf1®W)M2(S)T, X, = V,M(8)(I,,aW,)T,
3, = 3,2 to arrive at

QT V. W) -8 — (L, Ve, W) - 8.} = [V Ma(S)(Q1 © W) T = ViMs(S.) (I, @ Wi) T2

2 2
> (V2-1) QeiGan( : VQ21/2 V.3, 0 ’ + H(Ql—l ® W)MQ(S)TQ’TZL/; (L, ® W*)MQ(S*)THF
ra
2
= 2—1 s f V — * * s , I’r‘ 7Ir 7‘4/ S* .
(V2 )Qgel(r}lL(Tz) (VQ: 2B +H]@QL QW) -8 — (I, 1, I2
where we have applied a change-of-variable as Q2 = QE_l/ as well as tensorization in the last line.

Repeating the same argument by applying the mode-3 matricization to the second term, we obtain

"(Qfvaglvw)'S_(ITNITWW*)'S*H?::“WM?)(S)(Q;l@Q;) WM?) HF
>(V2-1)  inf  [[(WQs— W s? + (@ Q51.Q5") -8 - 8.2

Q3€GL(r3)
Finally, combine these results to conclude

(U, V,W)-8S—X,[f> inf (V2-1)|(UQi—~U)Z 1|} +(V2-1)?|(VQ:—V,)Z,5|?

QrLeGL(ry)
+ (V2= 1P [(WQs —WS,s? + (V2 - 1° (@, Q51,Q5Y) -8 — 8.2
> (V2 —1)3dist?(F, F,),

where the last relation uses the definition of dist®(F, F,).

A.2 Several perturbation bounds

We now collect several perturbation bounds that will be used repeatedly in the proof. Without loss of
generality, assume that F = (U,V,W 8) and F, = (U,,V,,W,,8,) are aligned, and introduce the
following notation that will be used repeatedly:

Ay=U-U, Ay =V-V, Ay =W - W,, As=8-8,,
U:=(VeoaW)M(S)T, V= (U W)My(S)T, W= (UoV)M3(S)",

U, = (V, ®W)M1< DT ff U, @ W)Ms(8.)T, W= (U.© V,)My(8,)T, (34)
Tu = (UTAU, ras Lry) * Sxs (Im,VTAV, I.,)-8. Tw=U,I,W Ay)-S8,,
Dy = U'U)V2U A, 1, = (VIV)V2VTAyS, 5, Dy = (W'W)™- 1/2WTAW2*,3.

With these notation, we can rephrase the consequences of Lemma 7 as:

U'ApS?, = Mi(As)My(S)T, (35a)
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VIAYS? ) = Ma(As)M3(S) T, (35h)
WTAWE* 3= Mg(As)Mg(S)T. (35C)
Now we are ready to state the lemma on perturbation bounds.

Lemma 10. Suppose F = (U,V,W.8) and F, = (U,,V,,W,,8,) are aligned and satisfy dist(F, F,) <
€0min(X«) for some € < 1. Then the following bounds hold regarding the spectral norm:

[Aull VAV v [Aw] v IIMk(As)TEZ,iH <6 k=123 (36a)
wwro) <=7 (36b)
lvwTu) " -u,| < \fe (36¢)
[(UTo) < ( 1—6) % (36d)
‘ (U - IJ})E:% < 3e+ 3% + €% (36e)
jo@To) s <0-97 (361)

_ _ \@ 3e + 3e2 + €3
HU(UTU) 12* 1= U*E*i < ( (1— 6)3 ); (368)
Hz*l r“ﬂr“])—lz*’l g(l—e)—ﬁ; (36h)
= (U0 S)|<a-e7° (361)

By symmetry, a corresponding set of bounds holds for V, V and W, w.
In addition, the following bounds hold regarding the Frobenius norm:

3
(U, VW) S =X, |l < (1+ Set e+ )(lIAU2*1||F+||Av§3*2\|F+IIAW2*3||F+HASH ); (37a)

2
2
€
(U, V,W)-S, =X, [lg <(1+e+ 3)(||AU2*,1||F+HAVE*,zHFJr||AW2*,3||F); (37b)
2
€
(1+e+ )(||Av2*2||F+HAWE*BHFJFHASH) (37c)

As a straightforward consequence of (37a), the following important relation holds when e < 0.2:
3 3
(U, V,W):8 - X[l <2(1+ 3¢ +e2 4+ EZ) dist(F, F}) < 3dist(F, Fy). (38)
Hence, the scaled distance serves as a metric to gauge the quality of the tensor recovery.

A.2.1 Proof of Lemma 10

Proof of spectral norm perturbation bounds. To begin, recalling the notation in (34), (36a) follows
directly from the definition

dist(Fy, o) = /| AuDa 2 + [ Av ol + | AwS.s] + [ As] < comin(X.)
together with the relation ||AB|r > ||A|lromin(B).
For (36b), Weyl’s inequality tells omin (U) > omin(Ux) — ||Ay|| > 1 — ¢, and use that

1 < 1
omin(U) — 1—¢

JvwTo) ) =

For (36¢), decompose
vu'o)y!'-U,=-UU0'U)'AJU + (I,, -UU'U)'U") Ay,
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and use that the two terms are orthogonal to obtain

v ) —U, |’ = [uuTU) AU + ||(L, —UWTU)TUT) Ay
<T@ O PlAv]? + lAag]?
<((1—e)241) .

It follows from e < 1 that

lvw U U, || < \R
For (36d), recognizing that
1
w'u)yt=wwu)yHuw'o)t — o) =lv@u)~|? < =2
—€
where the last inequality follows from (36b).
For (36e), we first expand the expression as
U-U,=VaoaW)M(8) — (V. @ WM (S,)T
=(VaW -V,a W)Mi(S,)" + (VaW)M(S)T — (Ve W)M;(S,)"
= (Ay QW +V, @ Ap)M(S,)" + (Vo W)I)M(As).
Apply the triangle inequality to obtain
1T - TS 1 < [(Av @ W + V, @ Ap)M(S)TE T + [[(V o W)Mi(As) TS,
< (lavIW] + Vil Awl) M (S.) "= (As) = 1]l

<e(l4e€) +e+ (14 €)% =3¢+ 3% + €3,

where we have used (36a) and the fact ||M1(S*)TE;}|| =1 (see (13)) in the last line.
(361) follows from combining

O—min(l-jx:j) 2 Umin(v)o—min(w)gmin (Ml(S)E:j) Z (1 - 6)3a
1
(1—e3?

v

and |[|[UUTU)'S, | =

IN

1
Omin ([?2;%)
With regard to (36g), repeat the same proof as (36¢), decompose

v

UUTU)'S,, - U3 = - UUTU) N U-U,) US L + (In - t“J(fJTfJ)*lt“JT) U -U,)

and use that the two terms are orthogonal to obtain

|O@TO) 'Sy — UL = JUOCTO) U - U) U + || (Tnans — U@ TU) U (U - U,)E
SIW(Tj Tj) 'SP - U)EIP + (U - U=
<(1- +1) (3e+ 3€® + €)%

It follows from e < 1 that

) v

2, 3
HU(UT[}')*lX]*’1 _f]*z:&H < \/§(3€—|—36 te )

(1-¢?

The relation (36h) follows from the relation below and (36f):

I8 (UT0) S| = [Za (@0 OTOOTO) S| = [T@TU) S,
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With regard to (36i), we have
|21 (TTO)*MU(S)|| = |2 TTO) O (VIVIV) Lo WW W) ||
<o@TO) S| |lvivTV)TH[[wwTw)
S (1 - 6)753
where the first line follows from
—M(S)(Vew)T = M) =UT(VVIV)'aWW W)"),  (40)

and the last inequality uses (36¢) and (36f).

Proof of Frobenius norm perturbation bounds. We proceed to prove the perturbation bounds re-
garding the Frobenius norm. For (37a), we begin with the following decomposition

u,v,.w).s-x,=U,V,W).8 - (U,,V,,W,) -8,
=U,V,W)-As+ (Ay,V,W)-S, + (U, Ay, W)-S, + (U,, Vi, Ayw) - S,. (41)
Apply the triangle inequality, together with the invariance of the Frobenius norm to matricization, to obtain
(U, V.W)-8 =X, < (U, VW) Ase + |Av Mi(S:)(V o W) |
+ Ay Ma(S) (U @ W) T || + || Aw M3 (S.) (U, @ Vi) ||,
< [UNVINWIHAs]F+ [[AvM(S) [V @ W
T [[Av Mo(S)FIU« @ W + [Aw M3(S,)[le|U. @ Vi
<A+ e’Aslr+ 1+ [AuSaalle + 1+ ) AvEaollr + |AwE.s]lF,

where the second inequality follows from (6e), and the last inequality follows from (13) and (36a). By
symmetry, one can permute the occurrence of Ay, Ay, Ay, Ag in the decomposition (41). For example,
invoking another viable decomposition of (U,V,W)-8 — X, as

(U,V.W)-8 - X, = (U, Ay, W)-8+ (U.V,,Aw) -8 + (U,V., W.) - As + (Ap, V., W.) - S.,
leads to the perturbation bound
(U, V.W)-8 = X,e < 1+’ [AvEoflf + (1 + ) [AwEaslr + (1 + )| As|lr + [|ArS. 1.

To complete the proof of (37a), we take an average of all viable bounds from 4! = 24 permutations to balance
their coeflicients as

3 1.
((1+6)3+(1+6)2+(1+6)+1):1+§€+62+163,

NG

thus we obtain
3 1
[(U,V,W)-8 - X,[|g < (1+*6+6 t1 E)[AUZsallr + [AVE. 2llf + [Aw S, sllF + [ Aslle).

The relation (37b) can be proved in a similar fashion; for the sake of brevity, we omit its proof.
Turning to (37c¢), apply the triangle inequality to (39) to obtain

U - U.lr < [[(Ay @ WIM(S)T |l + [|(Ve ® A )M (S) T + (V@ WI)Mi(As) [l (42)
To bound the first term, change the mode of matricization (see (12)) to arrive at

[(Av @ WIML(S) " [|¢ = 1L, Av, W) - Sl = Ay M2(S)(I, @ W) ||
<Ay Mo (S)IFW] < (1 + )| Av Ma(S4)[F,
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where the last inequality uses (36a). Similarly, the last two terms in (42) can be bounded as
[(Vi @ Aw)Mi(S) [ < |[AwMs(Sa)lle, and  [[(V @ W)Mi(As) [ < (1+6)[|As]r.
Plugging the above bounds back to (42), we have
|U — Ul < 1+ )| Av Ma(S)|IF + |AwMs (S|l + (1+ €)% As]lr.

Using a similar symmetrization trick as earlier, by permuting the occurrences of Ay, Ay, Ag in the decom-
position (39), we arrive at the final advertised bound (37c¢).

A.3 A useful reformulation of regularized GD

Here, we discuss the original regularized GD algorithm in [HWZ20] and detail how it is mapped to (30) when
using the same initialization as ScaledGD. To be exact, the algorithm in [HWZ20] uses an initialization

Fy = (To. Vo. Wo. 50) = (04{4Un. ol/AVo. olliWi. o

max max

[48y),

Hl aX

where (Up, Vo, Wy, 8p) is the initialization of ScaledGD, and omax = Omax(X4) for brevity. According
to [HWZ20], we set & = omax, 5 = a,ln/fx in (3) and obtain the update rule as
Goss =01 = 7[V £(F) + o DWTT U= 2]
Vi1 = {V L(F) + omaxVe(V,' Vi — 002 T, )}
Wi = W, — 71 [V £0F) + 0 Wi (W, Wi — 032 1.,)]
gtﬂ = gt - Wgﬁ(ﬁt)
By rescaling the factors as (so that Fj becomes the same initialization as ScaledGD)

F,= (o _1/4Ut; m;/4Vt7 _1/4Wt7 ﬁ{fxst)

de

we can equivalently rewrite the update rule as

Ui = Uy — ijoil2, [oma VU L(F,) + U (U U, - I,.,)]
Vil = Vi —ijopla [0 VVL(E) + Vi(V,TV, — I, )] :
Wi =W, — 5032 [0ma VwL(F) + Wi(W, W, — I.,)]
Sii1 =8 — 102 VsL(F).

max

Hence, by scaling the step size as n = ﬁofn/fx, we obtain the update rule (30).

B Proof for Tensor Factorization (Theorem 3)

We prove Theorem 3 via induction. Suppose that for some ¢ > 0, one has dist(F}, F,) < €0min(X ) for some
sufficiently small € whose size will be specified later in the proof. Our goal is to bound the scaled distance
from the ground truth to the next iterate, i.e. dist(Fi 1, Fy).

Since dist(Fy, Fy) < €omin(X4), Lemma 6 ensures that the optimal alignment matrices {Q x}r=1,23
between F; and F, exist. Therefore, in view of the definition of dist(F;yq, Fy), one has

dist*(Fip1, Fy) < |(Ut1Qe1 — Us)S *,1|||2: + [(Vis1Qr 2 — V*)E*,2|||2= +[[(Wies1Qr 3 — W*)E*,3||,2:

1 el e 2
+ || Qt,17Qt727Qt,§)'St+1 _S*HF' (43)

To avoid notational clutter, we denote F' := (U, V, W ,S8) with
U =UQ:,, V = ViQ: 2, W = WiQ: 3, S:=(Q;1,Q3,Q3) S, (44)
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and adopt the set of notation defined in (34) for the rest of the proof. Clearly, F is aligned with F;,.
We aim to establish the following bounds for the four terms in (43) as long as n < 1:

[(Uir1Qe1 — U)Zanllp < (1 —n)?|AuZ, 1|
— 2= (T, To+Tv+Tw)+0*|Tv+Tv +Twl
+ 2n(1 — n)C1edist?(F,, F,) + n*Cye dist? (F}, F.); (45a)
[(Vir1Qr2 — Vi) Zazllz < (1 - n)?(|AvE, 2|
— 27](1 — 77) <TV7TU +Tv + Tw> + 772 ||TU +Tv + Tw|||2:
+ 2n(1 — 1)Ciedist? (Fy, Fy) 4+ n>Coedist? (Fy, Fy); (45b)
[(Wer1Qus — W) Sasllz < (1-0)?|Aw S, 5]
— 277(1 — 77) <Tw,TU +Tv+ Tw> + ?72 ||TU +Tv+ Tw||,2:

+ 2n(1 — n)Ciedist? (Fy, Fy) 4+ n?Coedist? (Fy, F,); (45¢)
1ol e 2 2 2 2
1(@i. @2 Qid) - Suer — 8.7 < (1 - AsE — 02— 5n) (1Dl + 1DV + | D 2)
+ 2n(1 — 1)Ciedist®(Fy, Fy) 4+ n>Coedist® (Fy, F), (45d)

where C1,Cy > 1 are two universal constants. Suppose for the moment that the four bounds (45) hold. We
can then combine them all to deduce

dist®(Fii1, F) < (1= 0)° (1 A0Z.alf + |AvE. o} + [AwE.s]} + [As]?)

—1(2=50) 1Tw + Tv + Twl =02 =5 (I1DulF + 1Dy I + | Dw )
+ 2n(1 — n)Cedist®(Fy, F,) + n*Cedist®(F,, F,). (46)
Here C :=4(Cy V C3). As long as n < 2/5 and € < 0.2/C, one has
dist*(Fip1, F¥) < ((1 —n)* + 2n(1 — n)Ce + n*Ce) dist*(Fy, F.) < (1 — 0.7)* dist* (F;, F.),

and therefore we arrive at the conclusion that dist(Fiyq1, Fy) < (1 — 0.7n) dist(F;, Fy). In addition, the
relation (38) in Lemma 10 guarantees that ||(Uy, Vi, Wy) - Sy — X ||r < 3dist(Fy, Fy).

It then boils down to demonstrating the four bounds (45). Due to the symmetry among U,V and W,
we will focus on proving the bounds (45a) and (45d), omitting the proofs for the other two.

Proof of the bound (45a). Utilize the ScaledGD update rule (26) to write
(Up1Qir — U)S, 1 = (U — M (U, V,W)-S - X)) UWU )" - U*) >
=(1-nAyZ U, U -U,) UU'U) 'S, ,, (47)
where we use the decomposition of the mode-1 matricization
M (U V,W)-8—X,)=UM(S) (VW) —UM(S,)(V.oW,)T
= AgM(S)(VOW) + U, (Mi(S)(VaW) — Mi(S,)(V,oW,)")
AT LU -
Take the squared norm of both sides of the identity (47) to obtain
|U1Qur — US|z = (1= ) |AuSa s |2 - 2001 = 0) (ApSy, UL U - 0,) U0 T0)'5,,)

:2&1

+7? |UU - U)TOUTO) 'S,

ES10)

The following two claims bound the two terms ; and s, whose proofs can be found in Appendix B.1
and Appendix B.2, respectively.
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Claim 1. t > (T, Tv + Tv + Tw) — Credist*(F,, Fy).
Claim 2. 4, < | Ty + Tv + Twi + Coedist®(F,, F,).

We can combine the above two claims to obtain that

[(Ui1Qe1 — U)Zaallr < 1= n)?|AuSaallf — 2001 — ) (Tv, T+ Tv + Tw)
+ 02 | Tv +Tv + Twli + 2n(1 — n)Credist*(F;, F,) + n*Caedist? (F,, F,),

as long as n < 1. This proves the bound (45a).

Proof of the bound (45d). Again, we use the ScaledGD update rule (26) and the decomposition & =
As + S, to obtain

(Q;ll7 Qt_,217 Qt_g) * St+1 - S*
=S—qp((Uo)ytuT,(VV)TlVvI. WW)"'w ). (U,V,W)-S-X,) - S,
=(1-nAs—n(©C'O)'UT,V'V) 'V (WW)'WT). (U V,W)-S, - X,), (48)

where we used (6¢) in the last line. Expand the squared norm of both sides to reach

(@it Q. Qrd)-Sur — 8.2 = (1—n)?|As|?
— 21 —n){As, (UTO)"UT,(VIV)'VI (WTW)'WT) . (U, V,W)-S, - X,))
=6,
+? (OO U, (VTV) VT (WTW) W) (U, VW) S, — A7

=G,

We collect the bounds of the two relevant terms &1 and S5 in the following two claims, whose proofs
can be found in Appendix B.3 and Appendix B.4, respectively.

Claim 3. &, > |Dy||2 + |Dv |2 + | Dw||? — Credist®(F;, F).
Claim 4. &, <3 (| Dyl + || Dv |2 + || Dw|2) + Coedist®(F;, F.).
Take the bounds on &; and &, collectively to reach
_ _ _ 2
(@11, Qi Q) Sevr — Sul| < (1 —n)?[|AsllF — (2 = 5n) (| Dullf + 1Dy I + |1 Dwl[?)
+2n(1 — n)Credist? (Fy, F,) + n*Cae dist®(Fy, F.) (49)

as long as i < 1. This recovers the bound (45d).

B.1 Proof of Claim 1
Use the relation (39) to decompose 4l; as
= (U AZ,.,(U-U,)"UUU)'S,,)
= (U] AyZ, 1, Mi(8.)(Av @ W + V, @ Aw) UU'U)'=, 1)
=0,
+ (U A, 1, Mi(As)(VeW)TUUTU) 'S, ,).

=il 2

In what follows, we bound 4(; ; and il; 5 separately.
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Step 1: tackling the term i(; ;. We can further decompose &l; ; into the following four terms

1= (UT AU, 1, Mi(S)(Ay 0 W, + Vi © Aw) U, 1)

—m
e

+ <UIAUZ*71,M1(S*)(AV o W,)T (rj(rﬁrj)*lz*,l - t“f*z:;})>

—.g(P1
=477

where 4%, denotes the main term and the remaining ones are perturbation terms.

Utilizing the definition of U, in (34) and the relation (12), the main term Uy can be rewritten as an
inner product in the tensor space:

= (U ApMi(8,), Mi(8,) (AL V. @ I, + I, ® Ay, W,))
=(Tuv, Tv+Tw).

To control the other three perturbation terms, Lemma 10 turns out to be extremely useful. For instance,
the perturbation term illf% is bounded by

WP < [USAvS e [[MuSH Ay @ W) T [U@TO) T2, - U3
< V2(3€e + 3€% + €3)
- (1—¢)?

Here in the last inequality, we used the upper bound (36g) and changed the matricization mode to obtain

[AvZ1llel|Av s 2]lF

[Mi(S)(Av @ W) Tl = (L, Av, W,) - Sillr = [|Av Ma(84) (I, @ W) T || < [[Av S, ok
Similarly, the remaining two perturbation terms il}ff and ﬂ‘f:? obey

V2(3e + 3€% + €3)
(1—¢)?

€
€

2] < [AUE,1el|AwE, 3]k,

7 < ﬁHAUE*,IHFHAVz*QHF-

Step 2: tackling the term i(; . Now we move on to the term il; 5, which can be decomposed as

o= <U*TAUE*,17Ml(As)Ml(S*)TE:,D
+{(UT AU, Mi(As)(V, e W)T (OOT0) '8, - 0.511) )

—.q(P-1
_.11172

+{(UTAUS. 1, Mi(Bs) (Ve W -V, o W) TUUTD) 'S, )

—.q(P2
=475

=(UTAuS 1, Mi(As)M1(S) T 1) — (U] AuS, 1, Mi(As)Mi(As) TS, 1)+ + 4P
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= (U] AuS. 1, U T ApS, 1) + 405 + ub3 + up;
= | Tl + Uy + 4073 + 45 + (U ApS. 1, A AyS, 1),

—.q(P4
7'u1.2

where in the penultimate identity we have applied the identity (35) to replace M;(As)M1(S)". Again, by
Lemma 10, the perturbation term 5.1?21 is bounded by

2] < [UTAUS e [[M(As) (Ve @ W) T [lO@TO) 200 - U
V2(3e + 3% + €3)
<
- (1-¢?

In addition, the term ulfj is bounded by

[ArZ 1 |[FllAsllF-

P3| < U AuS, g IMi(AS)[F [V R W = V. o W, | |[UUTU) 'S, |
2€ + €2

< 22T
T (1-e)p

where we have used

sIAvE 1 lrl[AsllF,

[VOW -V, oW, || < V.o Aw| + Ay @ W,| + [[Ay @ Aw||
<lAawl| +lAv]+[Av][lAw] < 2¢+

Following similar arguments (i.e. repeatedly using Lemma 10), we can bound u‘f;” and P77 5 as

|47
|12

<||UI AuZiallf IMi(AS)[F [M1(As)TET]| < ellAvSaalellAslF
< U/ AvZiq|p |Av]AvEaillF < €| ApS. 7.

Step 3: putting the bound together. Combine these results on {; ; and 4 2 to see
h=Tuv, Tvo+Tv+Tw) Jrillf,
where the perturbation term $ := 7% | Llﬁ’i 3 ilﬁ)é obeys

1+v2(3 4 3¢+ €2)
=L
2+ e+ V2(3+ 3e+ €?)
(1—¢)?
Using the Cauchy—Schwarz inequality, we can further simplify it as [Uf]| < Cye dist?(F}, F,) for some universal
constant Cy > 1.

V2(3 + 3¢ + €2)
(1—¢)?

I Ase)- (50)

Ay, 2|lF +

] < el AvS.le(lAvS., |AwS. sl

+(1+

B.2 Proof of Claim 2

Note that
= (U -U)OUT0)'S, |
<O - U)TUE L[ Baa@T0) 18,4
< ||(U U, TUZ %Hi(l — )12 (51)

)
where the last relation arises from the bound (36h) in Lemma 10. We can then use the decomposition (39)
to obtain

|@ 0D, = |[(MiSI(AY @ W + Vo @ Aw)T + Mi(As)(V @ W)T)(V & W)M(S) =01
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< [[Mi(S0) (AVVe @ Iy + 1, @ Ay W) My(8,) TS ] + Mi(As) My (S) 'S 1|,

7.uln
+ [ Mi(S) (AVV @ WTW — ALV, @ I,) My(S,) TS, 1]

e
+ [ Mi(S) (VI V@ AW — T, @ Ay W,) My(8,) TS 1]
e
+ M8 (A V@ WTW + VTV @ A, W) Mi(As) 21|
=453
+ [ Mi(As) (VIVeWTW -1, © L,) My(8) "2 .-
=B

Here, {3* is the main term while the remaining four are perturbation terms. Use the relation (35) again to
replace M1(Ag)M;1(S)T in the main term YT and see

p = [(MiSHATVL O Iy + L, © AL W) + UT AuMi(5.) ) Mai(S0) T2 |

< MUS)AVVL @ Iy + I, @ AR W) + U Ap My (S| IMi(S)TZL
=[Tov+Tv+Twl,

where the last equality uses H./\/ll(S*)TZ*_&H = 1. The perturbation terms are bounded by

U < (140 =Dl AvE, 2lF;

U2 < ((1+e - D|AwE,,

U4p? < (1+€)3HAV§3*2||F+6(1+6) [Aw . 3lF;
W< M+ =D+ o] As]e.

They follow from similar calculations as those in bounding ; with the aid of Lemma 10; hence we omit the
details for brevity. Combine these results to see

H(Ij — fL)TﬁEQjHF <\ Tv+Tv+Twle +L[S,
with 45 := Z?zl 4B obeying
P<(+ o' —DIAvZallr+ (1 +6° = DI[AwSslle + (L4 6)* —1)(1+ )| Asllr
5 e(lAVE, ollf + [[AwE, sllF + [[AslF) < edist(F;, Fy).
Next take the square to obtain
VI 112
(U -U)OS e <1 Tv+Tv+Twli+ 208 | Tv + Ty + Twlle + (LU5)2
Finally plug this back into (51) to conclude
U <(1—e 2 |Tu+Tv+Twlf+20 - 2B [Ty + Tv + Twlle + (1 — ) 72(85)?
<NTo+Tv+Twli+ (1= 2= 1) (|ArZaalr + |AVE,, AW, 5]lF)?
+2(1—6) U (|ArZaallr + |AvEe ol + [[Aw S slle) + (1 — )72 (U)?
< Tv+Tv+ TW||§ + Chedist?®(Fy, F,),

for some universal constant C, > 1. Here in the second inequality, we use the fact that | Ty || < [[AuE.a]lF,
1Tve < [|[AvE,2|lF, and | Twlg < ||[AwX, 3||F. This finishes the proof of the claim.
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B.3 Proof of Claim 3

Use the decomposition
(U7 Va W) . S* - X* = (AU, V7 W) 'S* + (U*a Av, W) 'S* + (U*7 ‘/*7 AW) '8* (52)
to rewrite & as

& ={As,(U'U)'U Ay, I, 1,,)- S.)+{As, (UU)'UU,(VTV)'VTAy, I,) - S,)

=611 =612
+{As,(UTU)"'UTU,(VTV)" VTV, (WW)'WTAy)-S,).

=63

Step 1: tackling the term &;;. Translating the inner product from the tensor space to the matrix
space via the mode-1 matricization yields

Si11= <M1(A$)a (UTU)ilUTAUMl(S*»
= (Mi(As), UTU)'UTAgMi(S)) — (M1(As), UTU)'UT ApMi(As)).

m

Again, the identity (35) is helpful in characterizing the main term &7:
&7, = (UTAGS2 ,(UTU) 'UTAY) = |[UTU) VPUT AGE, |2
The perturbation term &Y ; is bounded by
SY 1| < [IMi(As) e [UUTU) ] Al Mi(As)llF < e(1 — )| As][?,

which follows directly from Lemma 10.

Step 2: tackling the term &; 3. Following the same recipe as above, we can apply the mode-2 matri-
cization to &1 2 to see

G12 = (Ma(As),(VTV)'VTAyMy(S,) (U UUTU) ' ® I,))

)

= (M2(As), VTV)'VTAy M;,(S)) — (M2(As), VTV) 'V Ay Ma(As))

=67, =:Gr1’j
+ (Ma(As), (VITV)T'VTAy Mo(S,) (UJUUTU) - 1,,) 9 I,,)) .

=6

(S

=T

2
,2
In view of the relation (35), we can rewrite the main term &’y as
m — 2
1,2 — ||(VTV) UQVTAVE*QHF-
In addition, for the perturbation terms, Lemma 10 allows us to obtain
672] < [M2(As)F [VIVIV) T IAV][IM2(As)llF < e(1 — )7 As?.
Moreover, we can write U UU'U)™ ' - I, =U,] (UU"U)"! - U,), and bound 6?:3 as

163 < IM2(ASElV(VTV) Ay Mo(S)ElUNUUTU) ™ = U
< V2e(1—e) ?|As|rl|AvE.llF.
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Step 3: tackling the term &; 3. Similar to before, we rewrite &1 3 by applying the mode-3 matricization
as

G135 = (M3(As), WW)'WTAyM;(S,) (UJUU U)oV, V(VTV)))
= (Ms(As), WTW) "W T Ay Ms(S)) — (M3(As), (W W) 'WT Ay Ms(As))

—Gm _.gpb!
1,3 =613

+ (M3(As), W W)'WTAyMs(S,) (UJUUTU) ' oV, VIVIV) ' -1, 1,)).

=673
The main term obeys (thanks again to the identity (35))
&Py = |[(WTW) 2w T AR S, 42
As the same time, the perturbation term (‘55’?1, can be bounded by
6751 < [IMs(As)|F [WWTW) 7! [ Aw [ [Ms(As)lF < e(1 - o) H|As]E
Similarly, we have

&3] < IMs(As) W (W TW) T Aw My (Sl [UTUUTU) o VIV(IVTIV) T - 1L, 9 1|
<V2e((L =)+ (1= ) |Aslrl Aw S slr,

where we use the decomposition
vlvuv'u)ytev,'viviv)yTl -1, oI,
=UJOoU'U)'-U)eV, VIVIV) 4L, oV, (VIVTV)L-V,)
and its immediate consequence

[vJvwo) eV, VIVIV)T - I, o L, |
<|Jv@w o) U I[VIVTV) T+ [VIVTV) T = V|| < V2e(1 — €)% + V2e(1 — )"

Step 4: putting all pieces together. Denote G} as the sum of the perturbation terms in &;. Combine
results of &1,1,81,2,61,3 to see

& = |UTU) VPUT AL+ |[(VIV) V2V A S |2 + [WTW) V2W T A S, 52 + 61,

where the perturbation term &Y obeys
S} < el Aslle (V201 = 2 AvEaale + V2(1 = )2+ (1= ) |AwSasllr + 301 — ) Aslle) -
It is straightforward to check that |&q ,| < Cie dist2(Ft, F,) for some absolute constant C > 1.

B.4 Proof of Claim 4
Reuse the decomposition (52) and the elementary inequality (a + b+ ¢)? < 3(a® + b + ¢?) to obtain
& <3|(v'v)y'v'Ay, I, 1,,) -s*||i +3(v'u)'uu., (VTV)*IVTAV,Irg).s*yﬁ
=621 =622
+3(UTU) UL, (VIV) VTV, (WTW) W T A - S, |2

:262,3
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Apply the mode-1 matricization and Lemma 10 to G2 ; to see
&2 = |(UTU)'UT AGM (S|}
< [T |OTU)PUT ArM(S)f
<(1- 02UV U AL
Similarly, apply the mode-2 (resp. mode-3) matricization to Gg o (resp. Sa3) to see
G2 = |[(VTV) 'WTA M(S,) (UJUUTU) o 1)
<(VTV)T(VTV) T2V T Ay Mo (S [ lU @ TO) 2
<1 (VTV) VT AVE. |}
and
Sas = |[(WTW) ' WT AW Ms(S,) (U UUTU) oV, V(VTV) !
< W)W TW) 2 W T Ap Ms(S,) | IUUTU) PV (VTV) 2
< (10 W T W T A,
Combine the bounds on &3 1,632,633 to write &, as
G, <3(1— o 2|(UTU) 2PUTAGS, 1|2 +3(1— 0 H|(VTV)V2VT AL S, o2
+3(1— ) | (WTW) 2w T AR S, 4|2

By symmetry, one can permute Ay, Ay, Ay, and take the average to balance their coefficients and reach
the conclusion that

& <3 (|UTU)PUTAUS Ay + [(VIV) VT AV o[+ |(WTW) W T AW, o) + &5,

where the perturbation term &5 obeys

S < (-9 + 1=+ (16" =3) (|AvSaalf + [AvE. 2] + [AwE, 5]7) -

A bit simplification yields &5 < Cqe dist? (Fy, Fy).

C Proof for Tensor Completion

This section is devoted to the proofs of claims related to tensor completion. To begin with, we state a
perturbation bound that will be repeatedly used throughout this section.

Lemma 11. Suppose that X, is p-incoherent, and F = (U, V, W ,8) satisfies dist(F, F,) < €omin(Xx)
for e < 1 and the incoherence condition (29). Then one has the following perturbation bounds regarding the
U300 mOTM

\/nianMl(S)HZoo <(1- 6)_203\//7‘%030((‘*'*)3 (53a)
VIL|[UM(8,)]l2,00 = VAL lUZs 12,00 < (1= €) 2 Cy/iromax (X.); (53b)
VATl 00 < (1 - Cpry. (53¢)

By symmetry, a corresponding set of bounds hold for V| V and W, w.

Proof. For (53a), we have

[UM(S)||2,00 = [UTT (VIVTV) Lo WWTW) )

HQ,oo
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<NUU oo [[VIVTV) | W (W TW) |
<UUT|l2,00(1 — €)72,

where the first line uses (40), the second line follows from ||AB||2,00 < ||All2,00|/B]|, and the last inequality
uses (36¢). This combined with condition (29) leads to the declared bound.
Similarly for (53b), we have

U llo0 = [UTTO@TO) ' 204,
< NOU o [O@T0) 50

SNUU T lz,00(1 =€),

where the last line follows from (36f).
Finally, observe that

IUZ, 1]l2,00 > U]l2,000min (Zsx,1) > [|U|2,000min (X x)-

Combining the above inequality with (53b), we reach the bound (53c). O

C.1 Proof of Lemma 2

A crucial operation, which aims to preserve the desirable incoherence property with respect to the scaled
distance, is the scaled projection F = Pg(Fy) defined in (19). For the purpose of understanding, it is
instructive to view F' as the solution to the following optimization problems:

U = argrnln H U -Uy,) UI s.t. \/n1||Ulv]IH2,OO < B,

[

V = argmm H vV -V,) VJHF s.t. < B, (54)

W = argmln H (W —-Ww,) W_I s.t. \/n3||WVVVI||2,OO <B.

Ie

The remaining proof follows similar arguments as [TMC20]. To begin, we collect a useful claim as follows.
Claim 5 ( [TMC20, Claim 5]). For vectors u,u, € R™ and X > ||u||2/]|u|l2, it holds that

[AAN© = w2 < flu = ufa.

Proof of the non-expansive property. We begin with proving the non-expansive property. Denote the
optimal alignment matrices between Fy and F as {Q+ i }x=1,2,3, whose existence is guaranteed by Lemma 6.
Assume for now (which shall be established at the end of the proof) that for any 1 < ¢; < ny, we have

B U (i, )% [

7T~ . : 55
VU G, UL, ~ U430, 9@ 12 (55)

This taken together with Claim 5 immediately implies

(U (i1, )Q+ 1Zun — Uslin, ) B, < U (i, ) Q1 1Bt — Ulin, )1 ||, 1 <4 <nyq,
= [[UQ1 —U)Zale < (U1 Q41 = U )Zsa -

Repeating similar arguments for the other two factors, we obtain

1(VQy2 — V*)E*,zHF < |(ViQy 2 — V*)E*,QHF, |(WQ4 5 — W*)E*,3||F < || W Q45— W*)2*73||F.

Combining the above bounds, we have

dist*(F, F,) < [(UQ41 — U)Zaallf + [(VQy 2 — Vi) T o7
_ _ _ 2 .
+[[(WQ4 5 — W*)E*,Sni + ||(Q+,117 Q+,12a Q+,13) S - S*HF = dist*(F, F,).
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Proof of the incoherence condition. Turning to the incoherence condition, it follows that for any
1 S il S ny,

OG0T = 5" S (Ui, ) Mi(S), V(ia,2) @ Wiz, )

ia=1i3=1

© i, o, iz, 1))? B 2 B 2
= 2 2 (Ul Mi(8), Vi lian) © Wi (i) <M %IIW(Z’z#)‘Tz) <M \/n*3||w+<i37:>v“v1||2>

< | (U iy, )M(S), Vi (in,2) @ W (i3, )

( B
= 1A -
ip=11i3=1 \/771||U+(1173

)(}'T” ) <U+(i1,:)M1(8+),V+(7:271>®W+(i3,:)>2
+ 112

B
=|1A
( \/"TlHU-i-(il’:

Here, (i) and (iii) follow from the definition of the scaled projection (19), (ii) and (iv) follow from the basic
relations a Ab < a and a A b < b. By symmetry, one has

2
. o 2 (iv) B2
) s 2
+

ni

VIT|UU 2,00 V V2| VV T 200 V /5 [ WW T 2,00 < B.

The proof is then finished once we prove inequality (55).

Proof of the relation (55). Under the condition dist(Fy, F,) < €0min(Xy), invoke (36a) in Lemma 10
on the factor quadruple (U+Q+)1, ViQi 2, WiQ4 3, (Q;ll, er,l% Q;,l3) . S+) to see

— — — T «—
IViQuall VIWAQuall v [ Mi (@71, Q7% @7%) - 84) " =2

<1+

which further implies that

10 Q1= < Va2l Wi Qs sll [ M1 ((@74,Q75,@74)-84) =7

’ <(1+e3  (56)
For any 1 <4; < nq, one has
U (ix, 5)IjI||2 < U4 (i1,)Q+ 13w 1l ||17+QI,T12:&||
S HU+(Z'1, :)Q+,12*,1||2 (1 + 6)37

where the second line follows from the bound (56). In addition, the incoherence assumption of X, (15)
implies that

VLU (i1, ) S, < VAU i1 [ S| € VEToman (2) < BA+ 0%,

where the last inequality follows from the choice of B. Take the above two relations collectively to reach the
advertised bound (55).

C.2 Concentration bounds
We gather several useful concentration bounds regarding the partial observation operator Pq(-).

Lemma 12. Suppose that X, is p-incoherent, and Q satisfies the Bernoulli observation model in (17) with
pninang = prinlogn. With overwhelming probability, one has

_ 2r2nlogn
((p"Pa—T)(Xa), X5)| < Cry| 220 | x4 6| X I

pninang
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simultaneously for all tensors X 4, X g € R™M*"2X"s 4n the form of

XA = (UAa ‘/*a W*) ‘ SA,l + (U*7 VAa W*) 'SA,Q + (U*v ‘/;7 WA) 'SA,?M
Xp=(Ug,V,,W,):- 81+ (U, Vg, W,) - Spo+ (U,,V,,Wg) - Sp3,

where Uy, Up € RM*™ V4, Vg € R™*"2, Wy, Wi € R™*"™ and Sk, Spir € RMX"X" are arbitrary
factors, and Cp > 0 is some universal constant.

Lemma 13 ( [CLPC19, Lemma D.2|). Suppose that Q satisfies the Bernoulli observation model in (17),
then for any fired X € R™*"2X"s yith overwhelming probability, one has

1 < 1.3 170 T
7P =~ D)) < O (7 108" ll Xl + Voo n e M)z )

where Cy > 0 is some universal constant.

Lemma 14. Suppose that Q satisfies the Bernoulli observation model in (17). Then with overwhelming
probability, one has

[((p™"Pa = I)((Ua,Va,Wa)-84),([Up, Vs, Wg)-8p)| < Cy (p_l log®n + /p~'nlog’ n> n,

stmultaneously for all tensors (Ua, Vo, Wa)-8a and (Up, Vg, Wg)-8Sg, where the quantity I obeys

N <(|UsAM1(84)l|2,00[[UBM1(SB)lF ANJUAM: (S 4)[[e|[UM1(SB)]l2,00)
(IVall2,oe I VBIIE A VAllEI VBI2,00) (IWall2,00 [WIE A [Walle[Wall2,00) -

By symmetry, the above bound continues to hold if we permute the occurrences of U, V', and W.

C.2.1 Proof of Lemma 12

This lemma is essentially [YZ16, Lemma 5] under the Bernoulli observation model. Here, we provide a
simpler proof based on the matrix Bernstein inequality. Let £;, ;, ;, be the tensor with only the (i1, i2, 3)-th
entry as 1 and all the other entries as 0, and let J;, 4, ;, ~ Bernoulli(p) be an i.i.d. Bernoulli random variable
for 1 < iy < nyg, k=1,2,3. Define an operator Py : RM1*72Xn3 |, RM1XN2XN3 ag

Pr(X)=(I,,V,V,! WWwW)).x+UU/ I, -V.V. WW[).x+UU' V,V,' I,, - W, W, ). X.
It is straightforward to verify that Pr(-) defines a projection, and that

XAa=Ua,Vi,W,) Sa1+ U, Va, W, ) Suo+ (Ui, V,, Wa)-Sas
=Pr(Ua, Vi, W,)-Sa1) + Pr((Us, Va4, W,)-Sa2) + Pr((Us, Vi, Wa) -S4 3)

=Pr(Xa) = Y (Pr(Xa),Eiyinis)Eivinis = O (XA, Pr(Eiyiniy))Einin i

11,%2,13 91,12,13

A similar expression holds for X 5. Hence, we have

@ ™'"Pa—D)(Xa), Xp)| = | D (07 0irinis — 1) (X, Pr(Eiyinis)) (X, Pr(Eiyinia)

11,12,13

= |(vec(®a), D (07 0issiasis — 1) vee (Pr(Ei iiy)) vee (Pr(Ein iaiy)) | vee(X ) )

11,12,13

IN

”XA”FHXB”F Z (p_l(sil,iz,is - 1) vec (,PT(Sil,iz,iB.)) vec (PT(gil,iz,is))T

i1,12,13
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Therefore it suffices to bound the last term in the above inequality, which we resort to the matrix Bernstein
inequality: with overwhelming probability, one has

2,2 2.2
_1 T wrenlogn wr?nlogn
S —1 Pr(E: - Pr(E: . - < 57
il§i3(p 11,12,13 )Vec( T( l1,12,z3))vec( T( 741’7/2,713)) N( pninans +\/pn17> ( )
< w?r?nlogn
~ pningng

where the second line holds as long as pninsnz > p?r?nlogn. Plugging the above bound (which will be
proved at the end of the proof) in the previous one, we immediately arrive at the desired result:

u2r2nlogn

pninang

{((p7'Pa—T)(Xa), X)| S [ X allel|X B]lF-

Proof of (57). By standard matrix Bernstein inequality, we have

> (P sy — 1) vec (Pr(Ei iy i,)) vee (Pr(Eiy iniy)) ||| S Blogn + 0+/logn,

11,12,13
where

B = 1nax (pil(sil-,ifz-,is - 1) vec (PT(gil,iQ,i3)) vec (PT(gi17i2,i3))T

21,22,13

ot = Y B 000 — 1) vec (Pr(Eiyigis)) vee (Pr(Eiyinis)) | vee (Pr(Ei izia)) vee (Pr(Eiyiais)) |
e Here, B obeys

B = max
21,22,3

(P "0y igsi5 — 1) vee (Pr(&iy g iy)) veC (PT(gz‘l,iz,ig))TH <p~' max [|Pr(Eirizis)l7

11,12,13

where the last inequality uses |(p™1d;, 4,55 — 1)] < p~!. To proceed, first notice that the three terms in
Pr(&i, is,i5) are mutually orthogonal, which allows

1Pr(Eiv i) F = (| By ViVT W W) - €4y il + IO Ly = VIV W) €0
+|UUT VLV, Ly = WaW]) €|
Since Uy, V,, W, have orthonormal columns, it is straightforward to see
(L, ViVT W W) Eiii | = I G I3 [V G, VAT [ [ Wi, ) W

< VAL, o0 I W3, 00

| Ly = VYT WW) - € p = UG )UT |5 [[[Fas = ViV G [ Wi )W
< NUZ o0 Wl3 oo

(U VLV Ly = WaW) - Eip ¢ = U0 00T | [ Vil )V [ [ 2y = WaWT] (o)
< U3 00 Vil -

Finally use the definition of incoherence (cf. Definition 2) to conclude

— 3u2r2n
B <p (Va3 o IWill3 00 + 103 00 IWill3 oo + U3 0 1 Vill3 ) < ———
pninang
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e In addition, o2 obeys

2,.2
_ 2 T 3ucrn
o*<p 11.11[%33?3 IPr(Eiy iz i) i Ei i vec (Pr(€iyiyis)) vee (Pr(€iyiyis)) || < p——
1,¢2,t3

where we have used the variational representation to conclude

Z vec (PT(gi1,i2,i3)) vec (IPT(gihiz,is))T = sup Z <‘%a PT(gi17i27i3)>2

i1,i2,i3 X X|F<14y,in,i5

Csup [[Pr(X)[E < 1.
#:) X <1

Plugging the expressions of B and o leads to the advertised bound (57).

C.2.2 Proof of Lemma 14

This lemma generalizes [CL19, Lemma 8] to the tensor setting, which is a powerful tool in the analysis of
matrix completion [CLL20,TMC20]. We begin by decomposing (U, V4, W4) -S4 into a sum of rors rank-1
tensors:

T2 T3

(UAaVA>WA)'SA = Z Z(uaz,amvaz’waS)'L

a2:1 a3:1

where we denote the column vectors ug, o, = [UaM1(S4)](:, (rs — )ag + as), vq, = Va(:,a2), and w,, =
W4 (:, a3) for notational convenience. Similarly, we can decompose (Ug, Vg, Wg)-Sp as

T2 73

(U37V37W3)°SB = Z Z(ubmbsvvbng%)'l?

ba=1b3=1

with wy, by, Vs, and wy, defined analogously. We further denote J € R"1*"2X"3 a5 the tensor with all-one
entries, i.e. J(i1,12,13) = 1 for all 1 < i < ng, k = 1,2,3. With these preparation in hand, by the triangle
inequality we have

|<(P71PQ *I)((UAa VA, WA) 'SA)7 (UBa VB) WB) ¢ SB>|

T2 T3
Z Z ’<(p_1PQ - I)((uazﬂsavaszas) : 1)’ (ubz,bsavbw wbs) ° 1>‘

az,ba=1as,b3=1

T2 T3
Z Z |<(P71Psz —INT), (Way,a5 @ Wby by, Vay © Vpy, Way O Why) * 1>|

az,b2=1a3,bz=1

IN

T2 73
Yo 2 N7 Pa = DI [ tazas © by b ll2l1vay © b, ll2llway © w2

az,ba=1asz,bz=1

= (™' Pa )TN,

IN

where ® denotes the Hadamard (entrywise) product, and

72 73

N = Z Z ||ua2,a3 © ub27b3||2||va2 © Ub2||2Hwa3 © wb3||2'

az,b2=1az,bz=1

Therefore, it boils down to controlling ||(p~*Pq — Z)(J)|| and N.
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e Regarding ||(p~'Pq — I)(J)||, Lemma 13 tells that, with overwhelming probability, it is bounded by

Kplixz—czxcr><:cxr(pllog3n-+\/plnlog5n>,

where we use the fact || T || = 1 and maxg—1.23 [ Mk(T) " [2.00 < V7.

e Turning to M, applying the Cauchy-Schwarz inequality we have

ro T3 T2 T3
Nn< Z Z ||'u’a27a3 © ub27b3||% Z ||Ua2 © vbz”% Z ||wa3 © biH%
az,ba=1as,bg=1 ag,ba=1 az,bz=1

ni

= | D UG, YIMU(S 2B U (i1, ) M (S )13

i1=1

D IValio, BN Va3, | D IWalis, ) 3IWs (s, )13

in=1 is=1
(ITUsAM1(S 2)ll2,00 [UsM1(SB)[f A [UAM (S 4) U M1 (SB)||2,00)
(IVall2ooIVEIIE AIVAllFIVEl2,00) (IWall2,00 [WE e A lIWalle[Wa|l2,00)-

IN

The proof is complete by combining the above two bounds.

C.3 Proof of spectral initialization (Lemma 1)
In view of Lemma 8, we start by relating dist(F, Fy) to |[(Us, Vi, W) -S4 — X, ||F as
dist(Fy, F.) < (V2412 |(Uy, Vi, W) -84 = X, g .

With this bound in mind, it suffices to control ||(U4, Vi, W+) S+ — X, |- To proceed, define Py := U, U/
as the prOJectlon matrix onto the column space of Uy, P, U = I,, — Py as its orthogonal complement, and
define Py, P+, Py, Py analogously. We have the decomposition

X, = (Py,Py,Pw)- X, + (Pg, Py, P)- X, + (I,, Py, Pw) - X + (In,, I, Pip) - X
Expand the following squared norm and use that the four terms are mutually orthogonal to see

(U, Vi, W) -8y — X,]I;

= ||(Py, Py, Pw) -(p'Y — X.) — (Pg, Py, Pw) - X — (In,, P, Poy) - X — (I, I, Piy) - X, |2
= ([P, Py, o) - (07" Y = X.) |7 + | (P Py P ) 2|+ || (B P P )= X [[E o+ || (D B, P - X
< [Py, P, Pi) (0710 = X |F + | PEMU(X) |+ (| PEMa(X.) | + | Pib Ma(X.)] - (58)

We next control the terms in (58) one by one.

e For the first term in (58), since (Py, Py, Py ) -(p~'Y — X,) has a multilinear rank of at most 7, applying
the relation (7) leads to

|(Py, Py, Pw)-(p7'Y = X.)||c <r||(Py, Py, Pw)-(p7'Y = X,)|| <rl|(p”'Pa—I)(X,)|.

Therefore, it comes down to control H(p_l’PQ -I)(X *)H Lemma 13 tells that, with overwhelming prob-
ability, one has

7P = D) £ (57 g 2+ /o o0 e M40
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w3232 10g® n p2r2nlog® n
S + Omax(X+),
py/minang pninang
where the second line follows from the following relations in view of the incoherence property of X,
(cf. Definition 2):

1373
X* o0 S max X* S max X*
121 < () NE RN
- rre
[Mi1(X) " 2,00 < UMLU(S)[[[Vie @ Will2,00 < Tmax(X) p—
. 11272
IM2(X.) 2,00 < [VMAS )T ® Willz,00 < Omax(Xi)y [
T pr?
IM3(X.) " ll2.00 < [WaMs(SONNIUx @ Villz,00 < Omax(Xu)y [ =
In total, the first term in (58) is bounded by
2

3/2p5/2 5 1og® n p2rik2nlog® n
Py, Py, Py)-(07' Y- x)|F < | £ 2 n(X).
||( U, Lv, W) (p y )HFN p\/m + pnanans Umln( )

For the second term in (58), first bound it by the spectral norm as
1P M) ¢ < || PrULSE UT Pyl
Denote G := Pefr_diag(p M1 (Y)M1(¥)7), and G, := U, X2 ,U,. By the triangle inequality, we obtain

| Py G.Py|| < ||P7 (G- G.) Py |+ ||PrGPy|| <G - G| + 07,41 (G)
<G = Gl +0r,41 (Go) + |G = G| = 2[|G = G,

where the second line follows from Weyl’s inequality and that G, has rank 7. Then invoke [CLCT21,

Lemma 1] to see
urlogn prnlogn — pr\
G -G, < — i (Xs)-
| A= (P\/W * \ prinang * n ) Tmax(¥)

Combining the above relations, the second term in (58) is bounded by

2,2 3,4 2,2

r*k*logn r3kinlogn r°K

[PEM(x)|2 S (2 AL gn & o2 (X,).
by/ninang pninansg n

The third and fourth terms in (58) can be bounded similarly.

Under the conditions pur?k? < n and

pningng 2 €, 2 3/2 2 (\/F\/n)«/nlngngloggn+604u2r4/<;4n10g n,

with overwhelming probability, we conclude that

dist(Fy, Fi) < (V2+1)%2 Uy, Vi, W) - Sy — Xolp < €00min(X.).
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C.4 Proof of local convergence (Lemma 3)

Define the event £ as the intersection of the events that Lemmas 12 and 14 hold, which happens with
overwhelming probability. The rest of the proof is then performed under the event that £ holds.

Given that dist(F3, Fy) < €0min(X«), the conclusion |[(U, Vi, Wy) - S, — Xy||r < 3dist(Fy, F) follows
from the relation (38) in Lemma 10. Again, we will reuse the notations in (44) and (34). By the definition
of dist(Fyy, Fy), where Fiy is the update before projection, one has

dist®(Fiq, F.) < |(UpQe1 — U*)E*JH?: + [(Vig Qt,2 — V*)E*,2||i + [(Wir Q13 — W*)E*:,Hi
_ _ _ 2
+ H(Qt,llﬁQth’Qt,?})'StJr _S*HF- (59)

In the sequel, we shall bound each square on the right hand side of equation (59) separately. After a long
journey of computation, the final result is

dist*(Fry, F2) < (1= )2 (180 Zualf + AVl + [Aw S sl7 + | Asl?)
—0(2=50) |1 Tv + Tv + Twl =02 —5n) (1Du I} + IDv I} + | Dw )
+2n(1 — 1)C(e + 6 + 6%) dist® (F}, F,) +n°Cl(e + § + 62) dist?(F}, F), (60)

where C' > 1 is some universal constant, and § is defined as

[ 2r2nl [ 3,4
0 :=Crp e L Cy <p_1 log® n 4+ /p~tnlog® n) LC%KP. (61)
pninzng ningng

Under the condition
pninang 2 p3/2r2n3\/n1n2n3 log® n + wirietn log® n,

0 is a sufficiently small constant. As long as n < 2/5 and € is small, one has dist(F, Fy) < (1 —
0.6n) dist(F}, F,). Finally Lemma 2 implies dist(Fy ,, Fy) < dist*(Fp, F,) < (1 — 0.6n) dist(F}, F,) and
the incoherence condition.

It then boils down to expanding and bounding the four terms in (59). As before, we omit the control of
the terms pertaining to V' and W.
C.4.1 Bounding the term related to U

The first term in (59) is related to

(U1 Qin — U )Z 1 = (U — My (p” ' Pa((U,V,W)-S-X,))UU'U)" - U*)EM
= (1 - W)AUE*,l - nU*(tj - ﬁ*)Tﬁ(ﬁTﬁ)712*7l
— M1 ((p7'Pa —I)((U,V.W)-S - X)) UUU) 'S, 1.

Take the squared norm of both sides to reach

|(Uis Q1 — U)X 1

. 9 oo . 2
|2: - H(l — n)AUE*J —nU(U — U*)TU(UTU)_lz*’l ‘F

=By
— (1= 1) (AuB.0 My (07 Pa - D(U.V.W)-8 - X)) UOTO) 2. )

::&BI{}'I
+ o2 <U*([7' —U)TUOTO) 8,0, My (p P — T)(U, V, W) -8 — X)) t“f(fJTfJ)—lz*,l>

—_.mP:2
=Py
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o U o 2
o HM1 (r~'Po - T)(U,V,W)-S - X)) UUTU)'S, , ‘

::‘135’3

As before, the main term 7} has been handled in the tensor factorization problem in Section B; see (47)
and the bound (45a). Hence we shall focus on the perturbation terms.

Step 1: bounding the term ‘B%’l. First, rewrite ‘,)3%1 as the inner product in the tensor space:
Py = (A2, (OTO) LV, W) S, (07 Pa — (U, V, W) § - X.)).
Apply the decomposition

(U,V.W)-8 - X, = (U, Ay, W)-S+(U.V,,Aw) -8 + (U,V., W.)- 8 — (U,, V., W.) - 8.,
= U, Ay,W)- 8+ (U,V,,Awy)-S+ (U, V,,W,)-As + (Ay, Vi, W,) - S, (62)

to further expand r&,l as

Po' = (A2, (0T0) " Vi, WL) -8, (07 Po ~ T) (U, Vi, Wa) - As + (Au, Vi, W) - S.) )

::m%l,l
(AUEEJ([VJT[UJ)*I? Ay, W)
+
_|_

-S
o T 7(}7_17)9_1) ((U,‘/*,W*)'S—(U*,‘/*7W*)'S*)>
(av=2, @0 Vi A )-8

_.mp,1,2
=P

+((Av=2,(OT0) VW) -8, (07 Po —T) (U, Ay, W)+ S+ (U, V., Aw) - S)) .

::‘135,’1’3
We shall bound each term in the sequel.
e For the first term ‘/131(}’1’1, we resort to Lemma 12, which leads to

w2r2nlogn

By < Cr
pninans

|(av=2, @70 VW) -S| UV W) - As + (A0 Ve W) - Sl
Further use (361) to bound that

|(avm2, @0y V) - 8| = |avs2, 070 s (e W T

< NACE.lr [Soa @70 M(S)|
< AuZallr(l—e)~?

and that

(U, Vi, W,) - Aslp < [UM(As)[[F < (1+ €| As|lr;
1(Av, Vi, W) - Sille < [AuZs 1 ]e

Combine the preceding bounds to see

1, wrinlogn ||Au X, lr
951 < oy [T RIS Rle Ay e+ (4 Ol Asl).
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e For the second term %%1’2

B2 < O (gt n o tnto?n) 802, @T0) ()|, (I0AMLS )l + 0. M1(S) )

(IAVI[EW e + [[VillelAw lIE) [ Vill2,00 [ Wil 2,00-

, our main hammer is Lemma 14, which implies

Use results in Lemma 11, together with the bounds

HAVE*Q”F < HAVE*QHF_ M
Umin(E*Q) B Omi“(X*) ’ O'min(X*) ,
Wle < Vrs|WI < Vrs(1+e); IValle = v/ro;

r r
SOl < /o rma(X): [ Villze < /25
ni n2
to arrive at the conclusion that

1,2 ~17..3 _ 5 AU, 1|F -2 Hmr
By < Oy (p log”n +1/p~'nlog n) W(( €)*Cp +1) nl”max(X*)
Ay, |AWE*3||F> [pr [ pr
—_— 7
( Umin(X*) \f( ) \[ mln ns
[ 5 3pd (1—6)_203+1
_ 11503 ~15 100" ner
Cy <p og”n+1\/p~inlog®n P e K

[ArE [l (14 6)[[AvEasle + |AwZ sllF) -

1Avle < lAaw (e <

UM (84)l2,00 < U

e Repeat similar arguments, we can obtain the bound on ‘B%LB:

B < O (5 tog ot o tnog”n ) [0S, @TO) M), IUMS) e

V12,00 [ W]l2,00 (|AVIF|W |IF + I VillF| Aw||F)

ApX C ur
< _11 3 -1nl > ” v 21l B —— Omax X,
< Y(p og'n+/pnlog'n (I—e)p (1—e)? nlo (&)
Cpr  [ur Cpk  [ur ([|AyZE, o |[Aw X, 3|
A - A 4 - = 1 AR AT Al L
G-V m =V omm@,) VIV

3p4 (0843
< Cy [ p~tlog®n+1/p~nlog’n pr o MBh
ningng (1 —€)13

[AvZ.alle (1 + )| Av ezl + [|Aw S slle) -

In total, we have
B0 < BN+ B+ 1BY Y| < 6 dist(F, FL),

where we recall the definition of ¢ in (61).

Step 2: bounding the term ‘B%’z. We begin by rewriting p’ as
P = (VO -0)OOT0)'82,0T0) LV, W) -8, (07 Pa - D)((U,V,W)-S - X.)).

Compared to %17 the only difference is that the leading term Ay X, ; in the first argument of the inner
product is replaced by U, (U — U,)TU(UTU)'%, ;. Note that

V) V)

HU*(IJ' —U)TUWUTU) s,

v

<l
F
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1+6+%€2

S Ti-op

Omitting the somewhat tedious details, we can go through the same argument as bounding ‘13?]’1 and arrive
at

2r2plogn 1+ €+ €2
P2l < Oy EL 18 55 (|lays
|§’BU |— T pninans (1—6)8 (” V &%,2
3t (1 L) (1 -e)2Cp +1
+ Cy p7110g3n+\/p71n10g5n prt (+etze)(1-¢ 5t >n
ninoNsg (1—¢)8
([AvE2|lF + [AwEsllr + [Asle) (14 €)|AvEsallr + [AwE, 5(lF)
3,4 1+e+ 1.2 03 K3
+Cy (ptlog®n+y/p~inlog®n pirt (I+et36)Cp
ninoNs3 (1—¢)l6

(lAvE.zlF + lAwZ.sllF + |Aslle) (L + o) |AvE.2lF + |Aw . s]F)
< o dist?(Fy, F).

(lAvE.zlF + [AwZ.slF + |Aslle) -

Ft [ Aw . sllr + [[Asle) (lAvE.alle + (1 +6)[[As]F)

Step 3: bounding the term ‘,BFL’;?’. Use the variational representation of the Frobenius norm to write

VR = (02,070) V. W) -8, (07 Pa ~ T)(U, V. W) -8 - X))

for some U € Rmxm obeying ||ﬁ||F = 1. Repeat the same argument as bounding ‘13%’1 with proper
modifications to yield

w2r2nlogn _
V PH’ < Cryf W(l — ) ([AuZaallr + (1 +6)|AsllF)

B 3pd (1 —e)" 205 +1
10y (p M togtn 4 yfptntogin ) [T LT OTOETL (1 4 Ay, ol + AW, se)
N1NaN3 (I—¢)

~17..3 5 p3rt 0}33“3
+Cy (p log”n + 1/p~inlog n) = (1 + [ Ay Zs2flr + [|Aw S 3]lF)

ningnz (1 —e)3

< ddist(Fy, F).
Then take the square of both sides to see
PP2 < 62 dist?(Fy, F).

C.4.2 Bounding the term related to S
The last term of (59) is related to

(Q1:Qi2,Q;3) Sev — S
=S—n(UTO) U, (VIV)'VI. (WTW)T'W ) . p P (U, V,W)-S - X,) - S,
=(1-nAs—n(UTU)'U",(VIV)"'VI L, (WW)"'WT). (U, V,W).8, - X,)
—n(UTO)" U, (VIV)TI VT (WTW)TIW ) (p P — I) (U, V, W) - S — X,).

Expand its squared norm to obtain

1(Qi1,Q13,Q:3) Sey — S*Hi
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=|@-nAas—n(UTU)'UT,(VIV)'VI (WW)'WT) . (U, V,W)-S, — X*)Hi
o
-2l -n){As, (UTO)'UT,(V'V) 'V (WW)'WT) . (p~'Po - T)(U,V,W)-S - X,))

,;l;pJ
2<((UTU)—lUT,(VTV)—lvT,(WTW) "W). (U, V,W)-S, - X,),
(UTO)" U, VTV WV (WTW) W) (p Py — T) (U, V, W)-S—X*>

+ 2n

+7?|(UTo)y U, (VIV) TV (WTIW)TITW ) ((p Py — T)(U, VW) - S — x*)Hi .

—_.mP:3
=P

Recall that the main term B has been controlled in Section B; see (48) and the bound (45d). We therefore
concentrate on the remaining perturbation terms.

Step 1: bounding the term ‘Bs’l. Write ‘,Bg’l as
P = (UUTU)"LVIVTV) LWWIW) ) As, (07 Po - T)((U,V,W)-S - X,)).

Use the decomposition (62) to further obtain

¥ =(U0U) " V(VIV) L W(WTW) ) - As, (p7'Po = 1) (U Vi, Wa) - As + (Ap, Vi, WL) - S.))

::mg,l,l
o)y LAy (VIV)TLWWIW) T As - -
+ <_|_ (U(UTU)il,‘/*(VTV)il,AW(WTW)il) 'AS,(p PQ I) ((U,‘/;,W*)'S (U*,‘/*,W*)’S*)
::mg,l,z
+{((UUW'U)y ", vVIV) L WW W) ) As,(p7'Pa —I) (U, Ay, W)-S+ (U, V,,Aw)-S)).
mplS

We then bound each term in sequel.

e Regarding the first term ‘,135’1’1, we can apply Lemma 12 to see

B < Cp WH( UU'U) L Vi(VTV) L WL(WTW) ) - Agl,

pninang
H(Ua ‘/*7 W*) * AS + (AU7 VHW*) 'S*HF .
In addition, notice that
(@O Vi(VIV) L W (WIW) ™) - Asl < [U@TO) | [[(VIV) T [(WTW) 7| [ Aslle
< (1 -e7°laslF,

which further implies

2r2nlogn _
B < Ory [ (10— 0 Ase (1Ar Sl + (1+ €) | Asl).-
pninans

e Now we turn to the second term ‘Bg"u, for which Lemma 14 yields

(p_110g3n+ \/p~tnlog’ n) |[UUTU) " Mi(As)|| (||UM1(5)||2,00 + ||U*M1(S*)||2,oc)
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(lav(VIV)=Hl (W W) =+ ViV IV) T [Aw (W) 7| ) VAl cc Wi l2,c0-
The results in Lemma 11 together with the bounds

Ay, |F

lAav(VIV)THle < llavie [(VIVITH] < = Av]e < g5

WV TW) < s WOV T < - o
[Ve(VTV) e < VAR [[(VTV) 7| < V(1 = )%
HAWE*,ZSHF

|AwWTW) < [Aw[lr [(WTW) | < lAw|lr(l— )7 < (1 — ) 20mn(X,)

allow us to continue the bound

B 3pd (1 —e) 2C+1

P22 < Oy (ptlogn 4 \fp-tnlogin) 4| L0 LZOTOB L A (1= O AvS.alle + [ Aw Sl
ninans (1 - 6)

e A similar strategy bounds %% as

PR < Oy <p1 log®n + \/p-nlog? n) [UWTU) " My (As), [UM(S)],.

[v(viv) W W w)” (AvIelWIle + [ Villell AwllF) -

oo
2,00

'l
2,00

Further combine (53c) and (36d) to see
VTV o < WVl VTV < 0= C 2
W W), < WL [V W) < (000 [P

These taken collectively with the results in Lemma 11 yield

p,1,3 ~17..3 1 5 p3rt C%“
B | < Cy | p " log”n+/p~inlog’n 7)13||A8||F((1+€)HAV§3*,2||F+||AW2*,3||F)~

ninang (1

In the end, we conclude that
B

where we recall the definition of ¢ in (61).

A PR B < 8 dist? (B, F),

Step 2: bounding the term ‘ng. Write ‘.BS as
27 = < U, vVIVIV)ZPVIWWITW)TPWT) (U, V, W) -8, — X,),

(7' Pa—T)(U.V.W)-S - X.)).

Compared to ‘Bg’l, the only difference is that the quantity Ag in the first argument of the inner product is
replaced by

(TTo)y'ut,(vTv)yTlvi. ww)T'w ) . (U, V, W) S, - X,),
whose Frobenius norm can be bounded by

(o) o, (vIV)"' VI, (WW)"'WT) . (U, V,W)-S8, - X,
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oo VTV W W VW) S, - Xl
1+e+3é
< ﬁ (lAvZ1llr + [[AvE 2lF + [[Aw X, 3]lF) -

We can then repeat the same argument as bounding ‘Bs’l to obtain
BE7| < 9 dist” (B, F).

For the sake of space, we omit the details.

Step 3: bounding the term ‘3 3’3. Use the variational representation of the Frobenius norm to write
\/‘%Ts’3 - <(U(UTU)‘17 VIVIV) L WWTW) ) .8, (p ' Po — T)(U,V,W)- 8 — x*)>
for some & € Rn1xn2xns obeying ||§||F = 1. Repeating the same argument as bounding ‘Bg’l with proper
modifications to yield the bound
P2? < 6% dist?(Fy, Fy)

then complete the proof.

D Proof for Tensor Regression

Before embarking on the proof, we state a useful lemma regarding TRIP (cf. Definition 3).

Lemma 15 ( [HWZ20, Lemma E.7]|). Suppose that A(-) obeys the 2r-TRIP with a constant da,.. Then for
all X1, X9 € R™MX"2X03 of muyltilinear rank at most r, one has

[(A(X1), A(X2)) — (X1, X2)| < bar | X1 [lE] X2llF,
or equivalently,

[((A"A = I)(X1), Xa)| < borl| X a]|F ]| X2 -

D.1 Proof of local convergence (Lemma 4)

Given that dist(Fy, Fy) < €omin(Xy), the conclusion ||[(Ug, Vi, W) Sy — X, |lr < 3dist(F;, Fy) directly
follows from the relation (38) in Lemma 10. Hence we will focus on controlling dist(Fy, F).
As in the proof of Theorem 3, we reuse the set of notation in (44) and (34), and the definition of

dist(Fiy1, F,) to obtain
dist®(Fiq1, Fy) < [[(Ui41Qu1 — U*)Z*J”i + |(Vi1Qr 2 — V*)E*z”i + [(Wi1Qt3 — W*)2*73||i
+ (@7 @3, Qid) - St — S (63)
We shall bound each square in the right hand side of the bound (63) separately. The final result is
dist” (Fii1, F) < (1=0)° (|A0Z.alf + [AvE. | + [AwE.qff + As]?)

=02 =50) 1 Tv + Tv + Twl = 02— 50) (1Du I + 1Dy I} + | Dw )
+2n(1 — )C(e + dap + 62,) dist?(Fy, Fy) + n*C(e + dop + 63,) dist*(F,, Fy),  (64)

where C' > 1 is some universal constant. As long as n < 2/5, and €, d9, are sufficiently small constants, one
reaches the desired conclusion dist(Fii1, Fy) < (1 — 0.6n) dist(Fy, F).

In the following subsections, we provide bounds on the four terms in the right hand side of (63). In
a nutshell, the bounds that are sought after are reminiscent of those established in (45), with additional
perturbation terms introduced due to incomplete measurements, manifested via the TRIP parameter o,
Once established, the claimed bound (64) easily follows. In light of the symmetry among U,V , and W, we
omit the control of the terms pertaining to V and W.
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D.1.1 Bounding the term pertaining to U
The first term in equation (63) is given by
(U1 Qo1 — U)S, | = (U — My (A AU, V,W)-8 — X)) UUTU)" - U*>§]*71
=(1-nAyZ,1— nU, (U — ﬁ*)TIj(Tijj)AE*,l
— My (A A-T)(U,V,W)-S-X,)UU'U)'%,,

where we separate the population term from the perturbation term. Take the squared norm of both sides to
see

—.rPp,1
_,9’{U

+ 272 (U0 =~ U) U0 T0) " Sy, My (A A= D) (U, V. W) S = X)) UUTU) 'S0
2
’F'

The main term R}} has been handled in Section B; see (47) and the bound (45a). In the sequel, we shall
bound the three perturbation terms.

—_.rP:2
_,%U

P HM1 (AA-T)(U,V,W)-8 - X)) UUTU)'s,,

—.1jP>3
=Ry

Step 1: bounding 9‘{‘1}’1. Use the definition of U, we can translate the inner product in the matrix space
to that in the tensor space

"yl = <(AU2371(IJ'TI?)‘1, v, W) S (AA-T)((U,V,W)-S — x*)>
- <(AU2371(IVJTIVJ)_1, v, W) S (AA-T)(U,V,W)- A3)>

+ <(AU2371((7T(7)*1, v, W) S, (A A-T)(Ay, V, W) .s*)>

n <<AU231(ZUJTIUJ)‘1, v, W) S, (A A—T)(U,, Ay, W) - s*)>

+{(ArS2,@TO) LV, W) S, (A A - T)(U., Vi, Aw) - S4)).
where the second relation uses the decomposition (41). Apply Lemma 15 to each of the four terms to obtain
R < 02 | (A0Z2,OTO) LV W) -SHF

(U, V. W)-As)lle + (A, V. W) - S )l + (U, Av, W) - S )|l + [|(Us, Vi, Aw) - S [lg) -

For the prefactor, we have
(st 0ot w)-s|, - Javst oo

< AvSa il [U@T0) .,

where the last step arises from Lemma 10. In addition, the same argument as in (37a) yields

U, V. W)-As)le + (A, V, W) - Sl + [[(Us, Ay, W) - S )[lg + [[(Us, Vi, Aw) - S4) [l

<AuZ.alr(l—e) 2,
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3 1
(1+§6+6 t31 ) (1AvSallr + AV 2l + |AwS.slle + [Asle) .-

Take the previous two bounds collectively to arrive at
1+3 et e+ 46

(1—¢)3
< gy dist® (Fy, F),

IR p1] < dar [AvZalle ([AvEaille + [AvEcz|r + [AwE s]lF + [[As]lF)

with the proviso that € is small enough.
Step 2: bounding 9%‘()]’2. Rewrite the inner product in the tensor space to see

RP2 = <<U*(l? —U)TUWT) 2, (U)LY, W) S, (A A-T)((U,V,W)-S — x*)> .
Similar to the control of 9%‘,}’1, we have

[R5 < Gar

U.(U - IJ'*)TI?(IVITIVI)*Efyl(ijIj)*UTHF
3 1
(L4 Se+ ¢+ 7€) ([AvZaalle + [1AvEo|lr + [Aw sl + [|As]lr) -
For the prefactor, we can use (36f) and (37¢) to obtain

V)

o o oo o o o o o .o o 2
o -t)TOwTO) w2, OTO) U <10 - UL [U0T0) 8|

1+ e+ 3¢
(1 =€)

IN

(AvE.2llF + [[Aw D sl + [[As]F)

which further implies
(I+3e+e+ 1)1+ e+ 3€6%)
(1—¢)f
([AvEaallr + |AvE.ellF + |[Aw D sl + [As]lF)
< by dist? (Fy, Fy),

RG] < bar ([AvEsollr + [AwZ.sllF + [|As]lF)

as long as e is sufficiently small.

Step 3: bounding 9%})]’3. The last perturbation term needs special care. We first use the variational
representation of the Frobenius norm to write

2 = (U, 0TO) LV, W) -8, (A A-T)(U,V,W)-S - X.))
for some U € R™ 1 obeying ||ﬁ||F = 1. Repeat the same argument as used in controlling 9’%’1 to see

mI[)jB < 527‘

* 2||F + ||AWE

~ . 3 1
U, (UTD) 1UTH et 1) (JAUS., £)

14+ 3e+e?+ 168
(1—-¢)?

where the last line uses the bound (36f) in Lemma 10. Then take the square on both sides to conclude

< 527'

(lAvZsallr + [[Av .ol + [|Aw sl + [[As]e)

(1+ 3e+€®+ 1e%)?
(1—€)
< 63, dist® (F;, F,)

R < 63, (ATZaillr + [AvEaalr + [AwZasle + [|AslF)?

as long as € is sufficiently small.
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D.1.2 Bounding the term pertaining to S
The last term of (63) can be rewritten as
(Qi1: Qi Qr3) - Si1 — S
=S—n((UTO)'UT,(VIV)T'VI. (WTW)T'TW ) . A A (U, V,W)-S - X,) - S,
=(1l-nAs—np(UTO)'UT,(VTV)"'VI L (WTW)'WT) . (U, V,W)-S, - X,)
- (UTO) U (VIV) VL (WIW) W) (ATA - D)((U, VW) - S - X,

which further gives

(@1, Qi3.Qid)- S — S|}
=[[A-nAs—n(UU)'U",(VIV)'VI L (WIW)'WT) . (U, V,W)-8, - X*)Hi
=RZ
—2n(1-n){As, (UTO)'UT,(VTV)'VI,(WW)'WT) (A" A-T)(U,V,W)-S - X,))
::%g‘l

< (Tro)y'ut,(v'v)yTlvi ww)"'w ) . (U, V, W) S, — X,),

+ 2n?

(o)t (vIV)YT VT (WTW)TTW ) (A A-T) (U, V, W) - S — x*)>

—.RrP,2
,,{RS

+P (UTO) U, (VTV) VT, (WTW) W) (ATA - T)(U, VW) -8 - X,)|-

__.pP,3
=0y

Note that the main term PR¥ has already been characterized in Section B (see (48) and the bound (45d)),
and therefore we concentrate on the remaining perturbation terms.

Step 1: bounding 9%2’1. Use the property (6d) to write 9%2’1 as
R =(UUU)" ", VIVTV) LWWIW) ) A, (A A-T)(U,V,W)-S - X,)).
We can use the decomposition (41) and Lemma 15 to derive
R < bor [[(UWTU) L, VIVIV) L WWTW) T - A,

3 1
(L4 Se+¢ 4 26) ([AvZaalle + [1AvEo|le + [Aw Zy sl + [|As]lr) -

In addition, Lemma 10 tells us that
|(TWTO)" L, v(VIV) L, WWTW) ™) - Ag|.
<v@To) [ [vvTV)T[WWTW) T Asle < (1= )7 As]le.
Combine the above two bounds to reach
1+ %e + €2+ ieg'

(1—¢)3
< by dist?(Fy, FY)

|m§1| < gy

[Aslle ([AvZaalle + Ay oflf + [Aw S sllF + | As]lF)

as long as € is a sufficiently small constant.
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Step 2: bounding 9%2’2. Similarly, we can bound i)%g’z by

R < 00 [(UUTU)2UT, V(VIV) VT, W(WTW) W) - (U, V, W) -8, — X))

3 1
(1+ 2€t e+ 163) ([[AUZa1llr + [AvZs2llr + [AwEs 3lF + | As]lF)
T+etie)(1+3e+e+ 16
= 5%( } )(1 _ 6)26 i) ([[AUZsalle + [AvZs2llr + [[AwEs 3]lF)

(lAvZ.allr + lAvE2F + [AwZ.slF + |AsllF)
< by dist? (Fy, F).

Step 3: bound of %g’g. Apply the variational representation of the Frobenius norm to write
VR = <(U(UTU)*1, VIVIV)LWW W) ) S (A A-T)(U,V,W)-S - X*)>
for some & € R™*"2%™s obeying ||S||f = 1. Repeat the same argument as in bounding 9%%3 to see

mgg < 527’

UUTU)L VvV wwTw) ) -EHF

3 1
(1+ 26T e+ 163) (AU, 1lle + [AvE, oflf + [Aw s sllF + [[As|lF)

1+%€+62+%63

(1—¢)?

Then take the square on both sides to conclude

< oy (JAuZ,a]lF+ | Ay, 2

F+ [Aw S sllr + [[Aslle) -

(1+ %e +e2+ ie3)2
(1-¢)b
< 62, dist?(Fy, F).

R* < 63, (IAUSaale+ [AvE. ole + [AwS.sle + | Asl)?

D.2 Proof of spectral initialization (Lemma 5)

In view of Lemma 8, we can relate dist(Fy, Fy) to ||(Ug, Vo, Wo) - So — X || as
dist(Fy, Fy) < (V24 1)*?||(Uo, Vo, W) - So — X ¢ -

To proceed, we need to control ||(Up, Vo, Wo) - So — X ||, where (U, Vo, Wy) - Sy is the output of HOSVD,
which has been considered in [LZ21,HWZ20,ZLRY20]. Invoking the result in [HWZ20, Appendix D.2 Step 5],
we obtain

3
H(UO,V07WO)'SO_X*HF§ ||X*||F

as long as m > (y/ninans + nre) || X ||2/02,,(X ). Further notice that
X2 < i, (X.).

min

Therefore, under the condition m 2 €, 2(‘ /mingnzrk? + nr?k?), with overwhelming probability, we conclude
that

dist(Fy, Fy) < (V2 +1)3/2 || (Uo, Vo, Wo) - So — X.lp < €00min(X).
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