STAT 253: Introduction to Probability Models
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The Gambler’s Ruin Problem

e A gambler starts with fortune Xo =i € {0,1,...,N}.
e Each play:

X 1 .p.
Xnt1 = { nt b Wp.p, independently over n.

X,—1, wp.g=1-p,

e The game stops when the gambler hits bankruptcy (0) or
target (N).

Py = Pvn =1, Pi1=p, PFii1=¢q i=1,...,N—-1

e Absorbing states: {0} and {N}
e Transient states: {1,2,...,N — 1}
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Key Quantities

Define the absorption time

7:=inf{n >0: X, € {0, N}}.

Two standard questions:
@ Hitting probability (reach N before 0):
hi :==Pi(T < 00, X; = N) = P;(hit N before 0).

@ Expected duration:

Boundary conditions:
hOZO, thl, TI’LOITTLN:O.
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First-Step Analysis: Hitting Probability

Condition on the first step from state : € {1,..., N — 1}:

h; = P;(hit N before 0) = phit1 + qhi—1.

So h; solves the boundary value problem:

hi:phi+l+qhi71) izl?"'>N_17
ho =0, hy = 1.
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Closed Form for h;

Case 1: fair walk p = ¢ = %

The recursion becomes h;11 — h; = h; — h;—1, so h; is linear:

1
h; = N
Case 2: biased walk p # q.
Let r := %. Solving
hi = phit1 + qhi—1

gives

oo L=t 1-(a/p)"
1N 1 (a/p)N

Sanity checks:
L ho = 0, hN = 1.
e If p > g, then r < 1 and h; increases quickly with 7.
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Detailed Derivations

Let A be the event “hit N before 0". Then h; = P(A | Xo = 1).

Conditioning on the outcome of the first game,

h; =P(A | Xo = i, win Ist) P(win 1st) +P(A | Xy = i, lose 1st) P(lose 1st)
—_—— —_——
=p =q

=PA|X;=i+1)p+PA| X1 =i—-1)q (" Markov)
= hit1 p+ hi—1 q.
—~—
P(A|Xo=i+1) P(A|Xo=i—1)

Therefore,

hi = phit1+qhi—1, i=1,2,...,N—1, ho=0, hy = 1.
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Solving the equations h; = ph; 1 + qh; 1

(p+ @)hi = phiy1 + qhi—y sincep+q=1
< q(hi —hi—1) = p(hiv1 — hi)
(9N _p.
Aad hz-i—l - hz - (p)(hz hz—1)~
As ho = 0,
_(4 _py_ (4
hy —hy = (p)(hl ho) (p)hh

Adding up gives

2 i—1
First Step Analysis hz — hl = |:; —+ (g> 4+ oo+ (g> :| hl.
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Solving the equations h; = ph; 1 + qh; 1

(p + q)hi = phiy1 + qhi—y sincep+q=1
< q(hi —hi—1) = p(hiv1 — hi)
(9N _p.
Aad hz-i—l - hz - (p)(hl hz—1)~
As ho = 0,
_(4 _py_ (4
hy —hy = (p)(hl ho) (p)hh

Adding up gives

q ., (9\? g\l
First Step Analysis hz - hl = |:p —+ (7> + .+ (7) :| h1~
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Closed Form for h;

From

we obtain

Using hy =1,

Therefore,

First Step Analysis

== (2 (9 e (4)

1—(q/p)*
hi = { 1—(q/p) e rEe
ihy, P=9q

1 —(q/p)

==l P

N, p=q=
1—(q/p) 1
=4 1= (a/p)™’ 72
¢ 1
N’ P2
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Closed Form

If N = o0 (never quit),

lim hi = ’
N—o0

{1 — (¢/p)",

Y

D= D=

p>
J RS
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First-Step Analysis: Expected Time to Absorption

Again condition on the first step from i € {1,..., N — 1}. After one
move, you have spent 1 step plus the remaining time:

m; =1+ pmit1 +qmi—1.

Boundary value problem:

m;=1+pmip1 +qmi—1, t=1,...,N—1,
mosz:().
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Closed Form for m;

Case 1: fair walk p = ¢ = 1.

Solving m; =1+ %mi_H + %mi_l with mg = my = 0 yields

m; = Z(N — Z)

Case 2: biased walk p # q.

A convenient form (using h; from before) is

1 N 7 N 1—(q/p)i
m; = — hi: — . N
qg—p q—p g—p q—p 1-(q¢/p)
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Recursion for Expected Absorption Time

Recall that

satisfies, fori =1,...,N — 1:
mi =14 pmit1 + qmi—1

with boundary conditions:

Rearranging,
pmit1 —m; +qmi—1 = —1.

This is a second-order linear difference equation.
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Step 1: Solve the Homogeneous Equation

First consider the homogeneous equation:
pmir1 —m; +qmi—1 = 0.
Try solutions of the form m; = r’.

Plug in: A A

pTH_l iy q,r,z—l -0
Divide by 7~

pr2 —r+q=0.
This quadratic has roots:
T = 1, T2 = g

p
So the homogeneous solution is:

(h) _ qy
m; —A—i-B(p).
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Step 2: Find a Particular Solution

We now find a particular solution to:
pPMit1 — m; +qmi—1 = —1.
Try a linear function:
mz(-p) = (.
Substitute:
pC(i+1)—Ci+qC(i—1)

=Cpi+p—i+q—q)=C((p+tqg—1)i+(p—q)-

Since p + ¢ = 1, this simplifies to:

=Clp—-q).
Set equal to —1:

Cp—q)=-1 = C=—.

Se wnanparticular solution is:
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Step 3: General Solution

Combine homogeneous and particular parts:

’I?’Li:A—FB(j))i—Fqip.

Now apply boundary conditions.

From mg = 0:

A+B=0 = A=-B.

From my = 0:

Solve for B:

First Step Analysis
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Final Formula

Substitute constants back:

Equivalently:

where
hi = P;(hit N before 0).

Interpretation: Expected duration is a linear term minus a boundary

correction.
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Special Case: Fair Random Walk (p = ¢ = 3)

When p = ¢, the previous formula becomes singular.
Instead solve:
1 1
mi =1+ 3mip1 + 3mi—1.

Rewriting:
Migp1 — 2m; +m;—; = —2.

This has quadratic solution:

m; = Z(N — Z)

So for a fair game:

’ml:z(N—z)‘

Maximum expected duration occurs at i = N/2.

First Step Analysis
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Expectation of the Absorbing State X,

Recall the absorption time
7=1inf{n >0: X, € {0, N}}.
At absorption, the random variable X only takes two values:
X, = {O, with probability 1 — h;,
N, with probability h;,

where
h; = P;(hit N before 0).

Therefore,

Special case: fair walk (p = 3)-
Since h; = 4,
E;[X,] = 1.

First Step Analysis
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Use Recursive Relations of Markov Chains

Law of total expectation/variance

In many cases, we can use recursive relation to find E[X,,] and
Var[X,,] without knowing the exact distribution of X,.

E[Xn 1] = E[E[Xn+1]X5]]
Var(X,,+1) = E[Var(X,,+1|X,)] + Var(E[X,,+1]|Xy])

First Step Analysis
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Example 1: Simple Random Walk

P X, +1 with prob p
e X,—1 withprobg=1—-p

So

E[Xn+1|Xn] = p(Xn + 1) + Q(Xn - 1) =X,+p—q

Var[Xn+1 ’Xn] = 4pq
Then

E[Xp41]
Var(Xn+1)

So
E[X,] = n(p — q) + E[Xo],

First Step Analysis

EE[Xn1]|Xn]] = E[Xn] +p—q
E[Var(Xn+1|Xn)} + Var(IE[XnH]Xn])
E[4pq] 4 Var(X,, +p — q) = 4pq + Var(X,,)

Var(X,,) = 4npq + Var(Xo)
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Example 2: Ehrenfest Urn Model with )/ Balls

Recall that
M—Xn

X Xy + 1 with probability =57
m T X, —1 with probability %

We have
M- X, X, 2
E[X 11 Xa] = (X 1) x 224 (X 1) x 2 = 1t (1 - M) X,.
Thus
2
E[Xoi1] = EEXnal ) = 1+ (1 - 37 ) EIX)

Subtracting M /2 from both sided of the equation above, we get

EXonl - 5 = (1- o ) B - 3)

Thus
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Random Walk w/ Reflective Boundary at 0

e State Space = {0,1,2,...}

L P01 = 17Pi,i+1 =D, Pi,i—l =1 —p=4q, fori = 1,2,3...
e Only one class, irreducible

e For ¢ < j, define

N;j =min{m > 0: X,, = j|Xo =i}
= first time to reach state j when starting from state ¢
e Observe that Ny, = Not + Ni2+ ...+ Np—11
By the Markov property, No1, Ni2, ..., N,—1,, are indep.
e Given Xg =1

1 if Xy =i+1
Niit1 = { . . I ! Z.+ (1.1)

Observe that Ny ~ Nj i1, and N4 is indep of N, ;
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Random Walk w/ Reflective Boundary at 0 (Cont’d)

Let m; = E(N; ;+1). Taking expected value on Equation (1.1), we get
m; = E[Nj 1] = 14+ qE[N;_ ;] + qE[N; ;1] = 1+ q(mi—1 +my)

Rearrange terms we get pm; = 1 4+ qgm;_1 or

1 g
m; = — 4+ =—m;—1

p p
1 9,1 ¢

=—+ (=4 -mi_2)
p pp p
1

:[1+q+(q)2+...+(q)l1 + (Lyimg
p p D p p

Since Ny1 = 1, which implies mg = 1.

o= VI iEp£05
2 + 1 if p=0.5
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Mean of Ny,

Recall that No, = No1 + Ni2 + ...+ Np—1p

E[Non] = mo +m1 + ... +mp_1
- {pﬁq ~ Gl = () fp#£05

n? if p=0.5

When

p>0.5 E[Noo] = ;2 — 525

p=0.5 E[No,] 2 quadratic in n
p < 0.5 E[Ngn]

&

linear in n

%

Il
IS

(p—q)?

First Step Analysis

O(-224 (I)") exponential in n
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