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Clustering
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K-means algorithm
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• Input {x1, x2, xn} in Rd

• Input K: number of clusters

• Expected output: K centers {c_i}, and K clusters {C_i}

• Question: given centers, how would you assign clusters?

• Question: given clusters, how would you determine centers?



K-means
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What is K-means doing?
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• K-means can be viewed as an alternating minimization algorithm to 
solve this loss function



Drawback of original k-means
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• Finding best clusters is NP-hard

• No theoretical guarantee for k-means

• Fix: k-means++



K-means++
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Log(K) competitive ratio
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Problems with k-means
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Does not allow overlapped clusters

We need a probabilistic view on this



Gaussian mixture model

10

• Definition: Gaussian mixture
- Convex-combination of Gaussian distributions

where and .
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Figure 2.23 Illustration of a mixture of 3 Gaussians in a two-dimensional space. (a) Contours of constant
density for each of the mixture components, in which the 3 components are denoted red, blue and green, and
the values of the mixing coefficients are shown below each component. (b) Contours of the marginal probability
density p(x) of the mixture distribution. (c) A surface plot of the distribution p(x).

We therefore see that the mixing coefficients satisfy the requirements to be probabil-
ities.

From the sum and product rules, the marginal density is given by

p(x) =
K∑

k=1

p(k)p(x|k) (2.191)

which is equivalent to (2.188) in which we can view πk = p(k) as the prior prob-
ability of picking the kth component, and the density N (x|µk,Σk) = p(x|k) as
the probability of x conditioned on k. As we shall see in later chapters, an impor-
tant role is played by the posterior probabilities p(k|x), which are also known as
responsibilities. From Bayes’ theorem these are given by

γk(x) ≡ p(k|x)

=
p(k)p(x|k)∑

l p(l)p(x|l)

=
πkN (x|µk,Σk)∑

l πlN (x|µl,Σl)
. (2.192)

We shall discuss the probabilistic interpretation of the mixture distribution in greater
detail in Chapter 9.

The form of the Gaussian mixture distribution is governed by the parameters π,
µ and Σ, where we have used the notation π ≡ {π1, . . . , πK}, µ ≡ {µ1, . . . ,µK}
and Σ ≡ {Σ1, . . .ΣK}. One way to set the values of these parameters is to use
maximum likelihood. From (2.188) the log of the likelihood function is given by

ln p(X|π, µ,Σ) =
N∑

n=1

ln

{
K∑

k=1

πkN (xn|µk,Σk)

}
(2.193)
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Mixture modeling

11

• Model each cluster as a probability distribution

• Assume data is sampled i.i.d.with likelihood

• Choose parameters to minimize negative log likelihood
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Fitting a mixture model
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Figure 9.5 Example of 500 points drawn from the mixture of 3 Gaussians shown in Figure 2.23. (a) Samples
from the joint distribution p(z)p(x|z) in which the three states of z, corresponding to the three components of the
mixture, are depicted in red, green, and blue, and (b) the corresponding samples from the marginal distribution
p(x), which is obtained by simply ignoring the values of z and just plotting the x values. The data set in (a) is
said to be complete, whereas that in (b) is incomplete. (c) The same samples in which the colours represent the
value of the responsibilities γ(znk) associated with data point xn, obtained by plotting the corresponding point
using proportions of red, blue, and green ink given by γ(znk) for k = 1, 2, 3, respectively

matrix X in which the nth row is given by xT
n . Similarly, the corresponding latent

variables will be denoted by an N × K matrix Z with rows zT
n . If we assume that

the data points are drawn independently from the distribution, then we can express
the Gaussian mixture model for this i.i.d. data set using the graphical representation
shown in Figure 9.6. From (9.7) the log of the likelihood function is given by

ln p(X|π, µ,Σ) =
N∑

n=1

ln

{
K∑

k=1

πkN (xn|µk,Σk)

}
. (9.14)

Before discussing how to maximize this function, it is worth emphasizing that
there is a significant problem associated with the maximum likelihood framework
applied to Gaussian mixture models, due to the presence of singularities. For sim-
plicity, consider a Gaussian mixture whose components have covariance matrices
given by Σk = σ2

kI, where I is the unit matrix, although the conclusions will hold
for general covariance matrices. Suppose that one of the components of the mixture
model, let us say the jth component, has its mean µj exactly equal to one of the data

Figure 9.6 Graphical representation of a Gaussian mixture model
for a set of N i.i.d. data points {xn}, with corresponding
latent points {zn}, where n = 1, . . . , N .

xn

zn

N

µ Σ

π



MLE for Gaussian mixture model (GMM)
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• Non-convex
- Gradient descent? 

• Constrained optimization on weights and covariance matrices
- weights must sum to 1
- covariance matrices must remain symmetric positive definite

• Gradient-based approach not well suited for this problem
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GMMs vs Gaussian Bayes classifiers
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• Let z be cluster index, GMM:

• In contrast to GBCs, in GMMs the (label) variable z is unobserved

Fitting a GMM = Training a GBC without labels

Clustering = latent variable modeling

• If we knew the labels z=y (i.e. GBC) à compute MLE in closed form! 
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Responsibility of cluster z for x
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• Given model

• For each x, compute posterior distribution 
over cluster membership:
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MLE for Gaussian mixture
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• Can show that, at MLE:

• It holds that

• Equations are coupled -- Difficult to solve jointly
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(µ̂, ⌃̂, ŵ) = argmin�
X

i

log
kX

j=1

wjN (xi;µj ,⌃j)

<latexit sha1_base64="mFPXxb+0V0sZO/BIRztGb4SWIi4="></latexit>
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Expectation-Maximization (EM) for GMMs 

17

• Initialize parameters

• While not converged:
- E-step: Calculate cluster membership weights for each point

- M-step: Fit clusters to weighted data points (closed-form)
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EM example
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Figure 9.8 Illustration of the EM algorithm using the Old Faithful set as used for the illustration of the K-means
algorithm in Figure 9.1. See the text for details.

and the M step, for reasons that will become apparent shortly. In the expectation
step, or E step, we use the current values for the parameters to evaluate the posterior
probabilities, or responsibilities, given by (9.13). We then use these probabilities in
the maximization step, or M step, to re-estimate the means, covariances, and mix-
ing coefficients using the results (9.17), (9.19), and (9.22). Note that in so doing
we first evaluate the new means using (9.17) and then use these new values to find
the covariances using (9.19), in keeping with the corresponding result for a single
Gaussian distribution. We shall show that each update to the parameters resulting
from an E step followed by an M step is guaranteed to increase the log likelihood
function. In practice, the algorithm is deemed to have converged when the changeSection 9.4
in the log likelihood function, or alternatively in the parameters, falls below some
threshold. We illustrate the EM algorithm for a mixture of two Gaussians applied to
the rescaled Old Faithful data set in Figure 9.8. Here a mixture of two Gaussians
is used, with centres initialized using the same values as for the K-means algorithm
in Figure 9.1, and with precision matrices initialized to be proportional to the unit
matrix. Plot (a) shows the data points in green, together with the initial configura-
tion of the mixture model in which the one standard-deviation contours for the two

[Bishop]



The general EM algorithm

19

• EM algorithm is equivalent to the following procedure:

- E-step: Calculate the Expected complete-data log likelihood (= function of θ)

- M-step: Maximize 
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EM objective function (for GMMs)

20
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EM algorithm: E-step and M-step

21

• Objective

- E-step: compute (expected sufficient statistics)
- M-step: compute (MLE)

• Recall MLE in Gaussian Bayes classifiers:

• M-step is equivalent to training a GBC with weighted data
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Convergence of EM algorithm?
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• EM Algorithm monotonically increases the (log) likelihood

(proof not discussed here)

• Can we claim that EM will converge?
- Not in the degenerate case when log likelihood is unbounded! 

• Quality of solution highly depends on initialization
- Common strategy: Rerun algorithm multiple times, and use the solution with 

largest likelihood
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Use cases of mixture models
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• Clustering/ unsupervised learning

• Can be used as part of more complex 
statistical models, e.g., for classification
- or more general probabilistic models

• Can output likelihood P(x) of a point x, 
which is useful for anomaly/outlier detection
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applied to Gaussian mixture models, due to the presence of singularities. For sim-
plicity, consider a Gaussian mixture whose components have covariance matrices
given by Σk = σ2

kI, where I is the unit matrix, although the conclusions will hold
for general covariance matrices. Suppose that one of the components of the mixture
model, let us say the jth component, has its mean µj exactly equal to one of the data

Figure 9.6 Graphical representation of a Gaussian mixture model
for a set of N i.i.d. data points {xn}, with corresponding
latent points {zn}, where n = 1, . . . , N .

xn

zn

N

µ Σ

π
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• We may be interested in fitting a Gaussian Mixture Model not for 
clustering but for density estimation

• Generative modeling of P(Y,X) 
- Model P(X) as Gaussian mixture 
- Model P(Y | X) using logistic regression, neural network, etc. 
- Combines the advantage of accurate predictions/robustness from 

discriminative model, with the ability to detect outliers! 
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