
The Power of Preconditioning in
Overparameterized Low-Rank Matrix Sensing

Cong Ma
Department of Statistics, UChicago

BDML, Oct. 2023



Xingyu Xu
CMU

Yandi Shen
UChicago → CMU

Yuejie Chi
CMU



Low-rank matrices in data science
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Low-rank matrix recovery
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M 2 Rn1⇥n2
y 2 Rm

rank(M) = r linear map

y = A(M)

Goal: recover M in the sample-starved regime

(n1 + n2)r︸ ︷︷ ︸
degrees of freedom

≲ m︸︷︷︸
sensing budget

≪ n1n2︸ ︷︷ ︸
ambient dimension
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Low-rank matrix factorization

min
rank(Z)=r

1
2 ∥y −A(Z)∥22

A detour: nonconvex optimization
Use low-rank representation Z = XY € with X,Y œ Rn◊r

¸ ˚˙ ˝
low-rank factors

minimize
X,Y œRn◊r

f(X,Y ) = 1
2

ÿ

(i,j)œ�

Ë!
XY €"

i,j
≠ Mi,j

È2
+ reg(X,Y )

• warm start: X0

• gradient descent:

Xt+1 = Xt ≠ ÷t Òf(Xt), t = 0, 1, · · ·
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Prior art: GD with balancing regularization

min
X,Y

freg(X,Y ) = 1
2

∥∥∥y −A(XY ⊤)
∥∥∥

2

2
+ 1

8
∥∥∥X⊤X − Y ⊤Y

∥∥∥
2

F

“Basin of attraction”

• Spectral initialization: find an initial point
in the “basin of attraction”

(X0,Y0)← SVDr(A∗(y))

• Gradient iterations: for t = 0, 1, . . .,

Xt+1 = Xt − η∇Xfreg(Xt,Yt)
Yt+1 = Yt − η∇Y freg(Xt,Yt)

6/ 25



Prior theory for vanilla GD
Condition number κ = σmax(M)

σmin(M)

Theorem 1 (Tu et al., ICML 2016)
For low-rank matrix sensing with i.i.d. Gaussian design, vanilla GD
(with spectral initialization) achieves

∥XtY
⊤

t −M∥F ≤ ε · σmin(M)

• Computational: within O
(
κ log 1

ε

)
iterations;

• Statistical: as long as the sample size satisfies

m ≳ (n1 + n2)r2κ2

Similar results hold for many low-rank problems
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Convergence of vanilla gradient descent

Condition number κ = σmax(M)
σmin(M)
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Vanilla GD converges in O
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κ log 1
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iterations
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Condition number can be large

chlorine concentration levels
120 junctions, 180 time slots
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Can we accelerate the convergence rate of GD to O(log 1
ε )?

Data source: www.epa.gov/water-research/epanet
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A recipe: scaled gradient descent (ScaledGD)

f(X,Y ) = ∥y −A(XY ⊤)∥2
2 • Spectral initialization: find an initial point

in the “basin of attraction”

• Scaled gradient iterations: for
t = 0, 1, . . .,

Xt+1 = Xt − η∇Xf(Xt,Yt) (Y ⊤
t Yt)−1

︸ ︷︷ ︸
preconditioner

Yt+1 = Yt − η∇Y f(Xt,Yt) (X⊤
t Xt)−1

︸ ︷︷ ︸
preconditioner

ScaledGD is a preconditioned gradient method
without balancing regularization
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ScaledGD for low-rank matrix completion
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Huge computational saving: ScaledGD converges in a
κ-independent manner with minimal overhead
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A closer look at ScaledGD

Connection to quasi-Newton method :

Define Ft = [X⊤t ,Y ⊤t ]⊤ ∈ R(n1+n2)×r. One can write update rule as

vec(Ft+1)

= vec(Ft)− η

[
(R⊤t Rt)−1 ⊗ In1 0

0 (L⊤t Lt)−1 ⊗ In2

]

︸ ︷︷ ︸
=:H−1

t

vec(∇FL(Ft))
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A closer look at ScaledGD

Invariance to invertible transforms: (Tanner and Wei, ’16; Mishra ’16)

(Xt, Y t)

(Xt+1, Y t+1)
(Xt+1Q, Y t+1Q

�>)

(XtQ, Y tQ
�>)

M t = XtY
>
t

M t+1 = Xt+1Y
>
t+1

— not true for GD
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Theoretical guarantees of ScaledGD

Theorem 2 (Tong, Ma and Chi, JMLR 2021)
For low-rank matrix sensing with i.i.d. Gaussian design, ScaledGD
with spectral initialization achieves

∥XtY
⊤

t −M∥F ≲ ε · σmin(M)

• Computational: within O
(

log 1
ε

)
iterations

• Statistical: the sample complexity satisfies

m ≳ (n1 + n2)r2κ2

Strict improvement over Tu et al.: ScaledGD provably accelerates
vanilla GD with the same sample complexity
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ScaledGD works more broadly



✓ ? ? ? ✓
? ? ✓ ✓ ?
✓ ? ? ✓ ?
? ? ✓ ? ?
✓ ? ? ? ?
? ✓ ? ? ✓




Robust PCA Matrix completion

Algorithms corruption iteration sample iteration
fraction complexity complexity complexity

GD 1
µr3/2κ3/2∨µrκ2 κ log 1

ε (µ ∨ log n)µnr2κ2 κ log 1
ε

ScaledGD 1
µr3/2κ log 1

ε (µκ2 ∨ log n)µnr2κ2 log 1
ε

Huge computational saving at comparable sample complexities
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What if we do not know the exact rank?

So far we have assumed the exact rank is given.... what if we do not
know the exact rank?

Misspecification by overparameterization:

M = XX⊤, X ∈ Rn×r̃, r̃ > r

ScaledGD

(λ):

Xt+1 = Xt − η∇Xf(Xt)
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What if we do not know the exact rank?

So far we have assumed the exact rank is given.... what if we do not
know the exact rank?

Misspecification by overparameterization:

M = XX⊤, X ∈ Rn×r̃, r̃ > r

ScaledGD(λ):

Xt+1 = Xt − η∇Xf(Xt) (X⊤t Xt + λI)−1
︸ ︷︷ ︸

preconditioner

add regularization to stablize the preconditioner
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Theoretical guarantees

Theorem 3 (Xu, Shen, Chi, Ma, ICML 2023)
For low-rank matrix sensing with i.i.d. Gaussian design,
overparameterized ScaledGD(λ) with λ ≍ σmin(M), η ≍ 1, and a
sufficiently small random initialization achieves

∥XtX
⊤
t −M∥F ≲ ε · σmin(M)

• Computational: within O
(

log κ log(κn) + log 1
ε

)
iterations;

• Statistical: the sample complexity satisfies

m ≳ nr2poly(κ)

• Our analysis also enables exact convergence under random
initialization with correct rank specification
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Comparison with overparameterized GD
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ScaledGD picks up the signal component much faster than GD even
from small random initialization
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3 log(1/")
<latexit sha1_base64="9ulRsopHopiBZwuyf0vBXVWFRSk=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNKkcSLx4xkUcCK+kdZmHC7O44M2tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uQAqujet+O7m19Y3Nrfx2YWd3b/+geHjU1EmqKGvQRCSqHaBmgsesYbgRrC0VwygQrBWMbmZ+64kpzZP43owl8yMcxDzkFI2V2t0RSokPlV6x5JbdOcgq8TJSggz1XvGr209oGrHYUIFadzxXGn+CynAq2LTQTTWTSEc4YB1LY4yY9ifze6fkzCp9EibKVmzIXP09McFI63EU2M4IzVAvezPxP6+TmrDqT3gsU8NiulgUpoKYhMyeJ32uGDVibAlSxe2thA5RITU2ooINwVt+eZU0L8reVfnyrlKqVbM48nACp3AOHlxDDW6hDg2gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHws+PxQ==</latexit>
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Comparison with overparameterized GD

<latexit sha1_base64="wTZOmFIgvvQ7+T4yDAqHb55zpPs=">AAAB+XicbVDJSgNBEO1xjXEb9eilMQiewoy4HYNePEYwCyRD6OnUJE16FrprgmHIn3jxoIhX/8Sbf2NnMgdNfFDweK+Kqnp+IoVGx/m2VlbX1jc2S1vl7Z3dvX374LCp41RxaPBYxqrtMw1SRNBAgRLaiQIW+hJa/uhu5rfGoLSIo0ecJOCFbBCJQHCGRurZdhfhCTOBoHJl2rMrTtXJQZeJW5AKKVDv2V/dfszTECLkkmndcZ0EvYwpFFzCtNxNNSSMj9gAOoZGLATtZfnlU3pqlD4NYmUqQpqrvycyFmo9CX3TGTIc6kVvJv7ndVIMbrxMREmKEPH5oiCVFGM6i4H2hQKOcmII40qYWykfMsW4CUKXTQju4svLpHleda+qlw8XldptEUeJHJMTckZcck1q5J7USYNwMibP5JW8WZn1Yr1bH/PWFauYOSJ/YH3+AIFBlD0=</latexit>

iteration

<latexit sha1_base64="LyIfeQK7GWZx8zX9NjcZlkOwm9M=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dllplcMS37DiwdFvPoz3vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3Q2ZACgUNFCihnWhgUSihFY5up37rEbQRsXrAcQJBxAZK9AVnaCXfR3jCDLSO9aRbrrhVdwa6TLycVEiOerf85fdinkagkEtmTMdzEwwyplFwCZOSnxpIGB+xAXQsVSwCE2Szmyf0xCo92o+1LYV0pv6eyFhkzDgKbWfEcGgWvan4n9dJsX8dZEIlKYLi80X9VFKM6TQA2hMaOMqxJYxrYW+lfMg042hjKtkQvMWXl0nzrOpdVi/uzyu1mzyOIjkix+SUeOSK1MgdqZMG4SQhz+SVvDmp8+K8Ox/z1oKTzxySP3A+fwDgJJI/</latexit> er
ro

r

<latexit sha1_base64="FrwMww3cLkAtpBDX+Z6FzZdWcpE="></latexit>

(Stöger and Soltanolkotabi, ’21)

<latexit sha1_base64="aNJ2s3OQ/qlqYH2EnvED+NZ78yM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUB2DbOT2WTI7Ow4MxsIS77DiwdFvPox3vwbJ8keNLGgoajqprsrlJxp47rfzsrq2vrGZmGruL2zu7dfOjhs6iRVhDZIwhPVDrGmnAnaMMxw2paK4jjktBUOb6d+a0SVZol4MGNJgxj3BYsYwcZKgc+T/mMV+UMsJe6Wym7FnQEtEy8nZchR75a+/F5C0pgKQzjWuuO50gQZVoYRTidFP9VUYjLEfdqxVOCY6iCbHT1Bp1bpoShRtoRBM/X3RIZjrcdxaDtjbAZ60ZuK/3md1ETXQcaETA0VZL4oSjkyCZomgHpMUWL42BJMFLO3IjLAChNjcyraELzFl5dJs1rxLisX9+fl2k0eRwGO4QTOwIMrqMEd1KEBBJ7gGV7hzRk5L8678zFvXXHymSP4A+fzBzCSkb0=</latexit>

log2 
<latexit sha1_base64="/OYZZEXuPUatOldoH9eUnpgOCWk=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBHqpibia1l047KCfUATymQ6aYdOZsLMpBBC/RU3LhRx64e482+cPhbaeuDC4Zx7ufeeMGFUadf9tlZW19Y3Ngtbxe2d3b19++CwqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUO7yZ+a0SkooI/6iwhQYz6nEYUI22krl3ymehXvDN/hCRJFGWCn3btslt1p3CWiTcnZZij3rW//J7AaUy4xgwp1fHcRAc5kppiRsZFP1UkQXiI+qRjKEcxUUE+PX7snBil50RCmuLamaq/J3IUK5XFoemMkR6oRW8i/ud1Uh3dBDnlSaoJx7NFUcocLZxJEk6PSoI1ywxBWFJzq4MHSCKsTV5FE4K3+PIyaZ5Xvavq5cNFuXY7j6MAR3AMFfDgGmpwD3VoAIYMnuEV3qwn68V6tz5mrSvWfKYEf2B9/gADa5Rh</latexit>

log(1/")

<latexit sha1_base64="pFPiaS7V6/ug77G3LDr3a/x2atY=">AAAB+nicbVDJSgNBEO2JW4zbRI9eBoPgKcyI2zGooMeIZoFkCD09NUmTnoXuGjWM+RQvHhTx6pd482/sLAdNfFDweK+KqnpeIrhC2/42cguLS8sr+dXC2vrG5pZZ3K6rOJUMaiwWsWx6VIHgEdSQo4BmIoGGnoCG178Y+Y17kIrH0R0OEnBD2o14wBlFLXXMYhvhEVWQ3TIqwL+6HHbMkl22x7DmiTMlJTJFtWN+tf2YpSFEyARVquXYCboZlciZgGGhnSpIKOvTLrQ0jWgIys3Gpw+tfa34VhBLXRFaY/X3REZDpQahpztDij01643E/7xWisGZm/EoSREiNlkUpMLC2BrlYPlcAkMx0IQyyfWtFutRSRnqtAo6BGf25XlSPyw7J+Xjm6NS5XwaR57skj1yQBxySirkmlRJjTDyQJ7JK3kznowX4934mLTmjOnMDvkD4/MHfD6UKA==</latexit>

ScaledGD

<latexit sha1_base64="UjRe2/Rr0r3F59fpUCo1F93qLyU=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2NQQY8RzAM2S5idzCZDZmeWmV4xLPkMLx4U8erXePNvnCR70MSChqKqm+6uMBHcgOt+O4Wl5ZXVteJ6aWNza3unvLvXNCrVlDWoEkq3Q2KY4JI1gINg7UQzEoeCtcLh9cRvPTJtuJIPMEpYEJO+5BGnBKzkd4A9gYmy25txt1xxq+4UeJF4OamgHPVu+avTUzSNmQQqiDG+5yYQZEQDp4KNS53UsITQIekz31JJYmaCbHryGB9ZpYcjpW1JwFP190RGYmNGcWg7YwIDM+9NxP88P4XoMsi4TFJgks4WRanAoPDkf9zjmlEQI0sI1dzeiumAaELBplSyIXjzLy+S5knVO6+e3Z9Wald5HEV0gA7RMfLQBaqhO1RHDUSRQs/oFb054Lw4787HrLXg5DP76A+czx+JtZFv</latexit>

GD

<latexit sha1_base64="mUa59tfu53+yBZw3RtJZme716BI=">AAACBHicbVC7TgJBFJ3FF+Jr1ZJmIzHBBnd9UpLYWGIij4RFcncYYMLszGRmloQQCht/xcZCY2z9CDv/xuFRKHiSm5ycc2/uvSeSjGrj+99OamV1bX0jvZnZ2t7Z3XP3D6paJAqTChZMqHoEmjDKScVQw0hdKgJxxEgt6t9M/NqAKE0FvzdDSZoxdDntUAzGSi03G/ZBSng4D5no5oPTcACKSE2Z4CctN+cX/Cm8ZRLMSQ7NUW65X2Fb4CQm3GAGWjcCX5rmCJShmJFxJkw0kYD70CUNSznERDdH0yfG3rFV2l5HKFvceFP198QIYq2HcWQ7YzA9vehNxP+8RmI6xeaIcpkYwvFsUSdhnhHeJBGvTRXBhg0tAayovdXDPVCAjc0tY0MIFl9eJtWzQnBVuLy7yJWK8zjSKIuOUB4F6BqV0C0qowrC6BE9o1f05jw5L8678zFrTTnzmUP0B87nD/C1l6E=</latexit>

3 log(1/")
<latexit sha1_base64="9ulRsopHopiBZwuyf0vBXVWFRSk=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNKkcSLx4xkUcCK+kdZmHC7O44M2tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uQAqujet+O7m19Y3Nrfx2YWd3b/+geHjU1EmqKGvQRCSqHaBmgsesYbgRrC0VwygQrBWMbmZ+64kpzZP43owl8yMcxDzkFI2V2t0RSokPlV6x5JbdOcgq8TJSggz1XvGr209oGrHYUIFadzxXGn+CynAq2LTQTTWTSEc4YB1LY4yY9ifze6fkzCp9EibKVmzIXP09McFI63EU2M4IzVAvezPxP6+TmrDqT3gsU8NiulgUpoKYhMyeJ32uGDVibAlSxe2thA5RITU2ooINwVt+eZU0L8reVfnyrlKqVbM48nACp3AOHlxDDW6hDg2gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHws+PxQ==</latexit>

4

ScaledGD picks up the signal component much faster than GD even
from small random initialization
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Comparisons with prior art

Comparison with Zhang, Fattahi, and Zhang ’21

Xt+1 = Xt − η∇Xf(Xt) (X⊤t Xt + λtI)−1
︸ ︷︷ ︸

preconditioner

where λt = ∥A(XtX
⊤
t −M)∥

• Local analysis: require spectral initialization
• Large sample complexity: sample complexity is nr̃2 poly(κ),

depending on the overparameterized rank r̃ rather than the true
rank r
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Extension to noisy case

Consider the noisy setting

yi = ⟨Ai,M⟩+ ξi, where ξi ∼ N (0, σ2)

Theorem 4 (Xu, Shen, Chi, Ma, ’23)
For low-rank matrix sensing with i.i.d. Gaussian design,
overparameterized ScaledGD(λ) with the same configuration as
before achieves

∥XtX
⊤
t −M∥F ≲ κ2σ

√
nr
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ScaledGD(λ) is nearly optimal

ScaledGD(λ) achieves

∥XtX
⊤
t −M∥F ≲ κ2σ

√
nr

• ScaledGD(λ) is minimax optimal (up to κ2) for recovering rank-r
matrices, cf. Candès and Plan ’09
• Both the rate and sample size requirement improve over prior art

(e.g., Zhuo et al., ’21, Zhang et al., ’23) as ours depend on true
rank r
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Concluding remarks



Preconditioning helps!

=)Preconditioning

Preconditioning can dramatically increase the computational efficiency
of vanilla gradient methods without hurting statistical efficiency

Future directions:
• streaming/stochastic variants of ScaledGD
• generalizing the idea of ScaledGD to other learning problems
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“Accelerating ill-conditioned low-rank matrix estimation via scaled gradient
descent,” T. Tong, C. Ma, and Y. Chi, JMLR 2021


